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On the composition of forces

NOTE by ordinary membeG. Battaglini
Translated by D. H. Delphenich
(Announced on 6 February 1869)

The object _Qf the present note will be the searchhe formula for the composition
of forces in PLUCKER'’s system ofdew Geometry of Space

1. First, let us present some metric relations thdtheiluseful in what follows. Let
(a, b, c,d) and A, B, C, D) be the vertices and opposite faces of a tetrahednahlet:
(f, D, (@, m), (h,n) orelsel,F),M,G), (N,H)
denote the three pairs of its opposite edges, which orgders to be the joins of the
pairs of points:
(b,c), (@ d); (c a),(bd); (ab),(cd),
or intersections of the pairs of planes:

(A, D), B, C); (B, D), (C, A); (C.D). (A, B).

For each of these pairs of lines, one forms the ptazfut@eir minimum distance with
the angle that they subtend, and denotes these tlueects by:

[f, 1] =[F, L], [9, m] =[M, G], [h,n] =[N, H] .
One will have the relations:

abcd =bc [&d [f, I] = ca[bd [g, m] = ab [td [h, n]
= aA [bch =dB [MHac = cC [Hba = dD Abc,
1)
sinABCD = sinBC sinAD [L, F] =sinCA sinBD [M, G] =sinAB sinCD [N, H]
= AasinDCB =Bb sinDAC =Cc sinDBA =Dd sinABC .

If p andP denote an arbitrary point and plane, resp., then oihbave:
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p- PAPa pB[Pb pClPc pDPd

2
@) P Aa Bb Cc Dd

Referp andP to the given tetrahedron as the fundamental tetrahedrahtake the
coordinates op andP to be the quantities:

a:%, :E, Czﬁ, d:@,
aA bB cC dD
aoPa g Pb _Pc _Pd
a Bb Cc Dd

respectively; a homogeneous, first-degree equatioa im ¢, d) or (A, B, C, D) will then
represent a plane or a point, respectively.
One has the relation:
atb+c+d=1
between 4, b, c, d), and the symbolic relation:
(A cosA + B cosB + C cosC + D cosD)* = 1
between A, B, C, D), in which it is intended that after developing this, améset:

COS2 P, = cosk;, P, =1, cosb, COSPJ' = cosP, Pj .

If (p1, P2, P3, Pa) and P1, P, Ps, Py are the vertices and opposite faces of a
tetrahedron then one will have:

ahbqgd A B G D

(3) PiPP P4 — & bZ G d2 SinP1P2P3P4: AZ BZ C2 D2
abced a, b, c df sinABCD |A B C, D,|

a, bcd A B, C, D,

Let the line (, R) be the join of two pointsp( P), as well as the intersection of the
two planes®;, P)); take its coordinates to be the expressions:

f=bg-ab, g=ca-ag, h=ab-ba,
| :aid,-—dia,-, m:bid,-—diq, n:cid,-—dic]-,
F:BiCj—CiBj, G:CiAj—AiCj, H:AiBj—BiAj,
L:AiDj—DiAj, M:BiAj—DiCj, N:CiDj—DiCJ,

in which one will have:
fl + gm+hn=0, FL + GM+HN =0,

identically, and one will get:
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_ PP Il _ PP [nml -y PP nn]
be [f,1]° ca [gm]’ ab [h,n]’

| :%m m:%[r’g] n :%w
ad [I,f]’ bd [m,q]’ cd [nh]’

(4)

F = sinBP, [R,L] G = SinBP, [R,M] H = sinBP, [R,N]
sinBC [F,L]’ SinCA [G,M]’ sinAB [H,N]’

_ sinRP, [R,F] M = sinPP, [R,G] N = SinPP, [R, H]
SinAD [L,F]’ sinBD [M,G]’ sinCD [N,H]

One will have the relations:

(5) f bc _ glta _ h@&b _ | &d _ m(bd _ nlcd _ _Pip;
LsinAD MsinBD NsinCD FsinBC GsinCA HsinAB  sinPP,

between the coordinatesmoénd those oR, and betweert (..., I, ...), or evenk, ..., L,
...), one will have the symbolic relation:

(fbc cosf + ... +1 ad cosl + ...)> = p, p?,

(6)
(F sinBC cosF + ... +L sinAD cosL + ... = sirf P, P;,

in which it is intended that after developing tlase will set:

CO§ ri =cosriri =1, Cog; cosrj = cosrirj,
CO§ R =cosRi R =1, coRR; COSRJ' = COSR; Rj .

Finally, if (r', R") and ¢", R") are two lines that are the joins of the pairgpoints
(Pi;P}), (pi,pP]), resp., and the intersections of the pairs of gdafi®,P;), (PP},
resp., then one will have:

PPPRL - gt e w1 et g
abcd
(7)

SInPII P]I PiIIPjII

:FI L"+GI M"+HIN"+LIF"+MIGH+NIH".
ABCD
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2. Assume, as is obviously true, that:

1. The resultant of two concurrent forces lies inrtipdane and bisects the angle
between them when they are equal, in addition.

2. In order to find the resultant of more forces, onest distribute the given forces
into groups, compose the forces in each group, and finathpose the partial resultants
of the various groups.

Referring to the fundamental tetrahedron of the pragedimber, consider the three
concurrent lines, m, n at the poind, and let the symbol,(m, n) denote the direction of
the resultant of forcels m, n that are equal tg and directed along m, n, respectively.
Let (1, 0, 0), (O, 1, 0), (O, O, 1) be the same lindsm@ms n, resp., let (0, 1, 1), (1, 0, 1), (1,
1, 0) be the bisectors of the angles betweemj, (n, I), (I, m), resp., and let (1, 1, 1) be
the line along which the three planes intersect tteatafined by the pairs of lines [(1, O,
0), (0, 1, 1)], [(0, 1, 0), (1, 0, 1)], [(O, O, 1), (1,Q].

By the principles that were previously assumed, itasyeo see that for (1, h)
(which is in the plane of the lines [(0, O, 1), (1, 1) @nd for (1, 0, 0) and (O, 1, 0), one is
led to two planes that intersect the planes of thresl[(0, 1, 0), (0, O, 1)], [(1, O, 0), (O, O,
1)] along (0, 1n) and (1, On), and the planes of the lines [(1,n), (O, 1, 1)], [(O, 1n),
(1, 0, 1)] intersect along (1, b,+ 1); therefore, if one starts with (1, 1, 1) then wuié
successively get (1, 1, 2), (1, 1, 3), ..., (1,n}, by this construction. One will
successively get (1, 2, 1), (1, 3, 1), ...,if1,1) and (2, 1, 1), (3, 1, 1), ..1, @, 1) inan
analogous way. After that, the pairs of the planagd®fines [(1m, 1), (O, O, 1)], [(1, 1,
n), (0, 1, 0)I; [(3, 1n), (3, 0, O), [, 1, 1), (O, O, 1)], [(1, ), (O, 1, O)]; [(1, 1n), (1, O,
0)], [(1, 1, 1), (0,0, DJ; ¢ 1, 1), (O, 1, 0)], [(Im, 1), (1, O, 0)] will intersect along the
lines (1,m, n), (I, 1,n, (I, m, 1), respectively, and the planes of the linesi{ln), (1, O,
0), (I, 1,n), (O, 1, 0)], [(, m, 1), (O, O, 1)] will intersect along the ling (, n); one can
thus obtain the directiom, (m, n) of the resultant of the system of forcesg n) ¢ .

Now, determine a plarféthat goes througt with respect to the triad of fundamental
lines (, m, n) by means of the coordinates:

X=sinlP, Y=sinmP, Z=sinnP,
and one will have:

(1) sinr P= X

sinrA sinrB simC
: +Y— + Z—
sinlA sinmB simC

for an arbitrary ling throughd, and thus, the first-degree equation:

S|.nrA Ly s_lan L7 S.IITC -0
sinlA sinmB simC

(2)

between the coordinateX, (Y, Z) of P will determine the line.
As a result of that, the equations of the line (1, 1aag the lines (O, 1, 1), (1, O, 1),
(1, 1, 0) will be:
X+Y+Z=0,
Y+Z=0, Z+X=0, X+Y=0,
respectively.
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In general, the equation of the lider(, n) will be:
xX+yY+2zZ2=0,
and the equations of (@), n), (I, 0,n), (I, m, 0) will be:
yY+2Z2=0, zZ+xX=0, xX+yY=0.
Thus, if one starts with the equation for (1, 1, 1) and fbems the equations of the lines
that were previously considered in order to arrive atlititee (I, m, n) then one will
successively find the equations:
X+Y+nZ=0, ...(1,1n); X+mY+Z=0,..1m1);IX+Y+Z2=0,...(,1,1);
X+mY+nZ=0, ...,mn); IX+Y+nZ=0, ...(,1,m); IX+mY+Z=0, ...(,m 1);
IX + mX+nZ=0... (, m, n).

Comparing this equation for the linke 1, n) — orr — with (2) will give:

[sinlA _ msinmB _ nsinnC _ ,
sinrA sinrB sinrC
and

(3)

r> = 1% + m? + n® + 2mncosmn + 2nl cosnl + 2Am cosIm:;

[By the known relation’j:

sianA+ N sinrB simrC
sin’lA sinmB simC

cosmn...= 1,

SO
I m _ n _ r
sinrmn sinrnl  sinrlm  sinlmn

Letr' ¢ be the value of the resultant of the forkger(, n) ¢ ; if this force is rotated into
the opposite sense then one will have the faorgethat is equal and opposite to the
resultant of the force,(m, n') ¢, so if one denotes the directions that are oppdsit
andn byr' andn’, respectively, then one will have:

I . m _
sinn'mr’  sinnr’l  sinn'Im’

so (paying attention to the signs in the expresgion

() Note: “sulle forme geometriche dt 8pecie,” Rendiconto dell’Accademia, February 1865.
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I m _ r
sinrmn  sinrnl  sinlmn

Thereforer’ =r, orrg will be the value of the resultant of the systénm( n) ¢.

The preceding results, with just some considerationardéty the limits, can be
extended to the general case in wHiah, n, are no longer integers, but the ratios of three
arbitrary forces in the directiohsm, n, respectively, and an arbitrary forgehat can be
taken to be unity. Equations (3) will then lead to thegosition of arbitrary forces that
are concurrent at a point.

One should note that iA( B, C, D) are the coordinates of an arbitrary pldhéhat
were defined in the preceding number then the point atwthi line [, m, n) meets the
planeD will be determined by the equation:

(4) IA%+me—B+ nCg =0.
ad bd cd

Observe that from equations (1) and (3), one has:
(5) rsinrP=IX+mY+nzZ=IsinIP+msinmP +nsinnP,

which is called theanomentof a force with respect to a plane, and is the produtiieo
force with the sine of its inclination with respect te tilane, so relation (5) will reduce
to the property thah a system of forces that are concurrent at a point, the moment of the
resultant with respect to a plane is equal to the sum of the moaofe¢htscomponents.

Now consider three linds, M, N that lie in the plan®, and let the symbolL( M, N)
denote the direction of the result lof M, N, which are forces that are equal®oand
point in the directiond., M, N, respectively. By an argument that is similar te th
preceding one, one will see how one can arriveé avl( N), since (1, 1, 1) can be defined
by successive joins of some points. Consequently, if orezrdimes a poinp of D with
the coordinates:

x=Lp, y =Mp, z=Np,
and as a consequence, if:
Ra Rb Rc

1 Rp=X—+y—+ 72—
@) P La yMb Nc

is a lineR in D with the equation:

(2) X&-{-yR_b-{- Z& =0
La "Mb Nc

then one will find that the equation @f,(M, N) —orR —is:
Lx+ My +Nz=0...0., M, N).

One will then have the formula:
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LE:MM_b:NM:R,
Ra Rb Rc

(3)
R =12+ M?+N?+ 2MIN cosMN + 2NL cosNL + 2LM cosLM,

for the composition of forces in a plane.
[By the known relationj:

2
E +...+2R—b&cosMN+...:1,
La Mb Nc
SO
L M _ N _ R

sinRMN sinRNL  sinRLM  sinLMN '’

andR® will be the value of the resultant of the systémM, N) ®.]
One will note that the equation of the plane thasgbeoughR andd is:

(4) La .Aa +MbB—b +Nc _CC =0
sinAD BD sinCD
in terms of the coordinates, (b, ¢, d) of a pointp .
Finally, from the relation:
5) RRp=Lx+My+Nz=LLp+MMp +NNp,

one will deduce the property that a system of forces that lie in a plane, the moment of
the resultant with respect to a poiviz., the product of the force with the distance from
its direction to the pointls equal to the sum of the moments of the components.

3. Now let {, g, h, I, m, n) ¢ be the forces in the directions of the same-namedsedge
of the fundamental tetrahedron. If one composes thepgof forcesli, g, 1) @, (f, h, m)
@, (g,f, n) ¢, (I, m, n) ¢ then the points at which their partial resultants amitounter the
planesA, B, C, D, respectively, will be represented by the equations:

BB _ gc®+ pdP -,
ab ca ad

ng— hA% + de—D
bc ab bd

0,
(1)

*) Ibid.
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QA%_ fBb_B+ nDd_D: 0,
ca bc cd
IA%+me—B+ nCEz 0,

ad bb cd

any one of which will be a consequence of the otherethand will be those four points
and vertices of a tetrahedron that is, at the same, ihscribed and circumscribed by the
fundamental tetrahedron.

The four points that are determined from (1) will bgldo the same line when one
has the condition:

fl m hn
2) 9

+ + =0.
bclad calbd abldd

In that case, the force in question will admit a r@sul ¢ in the directiorr, and one will
have:

0 foml_ (el 0L [mog] _ (b
1 Crml G g [

:r’

3)

r? = (f cosf + g cosg + h cosh + 1 cosl + mcosm + n cosn)?,

from formula (6) of number 1.

Formula (3) leads to the composition of forced dra directed in whatever way in
space. Suppose, for the greatest simplicity, tatdistance between the poings ;)
that is taken arbitrarily on the linein order to determine the coordinatég( h, I, m,n)
is equal to the quantity with which one can represent the force in thedtioa r, and
now let €), (g), (h), (), (m), (n) denote the componentsmélong the edged,(g, h, I, m,
n) of the fundamental tetrahedron. From equati@sof number 1, formula (3) will
give the very simple relations:

(4) () =fbc, @=gca, () =hab, ()=lad, (M) =mbd, (@n)=ncd.
It follows from this that an arbitrary system ofdesry, ro, ..., 1, ... in the directions

ry, ra, ..., fi, ... can reduce to six forces along the edges ofuhdamental tetrahedron
that are expressed by:

(5) @) =bcXfi, @ =caXg, ()=abXh, ()=adXl, (M) =bdXm, () =cdzZn.
This force will admit a resultamtalong the ling that has the coordinates:
f=2fi, g=2g, h=Xh, I=X m=Xm, n=Xn,
which verify the condition:

(5) (X +Ea(xm)+Eh)(xm)=0,
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and one will then have:
r’=[(Xf) bccosf + ... + C 1;) ad cosl + ...],

so if one observes that:
(f.bccosf + ... +l;ad cosl + ...} = r?

(fibc cosf + ... +l;ad cosl + ...)(fi bc cosf + ... +|;ad cosl + ...)
=TI COSIj I
then one will have:
(6) r2 =212+ 2>, riry cosri r; = (2 ri cosri)?.
The liner will be at infinity, and will verify the conditions:

2 h-2g+2li=h—g+l=0,
2fi-2Xh+2m=f-h+m=0,
2 g-2fi+2m=g-f+n=0,

2+ m+y n=l+m+n=0,

and then, if one observes that in general one will have

(7)

2 _

_(f—h+m)(g—f+n) bc? + (@ — f+n)(h—g+1) ca® + (h — g+ 1)(f — h+ m) ab?
—-(h=g+D)(+m+n)ad®’= f—h+m)(l + m+n) bd®>= (g —f+m)(l +m+n) cd?

=-r

then one will have = 0 (i.e., the case of a resultaaiuple.

In the general case in which equation (5) is not sadisill of the forces in the
system can reduce to two, one of which passes througbettex of the fundamental
tetrahedron, and the other of which points in the oppdsietion.

Finally, the force in question can be in equilibriumenwh

(8) >2fi=0, Xg=0, Xh=0, Xi=0, Xm=0, Xn=0

If one applies the first of equations (7) in number heotivo lines, ry then this can
be put into the form:

[ri, 1]

[ri,rd = —= [rofl+...+ M

[f.1] L]

1]+ ...,
SO
I [I’i, I’k] =fi bc [I’k, f] + ...+lad [I’k, |] + ...,

(9) dorilrrd = f)berefl+... + ) ad[re 1] + ...,

=fbc[r,fl+..+lad[r,1] +...=r[r,rd,
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which is called theanomentof a force with respect to an axis, and is the prodhithe
force with the minimum distance from its directitmthe axis and the sine of the angle
that is subtended between its direction and the ameswoll have the property that an
arbitrary system of forces that admits a resultant, the momentabfrésultant with
respect to an axis will be equal to the sum of the moments omsonents.

Suppose that the two systems of for¢gs,,...), (-r,-T,,...) are in equilibrium, or

U

in other words, that the syster(s,r,,...), (-1, —,,...) areequivalentso one will have:

S =Y, L=

and therefore:

(Z ri’cosri')2 = (Z ri"cosri")2 and dorlend = 0]

so for all equivalent systems of forces (whether theefs can or cannot reduce to just
oneresultant) the quantitieE(r; cosri)?> andY. r; [ri, ri] will always preserve the same
value. Therefore, one can say that such a quantityirsvzariant of the system of forces,
where the invariant properties refer to the transfoionatof that system of forces into
another one.

Similarly, if (F, G, H, L, M, N) @ are forces that are directed along the edges of the
same name of the fundamental tetrahedron then by amanguhat is similar to the
preceding one, one will get formulas that are analogo($), (2), ..., (8), (9) [with the
exception of (7)] that can be deduced from the latter bggihg the lower-case letters to
upper-case and then taking the sines of the angles betiae&aces that pass through the
opposite edges, instead of the lengths of the edges @iritdlamental tetrahedron. One
supposes, in addition, that the two plarfgdsk;) pass through the linR arbitrarily, and
thus determines the coordinate by which one representsrtteein the direction oR,
which takes the form of an angle whose sine (for as@oiently-chosen unit of forc®)
can be assumed to be equal to the quaRtity

The dual to the process of the composition of forcaswas presented above relates
to the mechanical principal of duality that has its esgh the double way of considering
forces as producing either translations of points or mtatof planes. The passage from
a system of forces of the first category to an equntabme that belongs to the second
category, as it is developed from the theory of mosjesill form the object of another
note.



