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Theinfinitesimal contact transfor mations of mechanics.
By Sophus Lie
Translated D. H. Delphenich

On various occasions, | have already emphasized tpertiamce of the general
concept ofinfinitesimal contact transformationThe purpose of the following Note is,
first, to point out some interesting examples that catmaut by simply computing with
such transformations. At the same time, | wish toctligtention to the remarkable
character ofa noteworthy category of infinitesimal transformations that play a role in
mechanics.

1.

An infinitesimal transformation in the variabkes ..., X, p1, --., pn:

d(K:fK(Xl, ovy Xny Py ...,pn) d,
d),(: 77,'((X1, ovs Xny P1, ...,pn) d,

is a homogeneous contact transformation when it l&tfile condition equation:

2]
EZpKd)g(IOZZITKdX(+Z Ras

This implies?) the fact that the, and 7z possess the form:

oH oH
- o=

" T

and the fact that is homogeneous of first order with respect toghe.., pn.
Therefore, the equations:

5= 4 oo=-Mat k=12 .n)
op, 0x

K

) Archiv for Mathematik og Naturvidenskab, Bd. 2, Chast 1877; cf., also Math. Annalen, Bd.
VIII, 1874, pp. 239.
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oH oH
—+..+p—-H=0
plap] Pn op,

determine the most general infinitesimal homogeneous contact transformattoe
variables X, ..., Xn, P1, ---, Pn-
If one sets, e.gn = 3 and:

H=Jp+p+ R
then one obtains an infinitesimal contact transfoionadf the three-fold extended space
X1, X2, Xa.
d(k = # dt, d)k = O,
VPR E

which obviously fulfills the relations:

5)(1:5x2:5x3’ 5 = 0,
Py P B

JOZ +3x+0x = &

It then takes all surface elements X2, X3, p1, P2, ps of the spaceq, Xz, X3 the same
distanced along the normalo the element in question.

Our contact transformation is then an infinitesirpatallel transformation: It takes
any surface into an infinitely close parallel surface.

We now pose the problem of finding the most general teimhal homogeneous
contact transformation:

oH oH
K o & [P ox. dt

in then-fold extended space &f, ..., X, that takes any elemextp along a directiorkx;,
..., 0%, that is perpendicular to the element in question suathotte has the equations:

o _0%_ _o%
PR P,

This problem finds its analytical expression in the equatio

oH  oH oH
S Py
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oH oH
—+..+ p,— —H=0,
P op, Pr ap,

the first of which says thad depends upon the quantities:
Pyt S, X1, .y Xa,

while the last one shows thidthas the form:

@ H=Qxq, oo\ Xo) PR+ P+ 2.

With that, we know arextended category of infinitesimal homogeneousacbnt
transformation of the n-fold extended space thaspeses the property that any element
proceeds in the direction of the associated normal.

If such an infinitesimal transformation were repeatdohitely often then this would
generateo! finite contact transformations that would define a-parameter group. If all
of the transformations of this group were performed oraaifold:

W(X1, X2, ..., X)) =0
then this would generate a family®f manifolds:

7€Xq, ..., Xn) = CONSt.

whose orthogonal trajectories are the oritsf the infinitesimal contact transformations
in question.

It is now very noteworthy that the infinitesimaintact transformations of the form
(1) play a preeminent role in mechanics.

The motion of a system of points will be, in factfioded by a partial differential
equation of first order:

2 2
(Mj ++[6—Wj -2U(X1, ..., %) —2h=0
0% 0x,

that can be written in the following way:
2) pi++p —2U+h)=0.

Now, for a long time, | have remarked that the integnabf any partial differential
equation:

) If all transformations of a one-parameter groupaitact transformations performed on an element

then this produceo® locations whose point locus will be referred to ire tlext as theorbit of the
infinitesimal transformation in question.
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@(X1, ...y %, P1y .., Pn) —@=0

can be achieved by considering the infinitesimal contachsfmamation whose
characteristic function i¢ —a, and which determines the associated one-parameter group
of contact transformations. In the present caseekier, an important simplification
enters into the picture that brings equation (2) intdfahe:

P+ P2t
=1
J2U +h)

Here, the left-hand side is homogeneous of firdebinp, ..., pn; it thus represents an
infinitesimal homogeneougontact transformation that belongs to the aforgimeed
general category.

Some interesting conclusions may be drawn fros tdamark. On the other hand, it
would be simple to extend the present consideratiorthe case in which the coordinates
X« were coupled by given relations.

2.

We now pose the problem (in three-fold extendeatspof finding all infinitesimal
contact transformations that take lines of cunaitato other such curves.

If we denote the partial derivatives of a functfomith respect toq, Xz, X3 by p1, p2,
ps, as usual, then the curvature lines of the surfiggex,, x3) = 0 can be defined by the
differential equation:

dp. (P2 dxs — ps dXe) + dpz (P dX —p1 dxs) + dps (P1 A% —p2 dX) = O,

or by the equivalent one:
dp dp, dp
A=|p, p, B| =0.
dx dx dx

Our problem can therefore be formulated in theofeihg way:

Find all infinitesimal homogeneous contact transfations:

d(K = a_H , d:)l( - — a_H dt
op, 0X,
that leave the systems of equations:
(3) A =0, prdx + ... +p,dx, =0

invariant.
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The homogeneous functibhmust then be chosen in such a way that the expression:

L)
ot

vanishes as a result of the system of equations (3).
By evaluating it, one comes to:

oH oH oH

a 9 9 d d d
O I I YT
a _ Y , on on on
oA ax  dx dx| |2 %% | 9n an aH

ox 0%, 0%

This expression is a homogeneous function of second degtiee differentialgip;, dp;,
dps, dx;, dx, dxs whose coefficients depend upon only xhpe. An equation:

A\

(4) = =+ pax (Y, a.dx+ Y, 5 dp)

is valid identically in the aforementioned differentjals which A, a1, ..., 3 denote
functions ofx, p. Both sides of this equation are homogeneous functibrse@nd
degree in the differentiatb, dp. Therefore, if the corresponding coefficients oa l&ft-
hand and right-hand sides were computed and set equal tootechthen this would
yield some relations that would give differential equatiafter eliminating the auxiliary
guantitiesd, a, Sthat determiné.

Among the terms on the right-hand side of equationof@®,finds none that have the
form vdp dg . One then obtains, with no further assumptions, sth@fequations that
are free ofn, 5, andA, which can be written, with the use of the abbreviation

-—= HK1
ap,

in the following way:

9
op,
9
op,
9
op;

(p,H; = p;H,) =0,
(5) (p;H, - p,H,) =0,

(p,H, - p,H) =0,
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0 0

a_pl(leg_ p1H3)+a_p2( sza_ pst):O'
(6) i(|01H —pH])+i(pH—pH3)=0

apz 2 2 6p3 My 1 )

9
op;

0
(szg_ p3H2)+£( p1H2_ sz]) =0.

The first three give, by integration:

szs_ p3H2: Ksz( Pz Py Xy X, XS)!
(7) p3H1_ p1H3: K13( Pz Py X, X, Xs)!
lez_ p2H1: K21( Pz Psy X, X, )9’

and it is therefore obvious th#;, like H itself, must be of first order in thg; by
replacing the values thus found, equations (6) take on tire fo

OKya(P3y Py X %o %) | 0 Kol Py Py ¥ 0K, , 9K 0Ky | 0K

:0 21+ 13:O 32+ 21:0’

op, op, " op, op, op, 0p

and will thus be fulfilled in the most general way expressions of the form:

K1z = f43(X) p1 — ta(X) Ps,
K21 = fo1(X) P2 — t32X) P1,
Kaz2 = 1582(X) ps — £13(X) P2 -

As a result, equations (7) go to the following gine

Hl+ﬂ21 — H2+ﬂ32 — H3+/'113
P P Ps

which can be written in the following way when antoduces an auxiliary variabje

H1 = PP~ Uy,
(8) H, = op, — U,
H3 =PP;— U

Here,Hy, Hy, H3 are the differential quotients bff with respect tg;, p,, andps; thus, the
known integrability conditions give the equations:
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% o
op, _ 0p, _ 9p;
Py P2 Ps

such thafp must have the form:
p=PE+ B+ X % %).
If this value ofp were replaced in (8) then we would obtain three equation the

determination oH, and since, on the other hand, we know Hh& homogeneous of first
degree in the, we can set:

3
H= Q0 ooy Xo) P2+ P2+t P D &% %0 %) B
K=l

We can now decompose our problem into two simmieblems.

Namely, if we remark that the quantkiyand its differential quotients enter into the
condition equation (4knearly andhomogeneouslthen we immediately recognize that
the most general value bff can be represented as the sum of two particulaesaf this
guantity, which we find when we, on the one hamdsequal to zero and, on the other,
seté equal to zero.

As is known, the problem of finding the most geheinfinitesimal point
transformation:

H=&p+E&EP2+E&ps

that leaves the differential equation of the cuwivatines invariant subsumes the problem
that LIOUVILLE treated of determining all conformabint transformations of ordinary
space.

We therefore need to find only the most generfihitesimal homogeneous contact
transformation of the special form:

H=Q(x, oo Xa) P2+ PE ot

that takes curvature lines to other ones. If weretinese special values idfin (4) then
we obtain the relations:
9°Q _ 0°Q _ 0°Q 9°Q

2

e e e 0%, 0%

for the determination d®, which show thaH possesses the form:

(9) {axX+x+xX)+2hx+2hx+2 hx+ &/ B+ o+ %

If one sets, e.qg.:
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a:b1:b2:b3:0, c=1

H=yp +p+p;

the corresponding transformation is an infinitesimaafal transformation. On the other
hand, if one sets:

then one gets:

a=1, c=hf+hbf+1f

thenH takes on the form:

H = [( + bo)* + (e + b2)° + (ks + Do) Y + 5 + S,

or, after introducing the new variables:

X = XK+bK
© g +h) (o b) + (x+ B)?

H = p’+ 0"+ g

The infinitesimal transformatiofl’ is therefore similar to an infinitesimal parallel
transformation by means of a transformation thronagiiprocal radii.

If one takes an arbitrary infinitesimal transfornmat H of the form(9), determines
the associated one-parameter group, and performghef all transformations on a
completely arbitrary surface then one obtaissurfaces that belong to an orthogonal
system. Thus, formul®) delivers the most general infinitesimal contachstrmation
of this kind.

One obtains a more general method of construéioorthogonal systems when one
regards the coefficients, by, b, bs, cin (9) as functions of a parameter.

I will exhibit the connection between my older hed for the construction of
orthogonal systems and the problems of mechanioc®ie detail on another occasion.

the form:

3.

If a differential equation of second order admiés continuous group of
transformations then from my older investigations/dhe following cases are possible:

1) The group is similar to the eight-parametemgro
() P G Xg Xp, yp, Yo Xp+Xyq Xyp+yeq,
which leaves onlpnedifferential second order invariant, namefy= 0.

2) The group is similar with the three-parameteug:
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(n P, 2XP+yq XP+xyq
which leaves invariant the! differential equations of second order:
y’y" = A= const.
3) The group is similar to the group:
dly p+q, Xp+ Y, X°p +Y°q,
which leaves invariant the! differential equations of second order:
(x—Yy 2y +2(/"*+y™?) =a=const.
4) The group is similar to the group:
(IV) P, g xp+ (X+Y)q,
which leaves invariant the! differential equations of second order:
y'+ke¥ =0 k = const.)
5) The group is similar to the group:
V) P, 0, Xp +C yq c#0, cZo, C#1,

which leaves invariant the! differential equations of second order:

2—

y'y = =a = const.
6) The group is similar to the group:
(Vi) p. G,
which leaves invariant any second-order differential eqoaif the form:
y' —f(y)=0.
7) The group is similar to the group:
(Vi) P, Xp + Y0,

which leaves invariant any second-order differential eqoadf the form:

y'-yfly)=0.
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8) The group is similar to the groyp that leaves invariant any second-order
differential equation of the special form:

y'—f(y.y) =0.

We would now like to assume, in particular, that aoedeorder differential equation
of the special form:

(10) y' = o, Y Y +fax, Y Y2 +fux, Y Y +(x y) =0

is present. Since any point transformation takes fardiitial equation of this form to
another such equation, we can likewise conclude thagriingp of such equations never
possesses the form (IV), and that it possesses the (fpramly when the differential
equation in question can be converted yite 0 by a point transformation. On the other
hand, if the group of a differential equation (10) posseske form (Ill) then this
differential equation can take on the form:

(x=Yy +2*+2y =0,

and consequently, also the fogrh= 0. Finally, if the group of a differential equation
(10) possesses the form (V) then the consténifills one of the four equations:

N

c-2 c-2 c-2 c—

I
w
I
»
I
L
I
o

come under consideration. Therefore, it is easyedls®# the corresponding differential
equation of second order:
y'-a=0

can take on the foryf' = 0 by a suitable choice of variables.
This simple argument, which can be carried furtheregmter alia, the following
theorem:

If the family of geodetic curves on a surface whose curvaturetisonstant admits
more than two independent infinitesimal transformations then these traasimmm
generate a three-parameter group that possesses the canonical f@mp pyp, X°p +
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xyg In the inconvenient cases, the determination of the family of curvgsestion
requires the integration of a Riccati equation of first order. THree-parameter group
always leaves invariant a family that consistsedfjeodetic curves.

4.

If anr-parameter continuous group refal transformations of a simple manifolds
present then one sees, when one fixes a real peirt that the corresponding ™ real
transformations define mal subgroup. In this way, one finds real ¢ — 1)-parameter
subgroups.

From this, it follows that any real group of the simplanifoldx can take on one of
the three forms:

P, pXp; p, Xp, X°p

by areal change of variables.

If a real group of point transformations of a planevésaonly one differential
equation of first (second, resp.) order invariant thes differential equation is real; if it
leaves two and only two differential equations of fistder invariant then the
transformations are either both real or conjugate inzagyi

When one connects these remarks with my general detgram of allr-parameter
groups of a plane then one finds, with no new computgtioanonical forms- so to
speak- into which all rear-parameter groups of point transformations of a planébean
brought by real changes of variables.

Only for the case in which the group in question leaves iematwo and only two
families of curvesp(x, y) = a, (X, y) = b that are pair-wise conjugate imaginary do new
canonical forms appear. One finds them when one exhibitea groups of point
transformations that take circles to circles; oneeds this objective even more quickly
when one replaces they in the groups that | presented (Math. Ann., Bd. XVI, pp. 524,
C) with the new variables y by the substitution:

X:?"'iba y:?—iba

and thus demands that theparameter group that emerges should includesal
independent infinitesimal transformations.

Similar arguments give aleal infinite continuous groups of point transformations of
the plane, all real projective continuous groups of theelatc.



