“La variance relativiste du moment cinétique d’un compsogation,” J. math. pures appb (1936), 89-95.

Therdativistic variance of the kinetic moment
of arotating body
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In the theory of the spinning, magnetic electron thatlue to Dirac, the electron
possesses a kinetic moment (moment of quantity of mpotiat is provided by its proper
moment of rotation. The kinetic moment — or “spin” +a@presented mathematically by
a vector density : The spatial integral of that vector density giveskinetic moment in
guestion. One shows that when one performs a Loreatisformation, the three
rectangular components of the vecmwtransform like the three spatial components of
whose fourth component — viz., the temporal componentera in the proper system of
the electron. That result can seem strange atbiEsause one is accustomed (and, in a
sense, with good reason, as we shall see) to conbielehitee components of a kinetic
moment as defining the componeyszx andxy of an antisymmetric space-time tensor
of rank two, which seems to disagree with the variahateis found for the spin density.
In order to try to shed some light on that questiore hete shall study the relativistic
variance of the kinetic moment of a rotating body.

*

* *

Consider a body in which a poit describes a line in uniform motion. Take that
line to be thez-axis. If the body is rotating then it will posseskietic moment about
oO.

First of all, we can define an antisymmetric tensorasfk two M such that its
componentsyz, zx and xy are the three rectangular components of the total ikinet
moment of the body in motion with respect to the or@@inThe non-zero components of
that tensor will be:
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in which theX. sign indicates summation over all the molecules tomprise the body,
and py, py, p» andW / c are the components of the world-impulse quadrtereof a
molecule. How must one take these@ Each molecule of a body has its world-line, and
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one can take a point on each world-line that correspmntse eight quantities, y, z t,

Px, Py, Pz, andW. However, the observer that is linked to a referegstem will always
naturally perform the summation over the states ofoudes that are simultaneous for
him; i.e., ones that correspond to the same value @irbper time.

Suppose, to simplify (and this will change nothing in tésults), that the body in
motion is homogeneous, that its molecules are allaipand that they all have the same
proper massrny . The observer that is linked with the syst®myzattributes a certain
velocity v to each molecule that varies from one moleculéh®oother, and he sees a
number of moleculeg dr in the volume elemenir. He then sets:
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The integrals are extended over the entire volvoéthe body in motion.

We would now wish that th®ly thus-defined should transform like the components
of an antisymmetric tensor of rank two. In order to Hat,twe consider a “proper
observer” that is linked to the poi® of the body in motion. He employs the
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coordinatesqw, Yo, Zo , and a timep . 1f V = &c denotes the velocity @ with respect to
the systenOxyz and if we suppose that the ax@%, Yo 2 are parallel to the ax&dxyz
then we will have the following formulas for the gil@ Lorentz transformation between
the coordinates of the two systems:

_ z—-pct :t—(,[z’/c)z

(3 Xo =X, Yo=Y, 2= : -

It is well-known that upon passing from the syst@ryzto the systen®'x, Yo %, the
four quantitieso v, o W, p V., andp transform like the components of a space-time
vector, namely, the current-density quadri-vector. @itlehen have:

to
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Naturally, the observer properly defines the componehlmg)tensorl\ﬁ by the
formulas:
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in whichvy is the velocity in the proper system of the molethié occupies the position
Xo, Yo, Zo at the instanty, and is the number of molecules in the element.
If one wishes to express the quantitMs , ... with the aid of the variablesy, z, t

then one must make use of the following relations:
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The relation (6) is proved by taking into accoun¢ fact that the states of the
molecules that occupy the volume elemgntat the instant, for the proper observer are
not simultaneous for the observer that is linketheoaxeOxyz in such a way that one
cannot apply the usual formulap = dr//1- 8° here.

The relation (7) results from the relativistic farlas for the transformation of
velocities, namely:
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Upon taking (3), (6), and (7) into account, ond edsily find that:
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Upon comparing this with (2), we will then find:
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These formulas indeed show that the componerttseokinetic moment with respect
to the coordinate origin transform like the compusgz zx andxy of an antisymmetric
tensor of rank two, but we shall see that theynatethe quantitiedy,, M, andMyy that
represent the proper moment of rotation of the aongpbody in the syste®xyz

Indeed, if the observer that is linked to the axgswishes to describe the rotational
motion of the body in motion around the po@it then he must imagine axes that are
linked toO' — for example, ones that are paralleQog Yo z). Those axes coincide with
Oxyz but | shall now call the®'ér{. The coordinates, 77, { of a point of the body for
an observer that is linked @ are obviously:

(11) E=x, n=y, {=z—ct

Moreover, the components of the quantity of motdm molecule of the body +o
the extent that it is due to a proper rotational motion around @ill be related to the
quantitiespy, py, andp; by the relations:

P=PB: B=R

(11, cont) p, = p, —translational quantity of motion p, __mpc
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since the molecule considered has a “mass of motion’ishequal tom, //1- V' / &

and its velocity of convection j&c in theOzdirection.
Now, the observer that is linked @ quite naturally defines the components of the
proper kinetic moment of the body in motion by fbemulas:
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which leads to the values:
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Upon comparing this with equations (10), one viitfthat:

(14) S=MpJI-8%,  §=My1-5°, S=M],

For 5= 0, one will get the results:
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which are obvious priori.
One then deduces that:

(16) s=S1-4,  §=SiJ1-5, §=%,
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which are formulas that show us how the componentiseofmoment of proper rotatidh
transform when one performs a Lorentz transformatiénhe velocity ofO' tends to the
limiting velocity ¢ then£ will tend to unity, and the vect@ will lie along the direction
of motion.

In order to now recover the result of Dirac’s thetirat we pointed out to begin with,
we suppose that in any Galilean system we can defireet@rvdensityo such that one
has:

(17) [odr=s
In the proper system of the body in motion, we théin have:

(18) S = .[Voafdr : S = .[Voa‘y)dr : S= Ivoafdro.

If one would like to perform the integrations in thegz system then one must replace
dro with dr//1- 3 this time. Upon taking (16) into account, one wien find:
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The definition (17) then gives:

(20) &=0,,  G=0,

o g, =

The quantitiesay , ¢, , and g; then transform like the three spatial rectangular
components of a space-time quadri-vector whoseHaxomponent is zero in the proper
system of the rotating body. That is in fact tlesuit that was obtained for the spin
density in Dirac’s theory. Wheg tends to 1, the spatial vectorwill lie along the
direction of motion, which is a fact that playsienportant role in the new theory of light
that was proposed by the author.




