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On the theory of moments

NOTE by ordinary membeG. Battaglini
Translated by D. H. Delphenich

(Announced on 8 May 1869)

As a continuation of the note “sulla composiziondedfedrze” (), we will now treat
thetheory of moments.

1. Consider a system of forces with any sort of dicgwiin space. The moment of a
forcer; or R in the system that acts along the Imer R;, resp., with respect to an axis
or R, resp. — namely; [ri, r] or R [ Ri, R], resp. — is given by the formula:

rrir,r]
L ==fil+gm+hn+lif+mg+nh,
abcd g mg

or even:

—R_R[RUR]:Fi L+GM+H N+LF+MiG+NH.

sinABCD
If one lets W R) = > [ri,r]or (Q,R) = >R [Ri, R] denotethe moment of the system
with respect to the axisor R, resp., then one will have:

rr)_ N, _ . RQR) _ _ .
(1) m_(Zf.)|+...+(ZI.)f+..., —ABCD OCFR)L+..+QL)F+..

Therefore, if one knows the moments of the sysigth respect to the edges of the
fundamental tetrahedron then the moment with respeahyoother axis or R will be
given by one or the other of the equations:

r(wr)=fbc(af)+...+lad (al) + ...
2)
R(Q,R)=FsinBC (Q,F) +... +LsinAD (Q,L) + ...

The coefficients ofd f), ..., (wl), ... or Q, F), ..., (Q, L), ... in these formulas can
be considered to be the forces that act along the édgesl, ... orF, ..., L, ..., resp.,

() Rend. dell’Accad., Feb. 1869.
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and that have the resultant forcer R that acts along the axisor R, resp. As a result of

that, ifr', r", ...,r¥, ... orR, R, ...,RY, ... represent forces in equilibrium that act along
ror 19 orR, R, ..., RO . resp., then one will havé){
2 @wr® =0 or even > RY (@, RY) =0, resp.,

with respect to those axes. Therefore:

If a system of forces is in equilibrium, and if one takes anothsermyof forces
arbitrarily then the sum of the products of each force in the fystesn times the moment
of the of the second system with respect to the line along whacksiwill be equal to
zero.

This proposition expresses the principaviofual velocityin a different form.
If the axisr passes through the vertéf the fundamental tetrahedron then one will
have for the stated situation:

sinrA sinrB sinrC
+ (@ m) + (g n)

3) @n = (@ 1)sinIA sinlB sinlC’

so one will determine a plafethat goes througth by means of the relations:

sinlP _ sinmP _ sinnP
(@) (@m)  (wn)’

and set:

(4) (@r)®= [McosA Llom) coB + (Q,n) co@} ,

sinlA sinmB simC

sod in P will be an axis witlreero moment, and all of the linasthat go througld and
have equal inclination with respect to the plénsill be axes of equal moment.

The liner that goes througth normal toP is the axis omaximummoment relative to
the pointd. The value @ d) of this maximum moment will be called thmesultant
moment of the system with respect to the pdint

Analogously, if the axiR lies in the facd of the fundamental tetrahedron then one
will have:

3) QR =@ + @ M) Rb

D s @NsE
Mb Nc
so one will determine a poiptof D by means of the relations:

Lp _ Mp _ Np
QL) (QM) (QN)’

() MOBIUS, Lehrbuch der Statjkvol. |, page 164.
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and if one sets:

(4) Q p)= (&L), @M) @QN)

La Mb Nc

then one will get: @, R) = (Q, D) Rp . As a result of this, any linR that goes through
D atp will be an axis okzeromoment, and all of the lind® that go througtb at equal
distances from the poimt will be axes of equal moment. The quant®;, O) will be
called theresultantmoment of the system with respect to the plane

Suppose that one has the relatnr® (w r) = 0 or 2, R” (Q, R) = 0, resp.,
between the moments of the system of forces R; , resp., with respect to the axe's
or RY, resp. The forces that are represented’bpr R” and act along those axes must
be in equilibrium, so one will have one or the othetesysof six conditions:

Ope=y 0 I ) ag =3 0 1] _
2fObc=2r il 0. 01 %ad=r =0

0 g _vy 0 [RYL] 0 am =S pi [RYF _
2. FOsinBC=2R =% 0,...LOAD =2 K T T0

If will follow from this that if there are sevenesr” or R" that are supposed to be given
then the preceding equations will generally give #alues of the ratios of the seven
quantitiesr® or RY. If there are six, five, or four axe® or R" then by taking five, four,
or three, resp., of them arbitrarily, the coordasadf the remaining axis must verify one,
two, or three linear conditions, resp. That axisstrtherefore belong to a first-degree
system of the 8 2", or T kind, resp., and one supposes that it satisfiegitions such
that one will then have determined the ratios efslkx, five, or four, resp., quantitie%’

or RY. It is ultimately clear that if there are threeesr® or R®” then they must be
concurrent at a point and lie in a plane, and tWwéhem must coincide. It is easy to
deduce the construction of the line that can be lithe of action of the forces in
equilibrium from this, or even such that the morseot an arbitrary system of forces
with respect to it will have a linear relation beem them’).

2. We now examine the disposition in space of thesaf zero moment {. The
coordinates of these axes must verify one or theraquation:

R+ m+Eh)l+Eh)f+Em)g+Enmh=0,
(ZFi)L+(ZGi)M+(ZHi)N+(ZLi)F+(ZMi)G+(ZNi)H:0,

(1)

() MOBIUS, loc. cit, page 174et seq. See intorno ai sistemi di rette di®lgradq” Rend. dell’Accad.,
June 1866.

(") MOBIUS, loc. cit, page 144et seq. CHASLES, Comptes Renduslune 1843. POINSOT,
Elements de Statique.
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so they will form a system of lines of degree 1 and c3as3he lines of the system that
pass through a poimt with coordinatesg, b, ¢, d) will belong to thecorrespondingplane
P with coordinatesA, B, C, D) that are determined by the equations:

(Zn)b-(Zm)c+(Z Hd _ (Eh)e-(Zn)a+(Zg)d _ (Em)a-(Z|)b+(zh)d
ABA B B [bB - CC
(2
__(Zf)a-(Zg)b+(=Zh)c _ (wp)
- D [@dD ~ abcd

and the lines of the system that lie in the pl&eith coordinatesA4, B, C, D) will
belong to theorrespondingpoint p with coordinatesq, b, ¢, d) that is determined by the
equations:
(EN)B-(EM)C+(EF)D _ (EL)C-(EN)A+(2G) D
alAa bBb
_ (EM)A-(ZL)B+(ZH)D
clCc

)
__(ZF)A-(ZG)B+(EH)C _ (Q.P)

d [(Dd SinABCD

If one observes that one has the relations:

(A cosA + B cosB + C cosC + D cosD)? = 1,
atb+c+d=1

then equations (2) will immediately give the resultaaments & p) and Q, P) of the
system relative to the poiptand the plané.

If P; denotes the plane that goes thropgindr; then the moment of the forcewith
respect to an axis that goes through will be expressed by pr; sinrP;, so ifr is an
axis of zero moment then one must have pr; sinrP; = 0. Similarly, ifp; denotes the
point at whichP andR; meet then the moment of the foflRewith respect to an axiR
that lies inP will be expressed bR PR; sinRp;, so ifR is an axis of zero moment then
one must havg. R PR; sinRp; = 0. It follows from this that in order to constraie
plane P that corresponds to the poipt it will suffice to pass lines through that are
perpendicular to the various plan@sand proportional t@; pri, and these lines will be
considered to be many forces from which one will findrédmultant. That resultant will
be proportional to the resultant momeat ) of the system relative to the point and the
plane that goes throughnormal to the direction of that resultant will e planeP that
corresponds t@. Analogously, in order to construct the pginthat corresponds to the
plane P, it is sufficient to pass lines that are parallel gndportional toR sin PR;
through the various poinfs, and consider these lines to be many forces fromhwamne
finds the resultant. That resultant will be proportldnathe resultant momen€( P) of
the system relative to the plaRe and the point at whicR meets the direction of that
resultant will be the poin that corresponds te.
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If the planeP’ that corresponds tp' passes through the poipt then the plané”
that corresponds tp” will pass througlp’, or else if the poinp’ that corresponds tB'
lies in the plan®” then the poinp” that corresponds @' will lie in P'.

If the pointp traverses a ling' then its corresponding plar will pass through
another liner”. Similarly, if the plane® rotates around a lin' then its corresponding
point p will traverse another linR". If r' coincides withR' thenr” will coincide with
R". The linesi(, R") and (", R") are said to beonjugatelines.

For the sake of brevity, set:

k
fi) i i hi )= ——,
@) &Zh)+ & g) X m) + & h)( ) “bod
-__ K
X F) L)+ & G) (X M)+ ZH) (X N) = SPABCD
One will have the following relations:
o, 3t I "3
wr) r"(wr") kU r'(or) r"(wr") kT
()
F' F" 2 F L' L" >L

+ = + =
R(Q,R) R(QR") K 7" R(QR) R(QR") K
between the coordinate of two conjugate liresR’) and (", R").

If two conjugate lines are such that one pasgesi¢fn a poinp and the other one lies
in the corresponding plan® and vice versa, then these two lines will be ambaically
dependent on each other. Given two pairs of cat@iines, any line that intersects three
of them will also intersect the fourth one. Ifiael coincides with its conjugate then it
will be an axis of zero moment.

Among the conjugate lines, the ones for which directions are orthogonal merit
particular attention. If" andr” are two such lines argd, p” are the points at which they
meet the common perpendicular thémvill be the axis of maximum moment relative to
the pointp’ andr” will be the axis of maximum moment relative to gantp”.

If one of the two conjugate lines is at infinityeh the other one will have a constant
direction. One of these particular pairs of coafigglines is orthogonal. The line of that
pair that lies at infinity is called theentral axis of the system. The common
perpendicular to two arbitrary conjugate lines rsgets the central axis and is
perpendicular to it.

Recalling the relations (2), the equations ofdémetral axis will be:

COSA
(Zh-Zg+Z|)aA

(A cosA +BcosB +...)

cosB

=—(A cosA +BcosB +...)
(Zf-Zh+Zm|)bB




Battaglini — On the theory of moments. 6

(4)
cosC

(Zg -2 f+Zn)cC

= (ACcosA +BcosB + ...)

cosD
(ZI,+Zm +2n)dD

= (ACosA +BcosB + ...)

If one is given five axes of zero moment, whick aonsidered four at a time, then
two lines that intersect each of these tetradsneslwill be conjugate lines, and a line
that passes through a pomtand intersects that pair of conjugate lines walih the
planeP of the axes of zero moment relativepiosince the lines lie in a plarkeand that
same couple of conjugate lines passes throughdim p of concurrence of the axes of
zero moment relative t&. The common perpendicular to all common perpeirtalis
relative to two pairs of conjugate lines will thea the central axis of the system.

3. In equations (3) of the preceding number, thentjiesr’, r" were arbitrary. Set
r'ar’) =r"(ar") =k, for simplicity. One will then have:

(1) frefr=f, .., 1'+17=X1, ..,

and then the values dfandr” [which are inversely proportional to the mome(ats r')
and J, r"), resp.], which represent forces that act alormgdbnjugate lines’ andr”,
will be equivalent to the given system of forags Letr denote the central axis, and
once more take(w r) = k. From the invariant property of the equivalensteyn of
forces, one will have the relations:

2

r'2+r"2+ 2r' r" cosr' r" = (X r; cosri)? =r?,

(2)
) sinrr” " sinrr’
=r H r.n? =r H 1!
sinr'r sinr"r
(3) e, rd +r e nd =2ri[ri, ri] =Kk

which is the theorem of CHASLES on the constanun@ of the tetrahedron whose
opposite sides are two arbitrary ones of the fotisascan substitute for the given system
of forces.

If, in equation (3), one successively makes the axcoincidewith the central axis
and the axis that, together with the central axid the common perpendicular to two
conjugate lines’' andr”, completes a system of three orthogonal axes|easg ando’
denote the minimum distances betwe&mrr andr”, r, respectively, then one will find
that:

5) O tanrr” = g' tanrr' = M
r
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If the directions of the conjugate linesandr” are orthogonal then one will have:

U n

w,r . (wr)?
(6) ,0’: ,0":( ),,d,d:(z);
tanrr’  tanrr r r

in addition, one will then hauweé =r cosrr’, r”" =r cosrr”, so:

(7) @r)=(aur') cosrr' = (g r") cosrr”,

from which, one will deduce that the moment of fystem with respect to the central

axis is the minimum of the maximum moments relatovéhe various points of space.

Equations (6) and (7) show clearly the disposiaoound the central axis of the axes
of maximum moments for the various points of spage] also the way in which the

values of those moments vary.



