Excerpted from E. Cesardezoni di geometria intrinseca, from the author-publisher, Naples, 1896.
“Sull’equilibrio dei fili flessibili ed inestendibili,’pp. 254-257.

On the equilibrium of flexible, inextensible strings

Given a string that is completely deformable innagimensional linear space, take
the axes to be the tangent,« 1)-normal, ..., principal normal at a moving point of the
string. It is assumed to be infinitely thin, but in Bua way that each elemeds
nevertheless has a certamass g ds. Let X; be the components along thexis of the
force per unit mass that acts uppus, and letu; be the projection of the displacement
onto that axis. The direction cosines of the elenoéithe string after deformation will
obviously be proportional tds + dui, du,, Aus, ..., AUy, and therefore if one calls the
tension per unit length then one will have:

quds+5(T%j =0
ds

for the equilibrium of the external force, if one talaare to appent ds andT Js wheni
= 1. Atthe same time, it is important to note tiat fundamental formulas (XVI, 4) that
relate to the directionng, a, ..., an), when written in the form:

dS dS pn—i+2 pn—i+1 ,
and if one agrees to set:

1
ai+n:_ai ,Q+n:,a, _:O1
Po

can, as always, still persist when one considergtbgctions of an arbitrary variable
segment onto the axes, insteadrofindeed:

5pm:mdp+pdm=dpm+[%—%j ds.

pn—i+2 pn—i+1
One can then write:

5( ﬂj _ d( Q}Téui_l _Tdu,, |
dS dS pn—i+2 pn—i+1

and the equations of equilibrium will become, imgeal:

=0.

d(_l_éuij+ T ou, T odu,

qXi+—
ds ds pn—i+2 ds pn—i+1 ds
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Finally, after totally eliminating thé sign:

qxi +£ T %_*_ ui—l _ ui+1 + T dui—l_ T dui+l
dS dS lon—i+2 lon—i+1 lon—i+2 dS lon—i+l dS

Tu, , Tu, o ( 1, 1 jzo_
pn—i+310n—i+2 pn—i+110n| IOn i+2 lon—i+1

Hence, fori = 1, 2, 3, ...,n, if one takes into account all of the conventions thate
made, one will arrive at thetrinsic fundamental equations for the equilibrium of a
string in ann-dimensional linear space:

CIX1+i 7| Qb by —l(du" +ﬁ+hj =0,
ds ds o p\ds p p,

Pra\ O Py Pros

qX2+iT du, _ usj_ T (du3+ U ) g
s

SV | B - T j LT [duz_ u )T {du4+ u, usjzo’
ds ds 0.1 Pre Pua\ OS  0O1) P

q Xn-1 +i T{_dun-l +h_ﬁj (du L% +hj (du” 2 4 thes —u”‘lj =0,
ds ds o, p,)] P,\ds p p,) P\ ds  p, P,

g Xn +i [%+ﬁ+hj +l(%_ﬁ+1j +— (du _1+U u”j =0.
ds ds p p, )| pA\ds p, P\ ds  py p,

In particular, forn = 3, if one letsX, Y, Z, u, v, w denote the components of the

accelerating force and displacement, resp., amdoleindr be the radii of flexure and
torsion, resp., then one will get the equations:

ax+Ol7(W_w )| T(du v v
ds ds p ds p

gy + 9 T(ﬂ_ﬂj _ d_W u,Vioo
ds ds r ds p r

d dw u v du w (dv wj
qZ+—|T| —+—+— +— — ——+1|+— - 0,
ds ds p r plds p r\ids r
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which were pointed out bylaggi. If the string is inextensible then it will be enough
observe that the variation of the elemdsitesults from the relation:

(ds+ 5d9)? = (ds + dUr)® + (A) + ... + (AU

from which it will follow that dds = du; in the case of infinitesimal displacements, in
order for one to see thatextensibility is always expressed by the equality:

du _ u,
ds o

When one omits the displacements, the equationsara found will reduce to the
simpler form:

qX1+% =0, an+l =0, Xo=Xz3=...=X1 =0,

P

and one will see that the string is always arrangeialm a way that the osculating plane
contain the accelerating force at any point. The @i curve is then planar in the
case of forces that emanate from a center. latleelerating forc& has an invariable
direction then what was expressed in (ll, 1) can bttem:

d¢ _
ds

N

in which ¢ is the inclination of the tangent to the stringhaiespect to the direction Xt
The first two equations of equilibrium, which ahetonly ones that we agree to take into
account, become:

chos¢+d—T: 0, quin¢:I,
ds P

and when one eliminates and integrates, it will be easy to deduce thain ¢ keeps a
constant valueTy all along the string, in such a way that one has:

T= Ty X= _ L :

sing qosin’ ¢
That presents two noteworthy special cases: Ifdinmg is homogeneous (i.e., q is
constant) then the last equation will give:

a

= Xds=-acotg,
osin’ ¢ J ¢

X
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after one set$, = ag. It then follows that the intrinsic equation of #guilibrium curve
will be:
1 1 2
p= Y[a+g(des) }

Hence, if the string is inhomogeneous (but one s@h vary the density from one
extreme to the other in such a way that one éwaml resstance to the action of
deformation everywhere) then one will need toTsetaq, with a constant, in which case,
one can deduce from the second equation of equitibthat:

X= Ff‘ : Jde:angtanf;
psing 2
hence:
_a %J.de —;J.dej
=—I|e +e :
P ZX(

For example, wheK is constant (and one can always supposeXhbal then), as one has
for a ponderous string that is fixed at two posutsl is in equilibrium under the action of
gravity, the two preceding intrinsic equations thate obtained will become:

2
:a+s - E es/a_i_e—s/a
o = Pz :

which represent the ordinary catenary and the eayeof equal resistance, resp. That
explains the reason for the names that are givémose curves (I, &, ¢).

One can treat other known questions of mechanitsegual rapidity and simplicity
of means, and we encourage the reader to attenapiply the method that was discussed
to the study of the deformations of fibers or matdines that run through an elastic
body and consider, in place of tension, the intefloraes that act on each element of the
fiber in all directions. The formulas that oneabs in that way can offer advantages in
the treatment of special problems that are anabgmthose of curvilinear coordinates.

Additional note:

The theorem that was stated above (viz., thegstsirmlways arranged in such a way
that the osculating plane contain the accelerdaoinge at any point) is another way of
explaining (XI, 8) why a string that is stretched a surface will take the form of a
geodetic. Indeed, the surface tends to oppostetitency of the string to rectify with a
normal reactionF, which must also lie in the osculating plane & dguilibrium curve.

It is then such that the osculating plane at easht pvill be normal to the surface, and
therefore a geodetic. In addition, one will sest:th
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£ qF =T = constant,

i.e., thereaction, when computed per unit lengtis,proportional to the curvature of the
string, and that will also explain why the reaction is nmgsfrom the points of contact
between the string and the asymptotes of the surface.



