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On the theory of proper kinetic momentsin special relativity ()
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Translated by D. H. Delphenich

1. One knows that one of the elements of the succéd8irac’s theory is the
attribution of aproper kinetic momento the electron, which is a moment whose three
components are represented in the quantum manner by theesiat

h
3,2—4—”ia'va'w.

(u, v, w denote a circular permutation of the spatial indice3, B.) TheS, are found to
be the spatial components ofnatrix world-vectorwhose temporal component is:

&:_L_i aL a> as .
47n

That fact is paradoxical, sincekaetic world-momentnust have the variance of a
second-order antisymmetric tensokike Louis de Broglie?), it is easy for one to find
the origin of the difficulty:The kinetic moment of an extended body is defined in the
classical manner for simultaneous statésthen follows that the kinetic moments of the
same body, as defined in two different Galilean systmsot belong to the same tensor.
In a general manner, if one considers a continuous mmednd a certain finite quantity
that is attached to that medium and represented bytdgral of acomplete differential
formthat refers to the corresponding density tthendefinition of the quantity considered
will be a function of the individual instants at which the various “mdes’ (%) are
taken(?).

Always following the principles of quantum mechanics,aDis theory attributed a
proper kinetic moment density theprobability fluid that was represented byspace-
like quadri-vectorg , which was a result that Louis de Broglie likewigstified in the

() We have extended and improved our theory since thewimea the present article was edited. We
intend to present it in its definitive form in a lateork.

() “La variance relativiste du moment cinétique d’'un capsotation,” J. de matii5 (1936), 89.

() In a continuous medium, we use the word “molecule” énsénse ajeometric point of the fluid that
follows its motion.

(") There is an exception in the case of electric chaEtgetric charge is a conservative invariant.
However, that situation is due solely to the existen@ecohtinuity equation.
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case of a rotating solid. In Dirac theory, one chows in a general fashion, thtte
guadri-vectorg; is orthogonal to the world-current.

The essential objective of this paper is to discuss andyjalsose various results
from the classical viewpointye no longer take a rotating solid, like Louis de Bredhut
a continuous medium that we assutimg,hypothesisis endowed with @roper kinetic
moment densityWe shall then show that tlg@adri-vectorialcharacter?) of the density
o is a consequence of some very general postulates, ranchew postulate that is
extremely natural in the relativistic kinematics of momous media and implies that the
latter quadri-vector has the property of beamthogonal to the world-current.

One knows, and we shall recall this fact, that ataéslynamics denies the existence
of a proper kinetic moment densitySince the proper kinetic moments (or else the
corresponding densities) have been imposed by experintesggms that there would be
some interest to enlarging the concepts of dynamicthamnparticular point. Now, the
purely formalrelativistic argument that we shall give will sholat this involves some
real difficulties. Indeed, it seems that thegative resulto the question has very deep
roots, and thaits true cause is of kinematic orden other words, although one cannot
assert with full rigor that the problem is insolublegaran at least conclude that in the
study ofproper kinetic momentglassical continuum physics is very close to itstérof
possibility.

In our study,u, v, w will denote acircular permutation of the spatial indices 1, 2, 3,
andi, j, k, | is anarbitrary permutation of the world indices 1, 2, 3, 4.

2. Review of some results from elasticity and pre-relativistic dynamics. — In a
stressed elastic medium, 18, be the nine coefficients that express the vector of
elementary surface tensiodl, as a function of the correspondimjementary area
(elastic tensor):

Ol =Ty ds.

Now, integrate this over a closed area and transfointata triple integral. What will
appear is theolumetric density a¢lastic force {:

(1) Tu= [[[o'T,, du f,=0'T,,

Similarly, take the surface force moment with respedhe origin, integrate it, and
transform it. What will appear is jgroper ponderomotive moment density of elastic

origin Ly :

[[Tux-Tux)o¢
= [[[(x,0" Ty = X, Ty Su [[ (T.9" X~ T.9" X a1

() In orthogonal Cartesian axes of equal measure (up takiinasy sign), there is no difference
between a quadri-vector and a third-order completelgantnetric tensor. In reality, the Dirac spin
density is a third-order antisymmetric tensor.
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= [[J(f, %= f,x)8u+[[[(T,,~ T)av,

ﬂuv = TUV - TVU'

Therefore:

(A) Elasticity establishes the possibility of the existence abpgr ponderomotive
moment density, which is represented by a second-order antisysteesor and which
will be annulled when the elastic tensor is symmetric.

Now take the equations of the dynamics of contisumedia;f, denotes the total
inertial force densityy, is the fluid velocity, angbis its density. One can write:

(3 fu=0"(ovuw) +0 " (ow).

Hence, the inertial force density is the sum oérant of elastic form that derives from a
symmetritensorp v, W, and a ternd * (o w,) that is reducible to that — i.e., it is properly
volumetric. Consequently, dynamics asserts that proper inertial force moment
density is identically zera@nd by virtue of d’Alembert’s principle, when & applied to
moments:

(B) The same thing is true for the proper ponderomotor moment density.

Moreover, it is easy to confirm that result in folowing manner: Take a spherical
droplet of radiug in a continuous medium and follow its motion;mement of inertia is

S r?, and its angular velocity igrotly. Its kinetic moments then a fifth-order

infinitesimal, which does not allow us to define proper kinetic moment denisitpther
words:

(C)Dynamics denies the existence of proper kinetic moment density.

Now, the existence of proper kinetic moments atdtomic scale is manifested by
gyromagnetic experiments, for example. It woulénseinteresting to enlarge the
classical concepts of continuum physics in suchaanmar as to attribute a density of
proper kinetic moment to matter. Similarly, theseance of a proper kinetic moment for
the electron is manifested by spectroscopy, whilantum mechanics utilizes a proper
kinetic moment density as an intermediary in spaoe- calculations, and it would be
interesting from the purely relativistic viewpototjustify its properties.

Indeed, we shall be able to show ttieg properties of Dirac’s density are imposed
by the relativistic formalism as necessary consequences ofgeagral postulates that
almost impose themselvg®. 5). Moreover, one sees thide negative resultB) and
(C) of pre-relativistic theory have a very deep origin, and that expanding inabmpaoint
will not be simple in the old dynami@so. 4).
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5. Relativistic determination of the properties of the proper kinetic moment
density. — In finite form, the relativistic variance of a kimetmomentC will result
unambiguously from the considerations of a material psinise coordinates akeand
whose mass-impulse 5; indeed, from the old dynamics, one can only be dealing with
the antisymmetric tensor: S
(4) Cl=p'x'-p'x (,j=1,2,3,4),

whose three components" represent the kinetic moment, properly speaking, with
respect to the spatial origin,(v=1, 2, 3). _

As for the thre«€®, their interpretation is simple if one replasésind thep' by their
valuesict andp" = mv", p* =img, resp. ; indeed, one will have:

4) C* =icm (x"—v"1),

and one will see that this amounts to bagycentric moment with respect to the origin,
generalized by the hypothesis of non-simultaneify,to a factor. In particular, for
infinitely-small t, one recovers the usual barycentric moment at tiene & V' dt then
represents a “correction from non-simultaneity”).

That being the case, we know that we must obtain andemaler antisymmetric
tensor & by suitably multiplying the unknown components of the dgnaiby the
generalized volume elemd d¥ dxX{; the componentdX’ dx’ dx"] represents the usual
pure volume while the other three can be considered to be gedebgtea change of
Galilean frame. Conversely, one can then givarditrary non-simultaneous state a
set of fluid molecules by taking an arbitrary hypercap twuaent world-tube that is
restricted only by the demand that it must be everywlbpeee-like Indeed, it is
obviously necessary th&tcal simultaneitycan be insured in a suitable Galilean frame,
which is, in fact, true thanks to the preceding conditidre local simultaneity systeis
then one whose temporal axis is orthogonal to the hgpemt the world-point
considered.

One then sees that the unknown quantity necessarily a tensor, whose onaenust
be determined, along with any possible symmetries.niLieé the number of its dummy
indices, which muckaturatecertain indices ofdX dxX dx{, and lets be the number of its
significant indices. The three integeran, ands are essentially positive and equal to at
most 4, and one can write down the homogeneity relations

2=(3-m)+s or m=1 +s,

m+s=n or n=1+12,
For s=0, one will havem 1,n=1,
. s=1 “ =2,n=3;

One discards the hypothesis 2, since it will given = 5.

Therefore, the density — if it exists(Postulate I) — is necessarilyensor of order 1
or 3.

We first study the first hypothesis. It is written:
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(5) X' = g [dX dX dX],

and thanks to that formultéhe antisymmetry of the tensor proddtt is guaranteed for
any choice of trilinear integration elementvhich is obviously necessary priori.
Moreover, one sees thainder the hypothesis of simultaneityy which, only the
component dx" dX¥ dx] is non-zero,one will recover the usual definition of a vector
density for the density, in the sense that:

1. The three component&E" of the kinetic moment, properly speaking, involve
only one term in their expression, namedy),.

2. The three components of the barycentric mordert are zero.

If one introduces the complemeiitsdB’ andic A of the two antisymmetric tensors
that enter into (5) then one will have the new notati

(5) OB =g*ou' —d' o,

Now, take the hypothesis= 3 and postulate that:

(1) The antisymmetry of the tensor product must remain insured for any afoice
trilinear integration element

We are then obliged to adopt, not just the simplerected product over two indices,
but the classical combination:

(5") OB’ = 1{ gja [dX dX dX] - diu [dX dX‘ dX]}.
We then postulate that:

() Under the hypothesis of simultaneity, the character of being a spattdrve
must be recovered for the density

We remark, in turn, that for a given pair of dummyiced, each of the non-zero
terms in the preceding expression is, in reality, the stitwo terms that are generally
different and correspond to the permutation of thoseeasdin o. Consequently, our
postulates already impose the antisymmetry of the temsorthe two dummy indices,
which is a necessary and sufficient condition for e terms under consideration to
always be equal. One can then group them together amechéae coefficient 1/2 .
Always under the simultaneity hypothesis, that willmperus to write (the summation
convention is not used, amnglv, w denotes a circular permutation of the spatial indices 1,
2, 3):

Buy =3 (Goow + Guu) [dX" X dX7, Bu = auy [dX" A dX].
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We then once more bring postulate (lIl) into playy \Brtue of an intrinsic property
of the tensorg; it is necessary that one of the two groups of compusngat must be
written should be zero, and that the other one showtide only one term in its
expression. The second group cannot be zero, sincentigooentsy,,w and G, would
always have to be equal to each other then, whichssilge only if they are zero: The
tensoro will then be identically zero, which is an unacceptdbtpothesis. One must
then have that thes,, are non-zero, but the,,. are always zero: That will be possible
only if the tensoro is antisymmetric with respect to the first two wes. Finally, the
tensoro must be completely antisymmetric, in such a way thatntitation (3) must
agree with the notation (5 with the corollary thathe barycentric moment is zero under
the hypothesis of simultaneity.

Now, add to the preceding postulates:

(IV) The necessity of recovering the character of the quantibeing a spatial
vector in the comoving Galilean frame.

We see that the componemt must be annulled in that system; i.e., go@dri-vector
omust be orthogonal to the world-current:

(6) gdX=0 or o, :i—C(UW).

(o denotes the spatial vector that has the tlatefer its components, and denotes the
fluid velocity in its usual sense.)

One knows that in Dirac’s theory, the densitis a third-order antisymmetric tensor,
and that the relation (6) is effectively verified. n&lly, we have indeed recovered the
entire set of properties of the Dirac densitypy means of the four general postulates:
Existence(l). The arbitrariness of the trilinear integration elemgh). The vector
density recovered in the simultaneity sys(dijy and in the comoving systdiiV).

4. Study of the hypercap integral. The proper ponderomotive moment density.
— It is necessary that we complete our study in the fallgunanner: We take the triple
integral of the expression '{5over the particular domain that is composed of two
different hypercaps that relate to the same molecules the hypercap of the
corresponding current world-tube. Indeed, in order to als#rthe set of two hypercap
integrals indeed represents traiation of the kinetic moment-barycentric momeinthe
same fluid drop, it is necessary that we know how terjgmet the triple integral over the
hypercap, and also the quadruple integral that is obtametie right-hand side by
transformation.

By hypothesis, the trilinear element of the hypercap atostthe quadri-vector
element of the trajectogx ; it is therefore everywhetane-like. In order to arrive at the

definition, one takes two elementaspace-likequadri-vectorsdu, and du,, in such a
way that its various components will be the determm#mt one extracts from the table:
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S % 8% I
5% 68 5% X
d¢ d@ dX  df

It is even clear that the exterior product of the quaectorsdx and Jx, represents the

generalized area elemeat the fluid drop along its motion, where the three congmbs
in (u, v) correspond to the area, properly speaking, and thedbreponents inw, 4) can
be considered to be generated when one makes a changkiledrGirame 9.

If one introduces the tensar & that is complementary to the preceding exterior
product then one can confirm that the trilinear elemdrthe hypercap will take the
contracted form: _ )

a'=3d"dx,

in whichic &" represents the usual are@n the hypercapone then has:
(7) B = (& -d & dx,

by virtue of (%), and thanks to that formula, the antisymmetryBi‘f will remain insured
automatically.

The most essential fact upon which we must insistha the vanishing of the
hypercap integral is not insured automaticalllhen one takes into account the relation
between the density and the element of the world-trajectory [viz., foreB)] ().
Under those conditions, we shall successively envisioeraehypotheses.

Hypothesis 1The hypercap integral is zero for any hypercap.

That amounts to saying that things must take place ipm@sent problem as they do
in the classical problems efectric chargeandmass-impulse.

Take two planar hypercaps that are perpendicular tontleeaxis and infinitely close
in time, integrate over them, and transform the intlegta a triple integral. On the left-
hand side, one has thariation of the kinetic moment-barycentric momemtd one can
write:

(8) dB = dtm(a'a* -0*g')du

after introducing the produclu [t of a pure volume with a pure time on the rightdan
side, sothe three componenig"’ of the complement’ to the world-rotation of the
density o represents the proper ponderomotor moment densiulyich is clearly
consistent with the result in elasticity (A) [forfau2)]:

() By a formula that is identical to the one that iswnaoby the name of th&renkel formulain
relativistic electromagnetism.

() Indeed, one knows that in the problem of electriegiathe vanishing of the hypercap integral will
result from the collinearity of the charge-current quadctor density with the element of the world-
trajectory dX, and that the same thing will be true in the problem afsyimpulse by virtue of the
proportionality of the material tensor with the symnuetensordx dx’.



Costa de Beauregard — On the theory of proper kinetic merimespecial relativity. 8

9) u" = %(a‘w” %o,

Formula (9) is completely analogous to the classioainfila (1): In both cases, the
ponderomotor densitis a derivative of thenertial density.

Unfortunately, not all of these satisfying results bamealized in fact. Indeed, to say
that the integral (7) must be identically zero is to Hagt the densityc must be
identically zero. We then get back to theegative result¢B) and (C) of dynamics, but
special relativity has the advantage of showing us tiede results have a basically
kinematical origin: The hypothesis of theanishing of the hypercap integrdhs only
reduced us to the classical case, since it is suffiteemhply the positive result (A) and
the negative results (B) and (C).

Hypothesis 2:The hypercap integral is non-zero, but the quadruple integral
identically zero.

This makes the hypothesis that is expressed by:
9) dlg'-a'g) =0

seductivea priori, since it is the one that permits us, in principleseqolace the defective
notion of volumetric density of ponderomotor momemith that of surface density.
Indeed, if we introduce the fluid velocity into (7) thee can include the time intervdi
as a factor, in such a way that the coefficientthes' [t will be the components of the
surface density of the proper ponderomotor moment.

Unfortunately, one again bumps into a difficulty thstentirely analogous to the
preceding one. Indeed, if one specifies the expresdmm®ur density under the
hypothesis of simultaneity (vizdg" = 0) then one will have

oB" =(0"90s —0'0s’) di=-[o 09 dt
(10) icoB" =¢'0 dx +0*d $ dy,
={c"(osV) (o) 05} dtd v oY " dt

for the hypercap integraland since theB"' of a hypercapare identically zero (always
under the hypothesis of simultaneity), one can kmlecthat:

(10) oM &= 0,

and as a result, that tlie must be zero. The present hypothesis, just likepreceding
one, thus serves tteny the existence of proper moments.

Hypothesis 3The hypercap integral and the quadruple integra apn-zero.

S

It results from the preceding that this hypothésisecessary in order to preserve the

existence of proper moments. Moreover, it agregs W@irac’s theory, in which the
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guadri-vectorg is not irrotational. However, one cannot interpret it from the classical
standpoint. Indeed, the disappearance of one or the other of tloeding restrictions
will convert the transformation of the triple integnmato a quadruple integral into a pure
tautology, which will not permit us to define a proper ponderomotor denskaving
done that, the notion gdroper kinetic moment densityould make no sendeom the
classical viewpointin order to justify it, we must appeal to a hypothesas ik foreign to
both pure kinematics and traditional dynamics; i.e., a tigsis that is completely
artificial in our present state of understanding.

Since progress in that understanding takes place very me#te quantum sense, the
wisest thing to do is probably to conclude that the pregestudy makes one feel that the
possibility of explaining things by means of the old continuon@chanics is indeed
limited, at least for one particular point.




