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On the theory of ferromagnetism
By W. Heisenberg in Leipzig
With 1 Figure. (Received on 20 May 1928)

Translated by D. H. Delphenich

WEISS’s molecular forces will be attributed to a quantuatimanical exchange phenomenon, and indeed,
it will be treated as the exchange process that waessfodly enlisted in recent times by HEITLER and
LONDON in order to interpret homopolar valence forces.

Introduction. Ferromagnetic phenomena have be interpreted imaafty satisfying
way by the well-known WEISS theory)( That theory is based upon the assumption that
every atom in a crystal experiences a directed finamm the remaining atoms of the
lattice that should be proportional to the number ofaalyedirected atoms. By contrast,
the origin of these atomic fields was unknown, and sdwadstacles stood in the way of
any interpretation of the WEISS forces on the bagisclassical theory:Magnetic
interactions between atoms are always a few ordersmgnitude smaller than the atomic
fields that follow from ferromagnetic experimentsadéed,electric interactions lead to
the correct order of magnitude; however, one would ra¢ixpect that the electrical
interactions of two atoms would be proportional to Hugiare of the cosine of their
mutual angle of inclination, rather than the cosine ctvlzontradicts the assumptions of
WEISS’s theory. Other complications were discussedenthoroughly by LENZ ),
and ISING (") succeeded in showing that the assumption of directéitisntly large
forces between any two neighboring atoms of a chainndid suffice to generate
ferromagnetism.

The ferromagnetic complex of questions has enteredeva arena with the
UHLENBECK-GOUDSMIT theory of spin electrons. In padar, it follows from the
known factorg = 2 in the EINSTEIN-DE HAAS effect (which was, inctameasured for
ferromagnetic substances) that in a ferromagneystalonly the magnetic eigenmoment
of the electrons is oriented, but not, by any meansatbms. Thus, the possibility of
interpreting the WEISS forces as electrical inteoarsj independent of the relative spin
directions of the electrons, goes away, since we ktimat such forces do not exist.
Furthermore, by applying PAULI-FERMI-DIRAC statistics, B () has been able
to show that paramagnetism or diamagnetism will alwagult from neglecting the
interaction of the electrons in a metal.

()  P.WEISS, Journ. de phys. @]1907), 661 and Phys. Ze%(1908), 358.
(") W. LENZ, Phys. Zeit21 (1920), 613.
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) E.ISING, Zeit. Phys31 (1925), 253.
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(™) W. PAULI, Zeit. Phys41 (1927), 81.
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8 1. A model for the foundations of the theory.The basic idea of the theory that
we seek here is this: Empirical results exhibit ferrgneism as an entirely similar state
of affairs to what was previously observed in the spectof the helium atom. At the
time, it seemed to follow from the levels in the hediatoms that a powerful interaction
prevailed between the spin directions of two electtbasled to the splitting of the level
structure into systems of singlets and triplets. Ad time, this difficulty could be
resolved by verifying that the apparently large interacttonld emerge indirectly from a
resonance or exchange phenomenon that would be chatactef all quantum-
mechanical systems of identical particles. This # atlosely related t@xplaining
ferromagnetic phenomena as being implied by this exchange phenom&venwill
attempt to show that the COULOMB interaction, togethigh the PAULI principle, will
succeeds in evoking the same effects as the moleeildrthat WEISS postulated. It
was only in recent times that mathematical methode weweloped for the treatment of
such a complicated problem in the important investigatisn&IGNER (), HUND (7),
HEITLER and LONDON (").

Before | go into the actual calculations, | would likegive a brief overview of the
methods of approximation that can come to be applied antrgatment of electronic
motions in metals.

Method. I. From PAULI (oc. cit) and SOMMERFELD (), in the first
approximation, electrons can be assumed to be complétedy In the second
approximation, one might, perhaps, add in the interactwil the lattice points
[HOUSTON ()]. The interaction of electrons with each othemaglected completely.

Method Il. As a first approximation, one calculates the motiommflectron in a
force field (that, by no means, needs to be smalt)ishaeriodic (in three directions). In
the next approximation, one might perhaps considepéheirbations that arise from the
deviations from periodicity in the lattice. The tmaant of the interaction of electrons
with each other encounters the same difficulties herig does in method I.

Method Ill. In the first approximation, one thinks of the lagtgeparations as being
very large and assumes that every electron thus kelings own atom. In the next
approximation, one considers the exchange of electratsntbve in the unperturbed
system withequal energies atifferent points, which was first considered by HEITLER
and LONDON [oc. cit.l). States in whicimoreelectrons are found in comparison to the
number that is found ianeatom in the unperturbed systewill not be consideredh this
approximation.

The difference between these three methods beco®®r when we explain it by
another example, namely, the hydrogen molecule, whiak tweated rigorously by

*

() E.WIGNER, Zeit. Phys10(1927), 88343 (1927), 624.

*

(") F.HUND,ibid., 43(1927), 788.
(") W. HEITLER and F. LONDONibid. 44 (1927), 455, cited as | in what follows; W. HEITLER,
ibid. 46 (1927), 47 (cited as ll)bid., 47 (1928), 835 (cited as IIl); F. LONDONbid., 46 (1928), 455.
(™) A. SOMMERFELD,ibid., 47 (1928), 1; cf., also W. V. HOUSTONgid., 47 (1928), 33, and C.
ECKART, ibid., 47 (1928), 38.

(Y  W. V. HOUSTON,ibid. 48 (1928), 449.
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HEITLER and LONDON lpc. cit. ). In method I, the electrons were, once morsi fi
treated as free, which would naturally not yield anytafe starting solution for the
calculation. In method Il, one starts with the sohsi®f the two-center problem [cf.,
HUND ()]. A level that describes electron 1 as being irs atate around nucleasand
electron 2 as being asktate around nucleusin the limiting case of infinite nuclear
separations would split into four levels (1 to 4) that migdhcharacterized by the table:

Nucleusa Nucleusb
1 1 2
2 2 1
3 1,2 -
4 - 1,2

The interaction of the two electrons will first bmonsidered in higher-order
approximations. Method Il will be directly identicaltiee method that was employed by
HEITLER and LONDON. Only levels 1 and 2 included in apenurbed system. It
will be assumed that levels 3 and 4 lead to substanhaher-lying energy values. The
diversity of levels in unperturbed systems will themiime meager for method 11l than it
is for methods | or II.

There is, indeed, no argumeatpriori, for preferring any of the three approximation
procedures over the other ones. Method | will be mastety applicable to metals of
very large conductivity, while method Ill is most applicabdemetals of very feeble
conductivity. Method Il is in the middle between these timiting cases.

| have based the following calculations upon methodsltice only it can permit a
guantitative treatment of the electron interactions.

8 2. The distribution of the level values. The following calculations define a
simple generalization of the HEITLER-LONDON investigaus (oc. cit. 1) to the case of
2n electrons in a state of interaction (the numbegle€trons is now assumed to be even,
upon purely formal grounds). One will then find @lectrons in & different (indeed,
they are not different energetically, but positionatjypntum cells.

We shall first assume only that the quantum numbetkeotlectrons in their atoms
are the same for all atoms. Other stationary statéhe unperturbed system will not be
considered, since it will be assumed that they wowd te much high energy values.

One is then dealing with the determination of the gnexgues of the stationary
states of the total system, which will belong to théesthat was described above when
the COULOMB interaction of the charges in an atom whih charges of any other atom
is considered to be a perturbation. Due to the greaputational complications that
have appeared up to now, it will only be possible for usttempt the perturbation
calculations up to the first approximation. Whether ting sipproximation will actually
be successful for the cases that nature presentsremsin undecided. We take the
eigenfunctions of the unperturbed system to be, saylupts of the SCHRODINGER
eigenfunctions of the hydrogen atom, or better yetetgenfunctions that correspond to

() F. HUND, Zeit. Phys40 (1927), 742.
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the rest of the atoms considered, just like in the qtgeer of HEITLER and LONDON;
it is entirely superfluous to repeat those Ansétze hqolicély. These eigenfunctions are
certainly not orthogonal, but the deviation from the ustedtment that is required first
differs in the terms of order two, so we can applyubeal method of treating things in
the case of orthogonal eigenfunctions. The electods atom can be exchanged with
those any other atom as a result of perturbationdorfgsas one overlooks the perturbing
terms of order two, only simple transpositions betwaenrieighboring atoms will occur.
If one chooses the simplest case to be the onehiohwany atom in the unperturbed
system possessa&sie valence electron then the “exchange terms” for theugsng
energy will reduce to the expressions that were givenElf EER and LONDON:

6" 2 € _¢e_ é

ki rK/i rKk rKI r Al

1
Jwy = EI wféﬂilﬂﬁﬂf[ j dzcdz. (1)

Here,k andl mean the numbers of two electrons, whilandA mean the numbers of the
remaining atoms to whick and| belong in the unperturbed state. A very important
constant that enter into the perturbation calculatistise purely “static” interaction:

JE:J'drldr2~~-drm(wi)z(wg)z"'(w;)z Z—+Z— —Z (2)
I Mg Al kalg
k>1 K>A k#A

Due to their smallness, we can leave the magimggcactions completely outside of
consideration. Nevertheless, the spin momentslloélactrons will become partly
parallel and partly anti-parallel as a result of &xchange processedf one adds the
fundamental Pauli principle to this, viz., that #igenfunctions of the total system should
be anti-symmetric in all electrons, then an entingkll-defined total magnetic moment
will belong to each level value of the perturbedtsyn that will be characterized by the
rotational momentsh / 2/ of the system. In all, there will be n(2 levels in the
unperturbed system (if one ignores the Pauli ppiecand spin).A statistical treatment
of ferromagnetism will be possible when all energlues that belong to a given value of
s have been calculatedl'his problem is generally not soluble in thisniprsince 2 is a
very large number. We can only hope to obtainreegs insight into the distribution of
the eigenvalues for a given In what follows, we will calculate theumberof levels, the
center of mass of the energy (thus, the mean \dlaaergy for a gives), and thenean-
square variancef the energy about that mean value. We shall thake the generally
somewhat arbitrary assumption that, in the firgpragimation, the energy values are
distributed around the mean in a GAUSSIAN erroveursuch that the breadth of the
error curve is calculated from the mean-squareavas.

From the investigations of WIGNER, HUND, and HEHR (oc. cit) and the
assumption of the PAULI principle, every vakief the total spin moment belongsdne
system of levels ") that are characterized by the well-defined parting of 2 into
summands:
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2N =2+2+---+ 2+ 1+ I+---+ 1. 3

(n-s) times 2s times

The partition of the “reciprocal” system is thaalled simply:
2n=(n-9 +(n+9). 4)

HEITLER (oc. cit. Il) has given the following formula for the meaalwe — i.e., the
“center of mass of energy” of the systenw:

1
EU:f_ZXgP'JP' (5)
o P

In this, ¥, means the group character that belongs to theypationP, andf, = x-
is thenumberof levels in the system. The energy of the unybdd levels is omitted, as

an additive constant. We further calculate thenvsgpuare varianc&E* of the energy
about the valu&, : The energy value is given by the square roanoéquation of degree
fothat one obtains when one sets the following dateant equal to zero:

AR SRS
ZP:b2P1JP ZP:bEZ‘JP_X”' :

= 0. (6)

zbfljp zu:JP— X

The sum of the roots of this equatioExn is given by the coefficients of %, so
b3 = D> x;J,, which leads to equation (5). The supix X, is given by the
i,P P

n>m

coefficients of2 in (6), and one then has:

PR EDIPILH AT IPI A A

n>m i>k PP ok PP

=§{ZZQ?Q‘ZJPJP—ZZ Wuj. (7)

ik PP i,k P,P

In the last expression, one sums over all indepanedues of, k. Zqibﬁ is now the
k

i" diagonal term of the product matrb’ Ob". Since the matriced define a
representation of the group, one will have:
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bP ™ ="’

If one then observes thaft = ZQ,P then it will follow that:

n>m

D XX =2 X" =X 303 (8)
P,P

If we setx, = E, + AE, (here, the indexs properly belongs ta,, AE,, as well; we
shall drop it, for the sake of clarity in our nadai) then we will have:

D %% = 2, (E, +AE)(E, +AE) (nm=1,...f)
- (fz E2+Y AEAE, : )

n>m

sincez AE, =0, one will have:

ZAE2 -2 Y AEAE, (10)

n>m

It ultimately follows from (5), (8), (9), (10), drthe equatiofi, =y’ that:

ZAEZ——Z(XE T = XoXs ) I dn (11)

gPP
and

DEZ =53 X - XEXD) 0 (12)

o PP

In order to be able to apply this formula, we meesiculate the group characters of
the permutations of the various classes. Sincdpalanish, with the exception of the
casesP = E andP of the class (12) (viz., transpositions), only tb#owing types will

come under consideration forr™ :

(12)

Xor X

(123)

» Xo

(12)(34)

» Xo

These group characters can be calculated by sochetfhSCHUR that was described
by HEITLER (oc. cit. lll). It next yields for the reciprocal systemlefels ():

() The values fof, and )(!(712) that were given by HEITLER(c. cit, 1ll, equation (32)] are marred by
printing errors.
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(2n)!(2s+1)
(n—-9!(n+ st)!’

E —
Xn—s,ms_

a2 (2n-2)(2s+1) , , 3
Ho-sims (n-9!(n+ s+1)!(S st -2,
X2 = (2n-3)'2(n-1) {65 995+ €2 f1-10 n+ 3)+ 1 r 5)}, (13)

(n-9!(n+ st1)!

R e G
’ (n=9!( n+ stl)!

s* +55'+4<(rf-5n 4+ $(6hA- 30 19)

+2s(n* - 61 + 1517 — 14+ 3)
+n* -6n° +14n° - 9n}.

The characters of the system of levels that actisftyesent differ from the characters of
their reciprocals that are employed here only by thigins. Indeed, the character of the
reciprocal system is equal to (equal and opposite to, résp.pf the system itself when
the permutatiof® arises from an even (odd, resp.) number of transpositi

Up to this point, everything is true in complete generahiyh no relationship to any
special assumptions that we might make about theatrgstice or the atomic structure
of the ferromagnetic substance.

In order to be able to calculate, we must now speeia@ur assumptions somewhat
further. It follows from formula (1) and the calcudats of HEITLER and LONDON that
Ja2) decreases exponentially with increasing distance. FRerntost part, one can
exchange an atom in a lattice only with its “neighborsthaxges with atoms that lie
further away that the “neighboring atoms” will then beglected. The number of
“neighbors” of an atom is, e.g., 1 in a molecularidattof diatomic molecules, 2 in a
linear chain, 4 in a quadratic surface lattice, 6 in a sngplbic lattice, 8 in a cubic,
space-centered lattice, and 12 in a cubic, face-centdtieé.la

We shall make only the assumption that all non-vanishiegange termsp should
be equal (we call that valugly). That must be case when the remaining atoms are non-
magnetic; i.e., centrally-symmetric. We then nolcwaiate E, and AE’ for a lattice in
which every atonz has neighbors. Thus, we will consider only the higpesters inn
and s and drop the lower terms; that means that we shaltlaok the effects on the
boundary surface of the crystal.

The number of transpositions that lead to the vajuee., the number of atom-pairs
of least separation) s[n/ 2 =z[h. Thus, it follows from (5) and (13) that:

EU:—ZD%JO"'JE- (14)

In order to calculate the values AE? , we next need the value of the expression:

hee =~ OEX™ = X (15
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for the various possible combinationsPb&ndP'. That yields (up to lower powers of
ands):

R _ (M =)@+ )
1. P - p . 612)(12) - 4n4 1
2 —
2. P andP’ have a common elementA,,, =% , (16)
— 2 —
3. PandP have no common elemer,, ., :(an?)s?

If an atom hag neighbors then type 1 will occarh times, type 2z (z— 1)n times,
and type 37 n?/ 2 times.

It finally follows from equation (12) thaAE? is:

2

a1

and

(n*-s)@3Br*- <)

AE? = )27 e

(17)

The mean deviation of the energy from the mean {idn has order of magnitude
AE,~J 4/n. Inthe foregoing formulas, & means always means the system of levels
that belongs to the partition (3) and thus to tteltspin momens.

§ 3. Statistics: connection with WEISS’s formulas.The following arguments will
be founded upon the aforementioned, generally sdvaearbitrary, assumption that the
distribution of energy values about the mean hasagiproximate form of a GAUSSian
error curve. Since the total number of levels tiedong to the spin momesamounts to
f, (), we shall thus assume that:

AE?
fe o2 ae

\ ZITA_E[f

levels lie betweek, + AE andE, + AE + d AE.

From the calculations up to now, the directiorthef total spin momergin a crystal
will remain completely undetermined when, as we canclude from the result of the
EINSTEIN-DE HAAS effect, the orbital moments of theectrons in the crystal

() Without the Pauli principle, due to thigfold degeneracy of the total number of levels in atems
that belong to the partition would be equalf;ﬁ). However, that degeneracy will be removed by the Pauli
principle.
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compensate for each other. From known formulas, ohédnawie for this total energyg(
= 2 for the spin!):

e=-2 My (s2m>-9) (18)
MC 21T

(m = electron mass).
The problem now arises of calculating the mostbabte value oim for a given
temperature and a given valuethf To abbreviate, we then introduce:

pe 2 (19)
ﬁ:z%.
KT

One then defines the state sum (up to an inesséarttor that is independent af:

2 2 —
s° AE AE &2 2
. +s am+ﬂf+7AE0

ii]mdAE ZfAEZ [e”m 2 KT ppg2 :iz fge 2ﬂ2k2T2.
mE- 1 27T mE-

s=0 s=0 S

Finally, it follows from (17) (again, while dropmrunimportant factors) that:

-9
n +s am+/] 52
S=> > f,e oz (20)
s=0 nF-s
i_ﬂzszmrﬁ—s’)

If one denotes the expressioa %7 on’z by g(s) and considers that, =

2n 2n : . :
( j—[ j then after substituting the summation series lvattome:
n+s n+ s+l

>t (S

and a transformation that is analogous to parttalgration will make:

+n 2
S5+ :m:z_neng(m[nfs} >3 etesn- ox )

- ns|

n ea(s+1)
S =) Eﬂg(S+l) 9(5)](

s=0

+s+1j
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Since g(s) is an even function 0§, one can drop the term i6 in €® in the
approximation that is employed here and extend the sumfidom s=-ntos= +n.
One will then see that up to factors of order of magnitud® will also assume the form
of § (if one replaces the summation symba S with m).

It ultimately follows that:

S:Flili g(n)(mmj (21)

whereF is a function of the quantitiezand that has order of magnitude 1 (wheiand
[ are of that order of magnitude).

For our later calculations, it will be assumed thatexpression under the summation
sign inS exhibits a steep maximum at the locatios my (Mmy = mean value o), which
shall be verified later. We sat = my + (m — ng) and develop the exponent g(im) in
powers of (n —m). That will yield:

o) = eﬂg‘;w”‘)( m-m)- 25 4 fe s B m g4 B "

Thus,S again becomes, up to inessential factors that do not depema.

S =F Ze[ 2n'z e

m=-n

a+ﬂm°—ﬂ2”b+ﬂ2 ":5] ( on j

a+pt-p g .

=F | 2co nz__2nz)| (22)

We obtain the most probable valug from S using the equation:

™o Mg ™

mo=%logS:ntan n 2nz 2riz, (22)

The term that originates from the differentiatidriag F can be neglected in comparison
ton. Inthis, one also finds the belated justificatfor the fact that have considered only
the highest powers imands in the exponent in the state sum, and thus negldattors
whose order of magnitude was 1.

Formula (22) is, in essence, identical with theown WEISS formula for
ferromagnetism. The fact that tamppears in (22), instead of cot 1 /x (as in WEISS)
originates in the fact that only two orientations the spin moment in an external field
are possible. If one sets:
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L AL L SO P (23)
n n nz 2n z

then one will get the equations:

. y=tanx,

Il. 2x=a+ y(,[z’—’[’;ng—i Y. (24)

This formula differs from the WEISS formulas by thebic term on (24.11). Once more,
one can construct the solutions of (24) most singpéphically. Fig. 1 is drawn for the
valuesa=0.2,=2,z= 8.

For small or negative values of the constghtone will get paramagnetism.
Ferromagnetism enters in when the tangent of tineecll for y = O subtends a smaller
angle with thex-axis than the tangent of I; the influence of theic terms is first ignored
in this. The condition for ferromagnetism thendga

Vi (1—@2 2, (25)

This condition can be fulfilled only for high vaki®fz The maximal value on the left-

hand side of (25) iGmx=2/ 2) 5(1—3 , and it follows that:

z=8. (26)

Ferromagnetism is then possible only for lattigeety for which an atom has at least
eight neighbors.That is the case for Fe, Co, I
Ni, whose lattices are all cubic, some of, - 1 /
which are space-centered £ 8) and some |
of which are face-centered£ 12). By also
considering the terms of third degree in
24.11, it can perhaps even happen for 7 '
that curve Il indeed (forr = 0) increases
steeper than | at the origin, but that later on,
two intersection points of | and Il will occur.
Since z = 7 does not occur anyway, one
should not attach any physical meaning with
that possibility.

When £ increases above the valae/ 2 (increasingf corresponds to decreasing
temperature), from equation (25), the “strengthtlod molecular field” will again

éx

Fig. 1.
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decrease, and fof > E(H‘/l—gj, there will no longer be any paramagnetism.

Mathematically, in fact, this comes about becaddbemassumed GAUSSian distribution
for the energy values, which has the consequerateldgliel values will also occur for
small values of that (for positived) lie just as deeply to deeper than the energy that
belongs tas=n. In reality, there is certainlyo energy value that lies deeper than the one
for n = s (whenJo is positive). Naturally, the deviations of theéusd energy distribution
curve from the assumed one will become more andenmoticeable for decreasing
temperature.

One must improve the provisional theory that wisnapted here by calculating the

higher variances of the meakE®, AE*, etc. and correspondingly construct improved
distribution curves for the values of the termsrr€sponding higher powers giwould
appear on the left-hand side of equation (25) imithproved theory; the left-hand side of
(25) is thus actually a transcendental functiof.ofl he value that we have obtained here
for the left-hand side of (25) might correspondatalevelopment of that function in

powers ofé = lj—_‘lj_ that has been truncated at the second term (our@e- 32/ z can
z
indeed differ from the first two terms of the trpewer series of that function only by

small amounts). However, it follows from this angent that for higher values @f/ z —

B

say, —2% - an examination of the higher variancB&" would be imperative for the
z

study of ferromagnetism. Such a more precise exatmon of the distribution curve
would also most likely displace the limiting val{@6) of z However, nothing in our
results would change very much qualitatively.

If Sis substantially smaller than the limiting vallrattis given by (25) then, as was

mentioned already, equation (24) will yield parangtgsm. For small values df,
3

. . X
calculation gives (tar= x — 3 o)

3

a a B 2

y= >+ " {———j + .. (27)
2_’8+,BZ (2_’[”’3} 2z 3
z

The first term of this series gives the CURIE lawhva modification that is similar to the
one in the WEISS theory:

The critical temperature in this &
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Before | go on to a discussion of the numerical vatidl, | would like to justify the
previous assertion that the terms in the state sum (2)ie& very steep maximum at

the locationm=m, . To that end, | shall calculate the mean-squaranee Am’ of m
aboutmy . Itis:

e=

AN = - nf
and
_ 2
=225
Soda
From (22):
E =n (eX + e—x)2n—l (eX _ e—X) F + a_F(eX + e—x)Zn’
Jda Jda

0°S n(2n—1) on-2 2 n 2
= g+e) (@ -e’)F+—(€+e)"F
357 5 ( )7 ( ) 2( )
9°F n

aaz E (eX + e—x)an

+ z.la_F(eX + e—x)2n—l (eX _ e—X) +
oa
This implies that, in the first approximation:

= n~§+g(1—tan2 X+ 2n tan@aa— logF.
a

One will then have:

AnY = E(1—tar12 X+ 4tan><i Iog:j.
2 oa

The most probable deviation of the momenfrom the expected valuey is then
only of order of magnitude/ﬁ, so the terms that were neglected in the expowieg(im)

in equation (22) will be ordekn? / n, and thus of order 1, which agrees with the degree
of approximation that we have consistently soughhe neglected terms have the same
order as the boundary surface effects.

8 4. Magnitudes and signs of the “molecular field.” The constanfZ must have
order of magnitude 1, in order for ferromagnetisnbé possible; one must then hdye-
KT, whereT will assume values on the order of Hegrees for Fe, Co, Ni. It follows that
Jo ~ 10" erg ~ 5 the energy of the hydrogen ground state. Thatsisthe order of the

energy contribution that one would expect for tkehange term of the form (1) when the



Heisenberg — On the theory of ferromagnetism. 14

atoms lie close to each other. If the atomic separatbecome larger then the exchange
terms will decay exponentially. That is the basis tlee fact that iron or nickel salt
solutions are never ferromagnetic.

The question of the sign df is much more difficult to answer. In their theafythe
homopolar bond, HEITLER and LONDON make that assumgtanJ, is negative in
complete generality, which would exclude ferromagnetigior the special case in which
the electrons are found to be unperturbed in thgtdte, it follows, in fact, from general
theorems that the energy values must lie in a waly wmauld correspond to negative
values ofJ, . Such an argument is, in turn, applicable to onlytedes in the § state,
and one can show thag will generally be positive for high principal quantum nunsber
One must then deal with the expression:

1 2" 2¢
b= [weplyryt [i+—

rkI rKA

ﬁ——é——éj drnicdg, (1)
rKk r)k r/H
in which « andA are the indices for the atomic nuclei, whidandl| are the those of the
electrons. Initially will be a hydrogen eigenfunction, but later on, it wél §hown that
the argument is just as valid for other central figidghe vicinity of the nucleus. One
can then say with certainty tha will be positive for very small values of,, since the
term 1 /r4, will then outweigh all of the other ones. Howewuat result does not need
to have any physical meaning, since for very small values,qf even the entire
approximation becomes illusory (cf., the case sftedrms!). One then comes to the
values of], for very largery,. WhenJp is positive there, one must assume that it remains
positive for all values of«, in general. We thus investigate further how a charge
distribution of densityy ;. appears at large distanags, first for perhaps the higher
terms. The Schrodinger functions containegfunction as the most important term, and
rkK+rM
Wiy thus contains the facta *" (ap = Bohr hydrogen radius, = principal quantum
number; thus, no confusion with the electron numipestduld be created). If one drops
the remaining factors then the density will be constantonfocal ellipsoids of rotation
around the two nuclei. For increasing distance betwleemuclei, the charge ellipsoid
degenerates into a cylinder around the connecting line batthe nuclei. (This happens
for both values of the principal quantum number.) Funtioee, thee-function appears
multiplied by a polynomial i« (r«i, resp.) of degreea — 1. The zero locus of this
polynomial lies entirely in the neighborhood of the laus; at greater distances from it, it
will suffice to replace the polynomial with its highgstwerr™. The behavior of the
central force at distances of ord®yrfrom the nucleus is entirely inessential when only
r«i is sufficiently large. The density distribution dfet charge over the length of the
aforementioned cylinder is therefore non-uniform, but otis approximately

proportional tor,'r,"*. For small values af, this distribution is still quite uniform and

one can easily see that the negative termgpican substantially predominate. For
increasingn, by contrast, the density distribution assumes an se@per maximum at
the midpoint between the two nuclei. In the limit @iy large values o, the mean
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value of the terms of type I/, when taken over the density distribution that was given
above, tends to the value B :

By contrast, the term with 1r{ — viz., the “self-potential” of the density didtution —
increases beyond all limits with increasimgJy is then certainly positive for sufficiently
high principal quantum numbers. One can easilysti@t nothing will change in this
result when one carries out the calculationspfad, ..., or any other higher state. The
limiting value ofn for which J, can become positive for the first time is diffictd
determine exactly. A rough calculation yields= 3. This limiting value will possibly
depend upon values of the remaining quantum numbEng fact that, e.g., the oxygen

. . h .
molecule empirically possesses a magnetic momeri %2_71 in the ground state

seems to show thdy can already be positive for= 2. On the other hand, it can follow
from the many-times-observed critical temperateeg., for jsiron) that there are many
timesJy that can also be negative for higher principalnuian numbers.

Concluding remarks. The calculations that were described here leadwo
conditions for the appearance of ferromagnetism:

1. The crystal lattice must be a type such thgtadom has at least 8 neighbors.
2. The principal quantum number of the electrdiadg aire responsible for magnetism
must ben > 3.

Both conditions together do not reach far enougkingle out Fe, Co, Ni from all
other materials; however, Fe, Co, Ni do satisfydbrditions. It was certainly to also be
expected that the theory that was contrived heme m@anwhile serve as only a
gualitative schema in which ferromagnetic phenomeilaperhaps be classified later.
The theory admits an extension for the case ofrabexchanges per atom; an incisive
study of theJy, values, as well as the distribution curve of tharm values, will be
requisite. | hope to be able to go into these tiues as well as a thorough comparison
of the theory with the experimental results later.

Leipzig, Institut fir theoretische Physik der Usmsitét.




