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On the general equations of elasticity

By M. COMBEBIAC

Translated by D. H. Delphenich

The components of the effort that are exerted orstinface element at a point that
belongs to an elastic medium are expressed by a hoemggnlinear substitution as
functions of the direction cosines of the normahi element.

The nine coefficients that must therefore intervenestheir number reduced to six
by virtue of the condition that the pressures that aerted on the surface of an
infinitesimal portion of matter must give rise to aque resultant in order to produce
equilibrium between the inertial forces and extefoates that, when they are assumed to
be applied to each elementary mass, indeed result in a umné&gudtant, up to
infinitesimals of higher order than that of the vo&iof the portion of matter considered.

Now, this latter hypothesis fails for a magnetic sabse that is placed in a magnetic
field. In that case, a particle is always subjecteal ¢ouple if it is small.

By denoting the intensity of magnetization at thenpobnsidered by, the magnetic
force at that point by, and the angle that is defined by the two directionhefforce
and magnetization by, a particle in the volumdw is subjected to a couple of the same
order addwwhose moment has:

Fl sin 6dw

for its expression, and whose representative axis das@ion that is rectangular to that
of the force and magnetization.

One can see no reason to exclude this case fromdbgytbf elasticitya priori.

In order to establish the equations of equilibrium oriomofor the medium, apply the
Helmholtz decomposition to the homogeneous, linear sutish that gives the
expressions for the componerftg Ty, T, of the tension as functions of the direction
cosinesa, G, y of the normal to the surface element, in such a matiredr this
substitution takes the following form:

Tx: Nla+T3ﬂ +T2y+ My— |\L8,
1) T,=Ta + NS+Ty+ No— Ly,
T,=Ta +T8 + Ny+ LB- Ma.

The equations that relate to a virtual displacement are
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p(X—JX):%+%+E+GM_a_N,

ox dy 0z 0z 0JYy

) p(Y—Jy):E+m+ﬂ+a_N_%,
Ox o0y 0z 0Xx 0z
p(Z—JZ):E+£+%+a_L_a_M,

ox dy 0z 0y 0X

where p represents the density at the point considedgd,, J,, the projections of the
acceleration onto the coordinate axes, ¥n¥, Z are those of the external force, referred
to the unit of mass.

As for the equations that relate to a virtual Bispment around the origin, after all
reductions have been made, they are expressedllowiftg the classical calculations
step-by-step, but while taking into account thesetice of a couple, such that the
components of the representative axis of that evapg equal to:

2L, 2V, 2N,
respectively.
It then results that the quantitits M, N in equations (2) represent one-half the
external couple, and must be considered to be divgstions of the coordinatesy, z
One sees that equations (2) differ from the gémemaations of elasticity, when they
are written in the usual form, only by the preseotcterms that depend upanM, N.
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In a note that was recently published in Bdletin, | have indicated some terms that
it is necessary to introduce into the general equatioreasficity in order to take into
account external couples that can act on the part€iedody (e.g., magnetic couples).

This case differs from the one where couples do nat @xithat the determinant of
the coefficients that intervene in the determinationhef efforts at a point is no longer
symmetric, in such a way that the coefficients ane m number, instead of six.

In the usual case, these six coefficients are exgtdsgesome known relations as
functions of the six parameters that characterizeld#fermation of the point considered,
at least when that deformation is sufficiently smahd there is a one-to-one
correspondence between these two systems of six geantithich we call, in order to
simply the language, treeformationandstate of tension.

There is good reason to demand to know what this galahust be in the case that
we are occupied with.

In the usual case, that relation can be obtained bynstavith the expression for the
elastic energy, or more simply, that of the elastick done by a virtual displacement.

We investigate what that expression would be in the geoase (viz., the case where
there exist elementary couples).

By reason of the state of tension, each elemettteobody is subjected a force and a
couple whose magnitude is of order that of the voluméhefelement, and one must
observe that this accounting consists of the effbetadre exerted on the external surface
of the body.

In order to have an expression for the elastic waonke, it will suffice to subtract the
work that is done by the surface forces whose orgjinbviously external to the solid
body from the work that is done by the forces and couiplat relate to the volume
elements.

Let ¢, n, { be the components of the virtual displacement atrlitrary point of the
body along the coordinate axes.

Let N1, N2, N3, Ty, Ty, T3, L, M, N be the nine quantities that determine the state of
tension at the same point in question, according todtegian that was employed in the
note that was mentioned above.

Let Xe, Ye, Ze be the components of the effort per unit area that idexkat a point of
the external surface along the coordinate axes.

The elastic work that is done by the virtual displac&nges, { has the expression:

or= [[[(rc+Bp+CO) o+ [[[2Lpr2Mar 2N) o - [[ (XE+ W9+ Z)



Combebiac — On the general equations of elasticity. 4

wheredr denotes the volume element add;, a surface element of the body, and in
which one has set:

oN, 6T 6T a|v| _ON
0x ay 62 0z 6y

B=- (9T, 9N, 0T, ON oL
ox 0y 0z 0x 0z)

=- (T, 20 2

As one knows, the last term in the expressiondfrwhich consists of a surface
integral preceded by a minus sign, can be trangfdnmto a volume integral, namely:

m{ +(T N) +(T2+ M)g
0z
- (T, + N)a—”+ N2 (1= )22
0x oy
# (1M T+ 1) 4 Nﬁ}dr
0x oy 0z
- [[J(ag+ B+ ar

The expression fod7 becomes:

T = m{ N2 2
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+T(a,7 aZj+T(aE %j T[ag anﬂdr.
0z 0y 0z 0Xx oy 90X

This expression is independentlofM, N, and is the same as in the case wheid,
N are zero.

The quantitiedN;, N2, N3, Ty, T, Tz must therefore be expressed in the same manner
as in the latter case as functions of the six pat@is¢hat characterize the deformation:

9¢ 0n 9¢ 1fdn o (65 6(} o an)
ox oy az 2\ az ay) 2\oz ox ay ax

The analytical determination of the problem isshene as in the usual case.
The equations of the problem are:

ﬂ 6l oaT, = A(X—J) + 6N _oM
ox ay 9z 9z’
0T, L ON, 0T, 6L _ON
—+—2+—1 =pgY-J

ox 0y 0z =A N ax’
@+ﬂ+aN - pZ-3)+ 6M 6L’
ox 0y 0z oy

Nia+ T3B+ Toy == Xe+ NG—-My,
Tsa+ NS+ Ty == Ye+Ly—Na,
T, a+T1f+Nsy =—Ze +Ma—Lp,

where the last three relate to the points of thereal surface.

N1, N2, N3, Ty, T2, T3 must be expressed as functions of the six paramébat
represent the deformation, whileM, N must be regarded as given functiong,of, zon
the surface of the body, as well as in the interior

In the case of an isotropic body, one can accturthe fact that the quantities M,

N must be independent of the deformation. This ant®to the fact that there cannot
exist a relation between an ellipsoid ande vector that is independent of the
displacements without deformation; i.e., here, thatld be rotations around the center
of the ellipsoid.

One sees this by considerations that are analogotise ones that permit one to
prove that two concentric quadrics (for examples #llipsoid of dilatations and the
indicatrix quadric of the distribution of the efferat a point) that have geometric
relationship between them that determines the orterims of the other must have the
same principal planes and the same planes of airsettions'j.

In the case that we are concerned with of a vetiatris geometrically determined
with respect to a quadric, one easily proves tisadirection must be given by one of the
points at infinity that are determined as pointareérsection of the common chords to

() Cf., APPELL,Traité de Mécaniqué. IIl, pp. 508; Paris, Gauthier-Villars, 1901.
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the section of the quadric by the plane at infinity drimaginary circle at infinity; i.e.,
this direction must be that of one of the axes. Elaw, since this relation will not be
invariant under a permutation of the axes of the quadderuthese conditions, one sees
that it cannot exist.

| am compelled to point out some things that were aigigibrought to my attention
by APPELL since the publication of my first note, in ard® make known two papers
that treated the same subject.

Love (), in his treatise, briefly pointed out that in the eaghere the medium is
subject to elementary external couples there is goagbmeto make nine coefficients
intervene, instead of six, in order to determine theresffat a point. Moreover, that
author referred to a paper by Larmor.

The latter author?| studied the propagation of waves in a medium, each pdint
which was endowed with directed inertia in addition to the usual inertia, as one will
have, for example, in a body that is contained ity of a gyroscope. Under these
conditions, an element in motion presents a couplénedfia that intervenes in the
equations of motion. This couple is expressed as aidunctf the velocities and
accelerations.

Such a medium is nothing but the hypothetical Maxwetioma, and Larmor applied
its properties to the theory of the propagation of pcdalrimht.

One sees that the question that was treated by Latifflers appreciably from the
one that we have proposed in the present note in dodettract the attention of
mathematicians. Light is far from resolving the difftees (the reader will be, without a
doubt, aware of them) of a paradoxical nature that asepted by the determination of
the deformation at each point in a body that is stibjeexternal elementary couples.

() Treatise on the mathematical theory of elastjdtgmbridge University Press, 1892.

() “On the propagation of a disturbance in a gyrostiyiteaded medium,” Proc. Lond. Math. Soc.,
Nov., 1891.



