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Integral invariants and quantum hypotheses
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(Received on 29 July 1921)

Translated by D. H. Delphenich

H. Poincaré (}) introduced the important concept of integral invariant into celestial mechanics.
Since some aspects of it might also have some significance in quantum theory, I would like to
derive their most important properties.

Let:

dx

d—tk:Xk(xl,x2,...,Xn,t) (k:1929"'9n)

be a system of ordinary differential equations, in which ¢ is the independent variable (“time”), and
X1, X2, ..., X, are the dependent variables (“coordinates”). If we call system of values of xi1, x2, ...,
X» a point in n-dimensional space then every point at the moment 7o will be associated a point at
the moment ¢ by solving the differential equations. If we imagine a k~dimensional manifold M in
n-dimensional space at the moment ¢, i.e., the point-set that is defined by the equations:

xi=@i(u,...,w) (=1,2,..,n) (k<n),

in which the u-values are restricted by only one or more inequalities. That manifold will go to
another, likewise k-dimensional, M at time ¢. Now, let:

IijAd(g

be a k-fold integral, in which 4 is a function of x1, X2, ..., x», and ¢, and dw is a k" -order
combination of differential dxi, ..., dx,. When the value of that integral at the moment # when it
is extended over M is the same as the value that it will have at the moment ¢ when it is extended
over M, we say that the integral is an integral invariant of the differential system. It can happen
that when & < n, the integral will keep its value only when the manifold Mo (so M as well) is closed.
One then speaks of a relative integral invariant.

() H. Poincaré, Les méthodes nouvelles de la mécanique céleste, t. 111, Gauthier-Villars, Paris, 1899, pp. 1
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Here, we shall not speak of the general theory of integral invariants, but only of the ones that
are assigned to each mechanical system. We can write down one of them immediately. Namely, let
q1, q2, -.., qr be the generalized coordinates and let p1, p2, ..., prbe the impulses of a mechanical
system. We will then have:

J= [ p,dg, + p,da, +--+ p, dq

as an integral invariant relative to closed curves. One can see that this integral keeps its value under
any canonical substitution (contact transformation) with no calculation. Namely, let Px be the new
impulses, while Oy are the new coordinates. It is then known that:

P1dO\+PdOx+ ...+ PrdQr—p1rdqy —p2dqa — ... — prdgy = dS

is a total differential for every canonical substitution. Thus:
_[PldQl"'Pz dQ, +---+ P, dQ; = I p,dg, + p, dg, +---+ p, da, +IdS .

Naturally, the last term will vanish for every closed curve. Now, according to Hamilton and
Jacobi, the coordinates and impulses at two different time-points ¢ and f# are connected by a
canonical substitution, namely:

prdq+ ...+ prdgr—podqio— ... — pg dqfoz ds,
in which S is Hamilton’s action function that includes time as a parameter.
Conversely, it is easy to show that a system of differential equations that has J as a relative

integral invariant is canonical (%).
Assuming that, let:

i—i = [ p.dg, +--+ p, dg; + p, dd, +---+ p; g
be equal to zero for every closed curve. One must then have that:
p,do +---+ Py do; + p, dg; +---+ p, dd,
1s a total differential. Now, one has:
P, dd, = d(p, d,) -G, dp,,

SO:

P, dg, +---+ p; dg; —¢, dp, —---—; dp,

() E.T. Whittaker, Anal. Dynamics, Cambridge, 1904, pp. 266.
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will be a total differential — dH . Therefore:

o,
an’ ‘

op, '

Py

Q.E.D.

From that relative invariant, we can find a second-order absolute invariant with the help of the
analogue of Stokes’s theorem for multidimensional space (*):

Ji= [[dp, g, +---+dp, dg

The integral extends over an arbitrary open two-dimensional manifold in 2/~dimensional space.
We prefer to show that this integral remains invariant under any canonical substitution directly.
We imagine that we have represented the two-dimensional manifold by giving the px, gk as

functions of two parameters u, v, so:

Ji= “.sz_; dp, dg, = ”zmdudv.

o(u,v)
The integral over the parameters u# and v is now an ordinary double integral.

Let:

9(R.Q
= [[dR,dQ, +---+dP, dQ, = ﬂzl: ;(u ))dudv

If we introduce Ok, g as new variables in Ji in place of pi, gr with the help of the canonical
substitution:

oS 0S
Pi=—, = — (*k=1,2,...0)
0Q, 0q,
then we will have:
2
% 5 05 0 &

N 00.0Q, ou  du
leﬂz ou AU qudy = HZ e 99 0Q, du dv
T op 09 > IS 0°S Q, aq

ov oV 00, 0Q, ov oV
Qe oG
—HZ U U Gy
GQ.GQK Q,  ag;
o oV

() H. Poincaré, loc. cit., pp. 43.
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We likewise introduce gk, Ok as new variables in J; in place of Pk, Ok :

P 00, 3 oS g, 0Q

U ou B — 00, 0Q, ou  ou
Hz ) dudv—J‘J'Z 75 o 0 dudv

o ov 00, 0Q, ov oV

G R

ou adu
dudv.

”Zk: qkaQ g, 0Q;

ov oV

Upon switching two columns in the determinants, one will see that:
Ji=1J,.

With that, we have also proved that J; is independent of time, as above ().
One likewise proves that:

Jo= Ij_[jdpl dp, dg, dg, +---+dp;_, dp,_, dg; , dq;,

in which each combination of two indices occurs, is an integral invariant. The same thing is true
of:

J3= I(6) I dpl dpz dps dql dqz dqs Tt dpf—z dpf—l dpf dqf—z dqf—l de )
in which each combination of three indices occurs, etc. The last integral in that series is:
Jr= [-(2f)- [ dp, dp,--dp, dg, dg,--dg, .

The fact this 1s independent of time is known to be the content of Liouville’s theorem.

I would now like to show what sort of meaning those integral invariants have in quantum
theory. I assert that the static paths are determined by the equations:

Ji= [[dpyday++--+dp, day = (n +mat . tn) .

B, o

() The independence of time is also easy to show with the help of the equations ——& +

op, 9,
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J2= Ijjjdpl dp, dq, dd, +---+dp;_, dp, , dq; , dq; = (m m2 + ... + ne1ny) h?,

Jf: J-(Zf)J.dpldpzdpf dqldqquf =nmn... T’thf,

in which ni, na, ..., ny are positive whole numbers (}). However, those equations will become
meaningful only when the domain of integration has been given. We assume that the motion is
required to be periodic, i.e., that the coordinates and impulses can be represented as f~fold Fourier
series in the angle coordinates w1, ..., wy, which are themselves linear functions of time. We then
introduce new variables wi, ..., wy and their associated impulses a1, ..., @ by a canonical
substitution. As we saw above, Ji, ..., Jr will remain invariant. We now determine the domain of
integration for Ji, J2, ..., Jr by projecting onto the two-dimensional manifold ox, wi (four-
dimensional manifold o, ax, wi, wi, etc.) such that they will be mutually independent for each pair
o, wr. However, Ji, ..., Jr will decompose into sums and products of individual integrals

H de, dw, , and the solution of the system of equations will give:

[[der dw, =nih k=1,2, ...,/

which is the usual formulation for the quantization condition according to Schwarzschild.
If am deeply grateful to Herrn Prof. Born for his continuing interest and encouragement.

Gottingen, Theor.-phys. Institut, July 1921.

() Inregard to them, I should point out that the introduction of elementary symmetric functions of the quantum
numbers as an Ansatz was on the recommendation of my friend P. Csillag.



