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X1V. Notice on the connection between line geometry
and the mechanics of rigid bodies

[Math. Annalen, Bd. 4 (1871).]

By Felix Klein

Translated by D. H. Delphenich

Certain problems of the mechanics of rigid bodiesd@wsely connected with the
considerations of Pliickerian line geometry, namely, tloblpm of the composition of
arbitrary forces that act on a rigid body and the ewation of the infinitely small
motions that a rigid body can perform.

Plicker already spoke of such a connection in the fiesstgrommunication that he
made on his new geometric reseafgtsoon afterwards, he devoted a special article to its
elaboratiorf). Several places in his “Neuen Geometfje’in particular, numbers 25 and
39, related to the same situation.

As is obvious from repeated suggestions in “Neuen GeonidRtigcker intended to
expand upon the application of his geometric principlesmechanics in a larger,
connected work that would follow “Neuen Geometrie.” fTRéicker did not realize this
intention is even more regrettable than the aforemeati sparse locations where he
expressed his mechanical concepts, although only very ybraafl very hard to
understand, as well as occasionally indeterminate. drcailrent, brief reference, | will
now present the connection between the mechanical prabkntioned in the beginning
statements with line geometry, in order to discuss goon@s that do not seem entirely
clear to me in the Pliickerian presentation. Alongeliegs, | will then discuss a special
type of physical connection that can come about beti@ee systems and infinitely
small motions.

§1.

Some comments on the connection between the mechanics
of rigid bodies and line geometry.

In order to see that an intimate connection betweengeometry and the mechanics
of rigid bodies in fact exists, one needs only to go thvergeometric observations on the

) On a New Geometry of Space. Phil. Trans. 1865, pp. #25Additional Note. [Gesammelte
Abhandlungen, Bd. 1].

%) Fundamental Views Regarding Mechanics. 1866. pp. 361. [Gestamkhblandlungen, Bd. 1]

%) Neue Geometrie des Raumes, gegriindet auf die Betrachtumgrdeen Linie als Raumelement.
Leipzig, B. G. Teubner. 1868/69.
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mechanics of rigid bodies that were made by Poinsot, M6Biasles, et af). In these
investigations, one is incessantly involved with geometriaogs that enter into line
geometry at a point that is both elementary and fundeheA brief explanation might
clarify this.

The matters in question relate in an essential wayhe aforementioned two
problems, the one treating the composition of forcesdabton a rigid body, while the
other examined the infinitely small motions that a rigatly performs. Both problems
are, more or less, geometrically identical, insofathasconsideration of infinitely small
motions of a rigid body comes down to the compositbmfinitely small rotationsand
infinitely small rotations compose by precisely the same ruléoaes, namely, the
parallelogram rule. Thus, the concept dérce appears to be coordinat®dwith that of
infinitely small rotation All considerations that apply to forces that actaorigid body
can be applied in a completely analogous form to thaiiefy small rotations that such a
rigid body performs, and conversely.

Any given force that acts on a rigid body can alwagseplaced bywo forces®), one
of whom one can allow to act on an arbitrarily cholses; from this, the line on which
the other force acts and the intensities of bothefrare then given. Likewise, any
system of infinitely small rotations or briefly, any infinitely small motion of a rigid
body- can be composed oko infinitely small rotations. One of the rotationakaxcan
therefore be chosen arbitrarily; the other axis apdhgnitude of both rotations that are
present are then determined. The lines of space ar@alrewise conjugate relative to a
force system or an infinitely small motion. Mébiuashshown’) that the opposite
relation in both cases is given by a special type of delationship, of a type that v.
Staudt referred to as a “null system,” and is distisiged from other dual relationships
by the fact that any point is united with the plane tmatesponds to it. In a null system
there is a triple infinitude of “null lines,” which atbose lines that coincide with their
conjugates. All lines that run through an arbitrary painits corresponding plane are
null lines, and conversely, null lines are completelfingel by the fact that they each lie
in the corresponding planes to their points. If oneld/aush to allow one of the two
forces into which a given force system can be decoetpts act along a null line of the
null system in question then the second force would at$along the same null line.
The intensity of both forces will be infinitely largand the forces seem to be oppositely
directed. One is then dealing with a limiting case efganeral decomposition of a force

% Cf., esp., Mébius: Lehrbuch der Statik. Leipzig 1837I TdWerke, Bd. Ill.] One finds a greater
state of completeness in the relevant investigatidnScbell’s Theorie der Bewegung und der Kréafte.
Leipzig 1870. [Cf., on this, in the name of recent ditere, the article of Timerding in the Enzyklopadie
der Math. Wiss., Bd. 4.]

®)  This coordination of force and rotation is only mathtoal, not physical. Cf. § 4.

®)  Theforce coupleswhich played such an important role in Poinsot’s thearg thus to be regarded
as (infinitely small) forces that act on an infitytelistant line. In fact, from Hebel's theorem, ttveo
forces of the couple, when this expression is meaningfuk havinfinitely distant (and thus, infinitely
small) resultant. [Which was already shown by Culmanménfourth edition of his Graphischen Statik
(1864-1866).]

Analogously, in the considerations of the text thedigtions of a body are regarded as rotations about an
infinitely distant axis.

Force couples and translations are then coordinated sathe sense as forces and rotations.

" Crelles Journal, Bd. 10. Uber eine besondere Artedi#rhéltnisse zwischen Figuren im Raume.
[Werke, Bd. 1.]
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system into two forces that is meaningful only asratiing case. By the consideration of
infinitely small rotations one would likewise arriveatimiting case that is not, in itself,

meaningful when one lets it happen that one of the ttations into which one can

decompose the system is a null line of the associatkégdystem. In both cases, the null
lines also have yet another easily proven propertythdrcase of force systems, the null
lines are those lines of space around which the momethieoforce system is equal to
zero; in the case of infinitely small motions, théldines are those lines that will be

perpendicular to themselves — i.e., without experiencidg@Eacement that is parallel to
their directior?).

Now, the triply infinite manifold of null lines of a null systeprecisely the same
thing that Pliicker referred to as a linear line complgx.e., a triply infinite manifold of
lines whose coordinates satisfy a linear equation.

An arbitrary force system, like an infinitely smalbtion, is thus always linked with a
well-defined linear complex. The lines of the complexsthose space lines, relative to
which, the force system has no rotational moment (ware perpendicular to themselves
for the infininetly small motion, resp.). The lindgat are pair-wise associated by the
complex — theconjugate polars of the complein the Pliickerian terminologl) — are
those line pairs on which two forces that are equivadéetite given force system can act
(around which two infinitely small rotations can occhattreplace the given infinitely
small motion, resp.).

The arbitrary force system (the arbitrary infinitelgnall motion, resp.) can, for the
sake of geometry, be replaced directly by the aatetiline complex. In the case of
force systems, one must then consider only the absolg@itude of the forces acting
and regard all force systems as essentially identealdiffer only with regard to their
intensities. For infinitely small motions, the copteof infinitely small is
correspondingly abstracted from the absolute values ffe outset, and therefore such
an abstraction does not need to be expressly introduced he

A linear complex can, in particular, become a spedaiplex l.e., to go over to
the totality of all lines that intersect a fixed lin@he force system that is equivalent to
the linear complex correspondingly reduces to a sirggleefthat acts on the fixed lines;
the infinitely small motion that is equivalent to theelar complex corresponds to a
rotation that comes about around the fixed line.

1y _

8 Mébius, Statik. I. § 84, et seq. [Werke, Bd. 3] Chaslegshén Comptes rendus. 1843. Sur les
mouvements infinitement petits des corps.

%) Cf., Pliicker. Neue Geometrie, no. 29.

% Neue Geometrie, no. 28.

) Neue Geometrie, no. 45. This corresponds to the caseevthe determinant of the null system in
guestion vanishes.



§2.

Analytical representation. Coordinates of forces and (infinitely small)
rotations. Coordinates of force systems and (infinitely small) motions.

One proves the statements we previously discussed smoply when one, like
Pliicker *9, endows a force (infinitely small rotation, resp.jthwirtual coordinates
namely, those coordinates possessed by the straight Iting &hich the force acts
(around which the rotation occurs).

On the basis of a rectangular coordinate systeme ifetw, y, z andx, y, Z be the
coordinates of two points of the line thus determined,tlhenording to Plicker, their
connecting line takes on the coordinates given by thawelatlues of the following six
expressions:

PX =X-X, poY=y-VY, pL=2-2Z,
pL=yZ -yz oM =Xz-xZ, ON =Xy = Xy.

Thus, one has, identically:
XL+YM+ZN=0,

from which, the relative values of the six quantidey, Z, L, M, N that determine a line
necessarily come down to four quantities.

It is known that one comes thhe samesix coordinates when one regards the line, not,
as we have, as the connecting line between two pointsy as Plicker says — but as
the intersection line of two planes — amis in Plicker’s terminology. While the
mechanical concept of force acting along a line is cadedewith the geometric one of
the line as a ray, the mechanical notion of a rotatmeurring around a line is connected
with the geometric one of the line as an axis.

We now endow a force that acts along a line (an infinitely small astdhiat happens
around it, resp.) with the six virtual quantities:

XY, Z L MN
as coordinates.

For forces, this way of determining coordinates comeatabdhe usual way, as long
as one still establishes that the absolute valueseogithcoordinates are proportional to
the intensities of the force, as one does for farcemechanics. X, Y, Z are the
components parallel to the three coordinate axes, whil®, N are the rotational
moments around the same axes.

Such a way of establishing the absolute values for thelc@mtes has no meaning for
an infinitely small rotation as long as one agrees ti@mtother (arbitrarily chosen)
infinitely small rotation that one gives the integsitis equivalent to it.

13 Cf., Neue Geometrie, no. 25.
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One now composes forces and rotations whose coordinates have been obtairsed in thi

way as absolute values by adding their coordinates

This theorem first expresses the fact that all systef forces (all systems of
rotations, resp.) that yield the same six values uportiaddf the coordinates of the
individual forces (rotations, resp.) are equivalent.

These six values that we obtain by addition, which arespeak of as th@ordinates
of the force systelfthe coordinates of the infinitely small motioresp.), may be called:

= H,Z,A,M,N.
In particular, one can have:
=A+HM +ZN =0.

The force system can then be replaced with a single force anditheipfsmall motion
with a rotation whose virtual coordinates are:

X=z, Y=H, Z=17Z, L =A, M=M, N =N.

However, if the condition:
=AN+HM+ZN=0

is not fulfilled then one can only replace the fosystem with two forces and the
infinitely small motion with two rotations. If theoordinates of the two forces (the two
rotations, resp.) are:

xr’ Y, Z’, L’, M’, Nr and X", Y", Z", L", M", N",
then one must have:

X7+ X" =Z, Y'+Y' =H, Z+7'=2,
L' +L" =A, M’+M" =M, N‘+N"=N.

One likewise has:
xl LI +Y1 MI+ZI NI: 0’ x" L" +Y1I M" +Z" N":0_
These equations now express the fact that the straight lifés X', L', M, N"and
X", Y, Z", L", M", N" shall be conjugate polars relative to the linear complex whose

equation is:
AX+MY+NZ+=ZL+HM +ZN = 0.

13 Battaglini has carried out the arguments connectedthétpresent matters in a series of articles in
the Rendiconti and Atti of the Academy of Naples on Mfasis of tetrahedral coordinates. (In the
Rendiconti of February, May, August 1869, May 1870, and the\A#, 1869.)

One also confers Cayley: On the six Coordinateslimfea Cambridge Transactions, v. 8, 1868, esp.,

chapter: Statical and Kinematical Applications, pp. EBoll. Papers, v. VII.]
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Since one does not find a vantage point in the “New @é&gyinfrom which one see
this with no further explanation, a brief proof followsre.
The condition that a straight line intersects tked lineX’, Y’ Z', L', M, N’is:

L'X+M'Y+N'Z+X L+Y M+Z N =0.
Likewise for the linex”, Y', Z", L", M", N" one has:
L"X+M"'Y+N'Z+X'L+Y'M+Z"N =0.

This says: All lines that intersect ba¥i Y, Z', L', M, N andX", Y", Z", L", M", N"
belong to the linear complex in question. Howeves ihithe characteristic property
of the conjugate polars. Q.E.D.

One can virtually refer to the coefficients:

=H Z,AN M/ N

in the equation for the linear complex as toerdinates of linear complex&y. This is
permissible because when the six coefficients satigfyequation:

=A+HM +ZN =0,

they are the coordinates of that special complex thagpresented by the given linear
equation:
AX+MY+NZ+=L+HM +ZN =0;

I.e., the coordinates of all straight lines that atersected by all of the lines that satisfy
the equation. The present equation must, in fact, baegerif order for two lines with
the coordinates, H, Z, A\, M, N andX, Y, Z, L, M, N to intersect.

We now use this expression: If we coordinate a lineanpdex, regardless of whether
the complex is or is not a special one (a straigtg)Jithen we can, independently of
whether a given force system does or does not hasubare (whether a given infinitely
small motion does or does not reduce to a rotation,)ressate the theorem:

The geometric structure for a force system (an infinitely smatlon, resp.) with the
coordinates:

= H,Z,AM,N

is a linear complex that possesses the same coordinates.

%y Neue Geometrie, no.28.
1% Cf.: “Die allgemeine lineare Transformationen deriénkoordinaten.” Math. Annalen, Bd. 2. [See

Abnh. Il of this collection.]



§3.
Discussion of some particular issues.

As we already mentioned in the Introduction, there soene aspects to the
presentation that Pliicker gave of the connection betvweerine geometry and the
mechanics of rigid bodies that did not seem to barckes one finds in perhaps no. 25 of
“‘Neuen Geometrie.”

From the foregoing, force systems and infinitely $mmaitions can both be described
by the same geometric structure of the linear compl@re and the same complex is
therefore, on the one hand, a picture of a force systed, on the other, a picture of an
infinitely small motion: This is completely simildo the way that one and the same
straight line (a special complex) can have, on thehamel, a force acting on it and, on
the other, a rotation taking place around it. Betweenfahce system and the infinitely
small motion, which relate to the same linear complbgre exists little to suggest a
causal physical connection between the forces thataatline and the rotations that take
place around it.

However, in the Plicker presentation it appears tleafdite system is the cause of
the associated (relative to the same linear complesnitely small motion.
Correspondingly, both of them will be essentiallyntdeal and are given the common
name “Dyname.”

The fact that a force system and an infinitely snmatition cannot be causally
connected at all by these considerations is obvious ftemfact that a well-defined
motion of a rigid body results from a given forceteys only when the body has a mass,
a center of mass, an inertia ellipsoid, etc. By meé&m@sveell-defined rigid body whose
mass, etc. are given once and for all, each forceraystk then be generally coordinated
with a well-defined infinitely small motion as itsfedt *°). However, as long as one
speaks only of a rigid body whose mass distribution caéscome into consideration,
one can not, by any means, speak of a causal association.

There thus arises the question of whether anotheofphysical connection between
force systems and infinitely small motions prevailattiwould lead back to the
mathematical coordination of the two things. This shalirbated in the next paragraphs.

A further point that does not seem entirely cleathm Pliicker presentation is the
following one, which is usually closely connected with tihe mentioned:

When we speak of a force, this is linked with the gedmattion of a line as a series
of points — i.e., as a ray. On the other hand, whefirdinitely small) rotation takes
place around a line we regard the line as a pencil oéplan.e., as an axis. To link an
axis with the concept of a force — i.e., to therefdmakt of a force that would rotate a
rigid body around avell-definedline — is just as impossible as linking a ray with the
concept of an infinitely small motion that must diésge the body along a singleell-
definedline. A torque —i.e., a force-couple — does not haveaaise but infinitely many

% Since the force system, as well as the infinisehall motion, can be replaced with a linear complex,
any rigid body with a given mass distribution is thei®dor a special type of spatial relationship, by which
any linear complex is associated with a second one. bédies whose inertia ellipsoid is a sphere, the
relationship will be essentially that of polar reogty with respect to a sphere that is centered on the
center of mass.
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of them whose direction alone is given; likewise,amnstation does not displace a single
ray into itself, but displaces all parallel rays sltaneously. Thus, one cannot link the
geometric concept of an axis with the mechanical orgetofque either, or the geometric
concept of a ray with the mechanical one of a translatOne can speak only of forces
that actalong straight lines and motions that ocarmundthem. This does not emerge
clearly in Plicker; Plicker spoke mostly of forces andtimts, and then again also of
translations and torques, and gave the impression in vgplaoss that any force was
causally linked with a translation and any torque, with atian.

That one can speak only of forces thatadohg straight lines, and motions that occur
aroundthem goes back to the non-dualistic character thanhttec does indeed possess.
As is well-known, the same thing is true for a certplane curve of second degree,
namely, the infinitely distant imaginary circle. Hewver, one can now conceive of a
general metric from the process given by Cayl8y by which a general surface of
second degree plays the same role as that of therefotiened curve. If one introduces
such a metric and simultaneously replaces the six-fifiditude of motions of our space
with just as many linear transformations that leave ftibelamental surface of second
degree unchanged). — One can equally speak of forces that act along éndsaround
them, and of motions that take place around lines and) aleem. However, both types
of forces and motions would then be equivalent. A ratai@und a line is then the same
thing as a displacement along the conjugate polar ttative to the fundamental surface
of second degree. Likewise, a force that acts alomgasl the same thing as a force that
endeavors to rotate around its conjugate polar.

A third point that is not explicitly brought up by Plickeths fact that one may bring
only infinitely small rotations, and certainly infinitemall motions under consideration.
Finite motions certainly compose in a different marthan the infinitely small ones, so
— for example- the order of operations in the composition is not iuahe, while this
sequence is not an issue with infinitely small motiamg] likewise for the composition
of forces.

1y Cf., Cayley. A sixth Memoir upon Quantics. Phitafls. 1859. [Coll. Papers, Bd. Il.] Also,
Salmon’s Analytische Geometrie der Kegelschnitte. Chal ¢¢he Fiedler translation).

1% A surface of second degree goes to itself under a sixifdiliitude of linear transformations.
However, they split it into two six-fold infinite manifid. The two systems of rectilinear generators of the
surface remain unchanged under the transformations of the one manifoldftvehitansformations of the
second manifold switch the two systems oppositdlize transformations of the former manifold are
intended in the text; if th&, gradually goes over to the infinitely distant imaginaimcle then they
gradually go over to the six-fold infinitude of motionsspface. — On a later occasion, | think | will show
how the Cayley metric mentioned in the text, with thddition of this six-fold infinitude of
transformations, leads to precisely the same geomatimns that Lobatchewsky and Bolyai have
developed from a completely different starting point.



§4.

On thetype of physical connection between for ce systems
and infinitely small motions.

Now, there is, in fact, a physical connection betwfene systems and infinitely
small motions that explains in what way the two thimgsne to be mathematically
coordinated. This relation is not of a sort that it eisgées each force system with a
single infinitely small motion, but of another sorathsdualistic

Let there be given a force system with the coordsmate

= H,Z,AM,N
and an infinitely small motion with the coordinates:
= HL,Z N, M N

where one might have determined the coordinates absoitiglg manner described in §
2. Then as we shall not further elaborate upon hére expression:

N=+MH+NZ+="AN+HM+Z'N

represents the quantum of work that the given force system pedarmg the given
infinitely small motiort?).
In particular, if:
N=Z+MH+N Z+=ZA+HM+Z' N=0

then the given force system perfornswork during the infinitely small motion.

When we, on the one hand, considerZhel, Z, A, M, N, and, on the other hand, the
=, H,Z', N, M, N, to be variable this equation now represents the connection between
force systems and infinitely small motions.

If we consider the, H, Z, A\, M, N to be variable then the equation says: There is a
four-fold infinitude of force system&) that perform no work under a given infinitely
small motion. Their coordinates must satisfy a homogesdinear equation. One can
also express this by saying:

An infinitely small motion will be represented by a homogeneous, legaation
between the coordinates of a force systantgompletely the same sense, as perhaps in

% [The analogy between configurations and infinitely $mmitions was already found by Rodrigues
in his great treatise: Les lois géometriques qui régiskendeplacement d'un systéme solide, etc.
(Liouvilles Journal, t. 5, 1840), where it led back to thiagiple of virtual velocities along a general train
of thought. Cayley then found (in the aforementioneédyesm the six coordinates of a general line)
analytical formulas that are similar to the oneehie the text. All that was missing was the discussion
the geometry of linear complexes.

See, moreover, as following through with the argument stgghe essay XXX that follows below.]

2 They are considered to be identical when they dififdy with respect to the absolute values of their
coordinates.
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analytical geometry, a certain plane will be represgrnhrough a homogeneous linear
equation in the point coordinates that expresses thehicthte distance between a point
and that certain plane should be equal to zero.

On the other hand, if we considef, H', Z', \', M', N’ to be variable then our
equation expresses that: There is a four-fold infinitudefofitely small motions during
which a given force system performs no work. Their coateis satisfy a homogeneous,
linear equation. In other words:

A force system will be represented by a homogeneous linear eqgbatiween the
coordinates of an infinitely small motiowhich completely corresponds to the way that,
when we remain in the previous example from analytgsdmetry, a point will be
represented by a linear equation between plane coordinates

The geometric substrate for theality between force systems and infinitely small
motionsthat is set forth herewith defines the double type angheraby which one may
regard them as concepts in line geometry when one staltghe linear complex as a
spatial element’). A linear complex is then, at the same time, diapalement and a
structure represented by a linear equation. The equation:

N=Z=+MH+NZ+=AN+H M+Z N=0,

in which, moreover=, H, Z, A, M, N and =', H', Z', A', M’, N' shall mean the
coordinates of two linear complexes, expresses aaeldhat is true between them,
which | have referred to as amwolutory relationship?®). What one must understand by
the involutory relationship between two linear complesegearhaps simplest to explain.
Each point of space corresponds to a plane in the finstplex, while this plane
corresponds to a point in the second complex. One comése same point by the
involutory relationship of the two complexes when one wmns the plane that
corresponds to the initially chosen points in the secmmiplex and now seeks the point
that this plane is associated with in the first compl&he dual conversions of space that
are linked with the two complexes are thus mutuallyratitengeable. — If one of the two
complexes is special — i.e., a line — then the involutelgtionship enters in when the
line belongs to the other complex. If both complexss lmes then the involutory
relationship is equivalent to the intersection of the lnes.

A linear complex can, from what we said, be regardegithsr a spatial element or as
the four-fold infinite manifold of the complex that rsinvolution with it.

If we give the linear complex the mechanical meaningroinfinitely small motion
then the four-fold infinitude of the complex that is mvelution with it represents the
force system that performs no work under the infinighall motion. Conversely: We
link the linear complex with the mechanical notion obecé system then the four-fold
infinitude that is in involution with it represent the mfely small motions for which the
force system does no work.

2 | have carried out these geometric considerationthdurin the previously-cited essay: “Die
allgemeine lineare Transformationen der Linienkoordinatéfath. Ann., Bd. 2. [See Abh. Il of this
collection.]

2 Battaglini also arrived at the involutory relatiorstbetween two linear complexes in the cited
essays; he referred to it as a “harmonic relationddpiveen two complexes. The word “involution” was

used by him in order to refer to manifolds that depend lyneaon parameters.
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Within the four-fold infinitude of a complex that is imvblution with a linear
complex, as we already said, one also finds the tiotdanfinitude of straight lines that
are associated with it. We can especially expresgitivious two theorems for it. They
will then be equivalent with the two theorems stated Iy &hich read: When a linear
complex is the image of a force system or an infipisghall motion then the lines that
are associated with it are the lines of space relatvehich the force system has no
rotational moment (the infinitely small motion wilkelperpendicular to itself, resp.).

Gottingen, in June 1871.

[Essay XIV has been placed at the end of the parinengéometry because in § 3 it includes my first
communication on the meaning of the Cayley metric tor-Buclidian geometry and thus defines a natural
transition from the investigations to the foundatiohgeometry. The question that | posed in § 3 was soon
thoroughly treated by Lindemann, who went to Erlangen wi¢hin Fall 1872, in his dissertation (Uber
unendlich-kleine Bewegungen und uber Kraftsysteme bei adigemn projektivescher Massbestimmung,
Math. Ann. Bd. 7, 1873). K]



