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FOREWORD

The present textbook on electrodynamics offers some peculiarities in regard to the arrangement
of the topics, as well as the manner of presentation, that I would like to mention briefly here.

As far as the arrangement of the topics is concerned, I have followed the example of theoretical
mechanics in presenting them. In theoretical mechanics, one first examines the general laws of the
interaction and motion of material particles, or “points,” which are later applied to certain
specialized systems that idealize the various material bodies, namely, rigid bodies, elastic bodies,
fluids, and gases. Accordingly, in this first volume, I will consider only the general laws of the
interaction and motion of electrically-charged material particles, which are also often treated as
points, and in that way all interactions between them will come down to their charges.

I shall call those particles (or “electric mass-points”) electrons without having to go into the
detailed consideration of the phenomena that arise from them in material bodies in so doing.

The electromagnetic (and optical) properties of material bodies shall first be investigated in the
second volume, and indeed from a macroscopic viewpoint.

It should also be pointed out here that, in analogy with mechanics, the bodies in “electric fluids”
can be classified as free-moving charges (conductors) and “elastically” bound charges, whether
bound electrically or magnetically.

I hope to be able to treat the microscopic electrodynamics of the simplest material systems
(atoms and molecules) once I have succeeded in carrying out the necessary quantum-theoretical
recasting of classical electrodynamics.

In the present first volume, phenomena that are independent of time will be considered to begin
with. In that way, I shall begin by presenting electrostatics, not in terms of isolated electric charges,
but in terms of the simplest neutral systems, i.e., dipoles. Magnetostatics will not be constructed
on the basis of fictitious magnetic poles, but on the basis of the somewhat-idealized stationary
electric currents. In so doing, I shall employ the energy principle as a guideline in order to exhibit
the basic properties of electric and magnetic fields and their effect on electric dipoles or currents,
resp. (or their elements). Combining that principle with the equivalence principle between electric
dipoles and currents (relative to their interaction with each other) will imply the general differential
equations for time-constant electromagnetic fields, and especially the laws of Coulomb and Biot-
Savart.

In Section Two, the laws obtained will be generalized to time-dependent phenomena, and
indeed, by means of the principle of the relativity of velocity (in an entirely-narrow conception of
it) and the principle of the conservation of electricity. The Maxwell-Lorentz equations thus-
obtained will then be applied to the determination of the electromagnetic field in the most-
important cases. The foundations of the electromagnetic theory of light will be laid by examining
the electromagnetic field of an oscillator.

Moreover, the concepts of energy, momentum, etc., will be exhibited for arbitrary fields, and
the classical theory of the force of inertia (i.e., the electromagnetic theory of mass) and radiation
damping, as well as the theory of the translatory and rotational motion of a spatially-extended
electron will be developed. In conclusion, that classical presentation will be considered critically.
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Section Three is dedicated to laying the foundations of the special theory of relativity and its
application to electromagnetic effects (i.e., fields) and the equations of motion of the electron. In
it, the time-dependent processes will be regarded as static phenomena in a four-dimensional
universe. We shall not go into the general theory of relativity in this book since it is concerned with
gravitational effects more than with electrical ones.

By way of introduction, I have given a brief presentation of the foundations of vector and
tensor calculus. The reader will find all of the mathematical apparatus that will be used in what
follows there. In the treatment of tensors and the coordinate-wise representation of vector
quantities and operations, I have restricted myself to rectangular coordinate systems, for simplicity.
However, they will be the ones that are used almost always in Section Three.

This brief overview of the contents of the book shall now be completed by some mention of
the things that are missing from it. The historical development of the study of electricity is ignored
completely here. Namely, I believe that the historical and logical viewpoint should not, by any
means, be confused with each other, at least, not when the branch of science in question has to be
developed as a closed logical system, which is the case for classical mechanics and classical
electrodynamics. [ have tried to present the modern study of electricity in a way that is as simple
and systematic as possible without having to recall the history of its development. I would prefer
to leave the study of that topic to others.

In particular, I have ignored the theory of the ether in all of its forms completely. Undoubtedly,
the ether has played a very important and fruitful role as the working hypothesis in the development
of electrodynamics. First, since the time of Huyghens, it was the foundation for the theory of
optical phenomena. Then, since the time of Faraday and Maxwell, it was the bridge between optics
and electromagnetism. Much later, one sought to make the ether responsible for all physical
phenomena. However, now is the time to recognize that the ether has played out its historical role
and that it has the right to a place of honor in only the history of physics. Its introduction, even as
an auxiliary concept, into the presentation of the modern theory of electricity cannot at all clarify,
but rather only obfuscate, that theory and burden it with a number of illusory problems, such as all
problems that relate to the motion of the Earth “in the ether.”

Due to the fact that my treatment of the theory of electricity is “ahistorical” from the outset, |
have refrained from citing any references to the literature, whether textbooks or treatises, and have
perhaps left many names that are very important in the development of electrodynamics
unmentioned.

In conclusion, I would like to express my heartfelt thanks to Herrn Prof. M. Born for reviewing
the manuscript. Furthermore, I owe my deepest thanks to Herren Prof. P. Ehrenfest, V. Bursian, G.
Krutkow, and especially Herrn cand. W. Elsasser for their technical assistance.

It is a pleasant duty for me to mention that it was a stipend from the International Education
Board that made it possible for me to work in a foreign country.

In particular, I would also like to thank the publishing house of Julius Springer for their care
and generosity in every sense of the word.

Gottingen, September 1926.
J. Frenkel
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INTRODUCTION

FUNDAMENTALS OF VECTOR AND TENSOR CALCULUS

A. — Addition, inner and outer multiplication of vectors.

§1.

The various physical quantities are ordinarily arranged into two classes, namely, scalars and
vectors. The former are determined completely by giving their numerical values. In order to
specify the other ones completely, one must give their directions, in addition to the numerical
magnitudes. Some typical scalars that one considers are time, the mass of a body, etc.; some typical
vectors are velocity, force, etc. Later, we will see that vectors are a special case of quantities of a
more general type, namely, the so-called tensors.

Ordinarily, we will denote the vector quantities by German letters and their magnitudes by the
corresponding Latin letters, or even by enclosing the vector symbol between two vertical lines.
For example, | 2 | = 4 shall mean the magnitude of the vector 2.

The simplest vector quantity, which also serves as an intuitive representation of all other
quantities, is a rectilinear segment that points from one point Q to another P and can be regarded
as the displacement of a material point.

The displacement OP can be replaced with a series of other displacements OA4, AB, BC, CP
that define a broken line and call them the components of OP. When one is given two components
OA and AP, one can consider the vector OP to be the diagonal of a parallelogram whose sides are
equal in length and point in the same directions as OA4 and AP, resp.

The replacement of a vector with a number of components (which can obviously be
accomplished in infinitely-many different ways) is called a geometric decomposition. The opposite
operation to a decomposition consists of the replacement of a number of arbitrary segments
(vectors) §1, §2, ..., 5» With a single segment § for which they play the role of components and is

called geometric addition, which will be denoted symbolically by the equation:

F=Fi+t%+t.. . +5=D3. (1)
k

The vector § in that is called the geometric sum of §1, §2, etc. It is easy to prove that the geometric

sum is independent of the sequence of individual summands (i.e., the components) and that the
addition of an arbitrary number of summands can be replaced with their geometric sum. The
geometric addition then satisfies the commutative and associative laws, just like the ordinary
(algebraic) kind.



2 Introduction

A vector that is equal in length and oppositely-directed to another one ‘B will be denoted by
—5B . The geometric sum 2 + (- B) will be written in the simple form 2l — ‘B and is called the

geometric difference of the vectors 2l and *B.

§ 2.

If one draws two planes that are perpendicular to a line MN through the endpoints to a segment
OP then they will cut out a segment O; P from that line that is called the projection of OP onto
MN. Thus, that projection will be considered to be positive as an ordinary (scalar) quantity when
the direction O; P coincides with the positive direction of the line MN and negative in the opposite
case.

If one denotes the projection of a vector 2 onto another ‘B (or a line that points in the same

direction as B) by A then from the definition above, one will have:

A=A cos (X, ‘B) .

The product Az - B = AB cos (2, °B) = AB4 is called the inner (or “scalar”) product of the vectors

2l and ‘B, and will be denoted by the symbol 2 - ‘B, or
simply 2°B. It is easy to see that the projection of the

P

geometric sum of two or more segments (e.g., OQ and QP
in Fig. 1) onto any line will be equal to the algebraic sum of
the projections of the individual summands, i.e., (% + B)c=
Ac + Bc . If one multiplies that equation by C then one will
get:

N (A +B) € =AC + BE (2)

Figure 1. from the definition of the inner product. That formula, which
expresses the distributive law, can obviously be generalized
to an arbitrary number of summands in each factor:

DAY PRIEp RS
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§ 3.

One can regard the (planar) surface that is bounded by a closed, planar line o (to the extent
that only its orientation and area S are under consideration) as a vector quantity and represent it by
a segment G that is perpendicular to its plane and has a length that is proportional to S. The double-

valuedness in the direction of & that then arises will

be avoided by giving a certain sense of traversal along
the bounding curve o and assigning a unique direction
to the representative segment for that traversal (or
orbiting), which is a sense that is ordinarily that of a
right-handed screw.

If one draws lines through all points of the
bounding curve that are perpendicular to a certain
plane Q then one will get a curve o in that way that is
referred to as the projection of o onto Q. The surface
S1 that is bounded by o7 is correspondingly called the
projection of S onto Q. That projection is considered
to be an ordinary (i.e., scalar) quantity whose sign can
be determined in such a way that one chooses a certain
sense of traversal in the plane Q to be positive. In the
event that this sense of traversal coincides with the
sense of traversal along o1, S1 will be positive; in the
opposite case, it will be negative. As one easily sees,

N

Figure 2.

S1 1s numerically equal to the product of the projected area S with the cosine of the angle a between
the plane that contains S and the plane Q. When representing the latter (or even better, the chosen

Figure 3.

sense of traversal along it) by the line MN that points perpendicular
to it in the sense of the right-hand screw rule (Fig. 2), one can
identify the projection of the surface S onto Q with the projection
of the segment & that represents S onto MN.

If the “boundary curve” o consists of nothing but rectilinear
segments then one can replace the planar surface S in question with
anumber of other planar surfaces S1, Sz, ... that define a polyhedral
surface that is bounded by o. The sense of traversal along the
“curves” (which are polygons, in our present case) o1, 02, ... that
bound the surfaces Si, S2, ... shall be chosen in such a way that
each edge that belongs to two different polygons will be traversed
in opposite directions, while the sense of traversal on the edges of

the original “outer” polygon o remains unchanged (Fig. 3). Under those conditions, one can
obviously assert that the algebraic sum of the projections of the “component surfaces” Si, So, ...
onto any plane Q will always be equal to the corresponding projections of S. It will follow from

this that for any type of “decomposition” of S into component surfaces (or of o into component
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curves), the geometric sum of the vectors G1, S», ... must have the same value G. In that sense,

we will refer to the various polyhedral surfaces that are bounded by o as equivalent.

Obviously, a polyhedral surface can also be bounded by a non-planar polygonal curve.
However, as long the sense of traversal along that “curve” (o) is given and the sense of traversal
is established on the individual component polygons (7)) according to the aforementioned rule, the
geometric sum of the component surfaces (or the vectors that represent them) &; will have the

same value & for all polyhedral surface that are bounded by the same polygonal curve o (*). We
would like to refer to that vector &, whose magnitude and direction are determined uniquely by

the form and sense of traversal of the polygon o, as the geometric moment of o. That definition of
the geometric moment can be easily generalized to arbitrary closed curves since such a curve can
be regarded as a limiting case of a polygon with infinitely-small edges. For plane curves, the
magnitude of the moment is equal to the area, and its direction is associated with the sense of
traversal along the aforementioned right-hand screw rule.

§ 4.

The simplest plane figure is a triangle or a parallelogram (which can be decomposed into two
equal triangles). The geometric moment of a parallelogram whose sides are defined by the vectors
2 and B is called the outer product (or “vector product”) of those vectors and will be denoted by

the symbol 2 x ‘B. It is then assumed that the segments 2l and ‘B point away from the same point
and that the sense of traversal of the parallelogram starts from that point in the direction of 2l and
ends up by traversing ‘B in the opposite direction. The inversion of the sense of traversal will then

correspond to the inversion of the sequence of 2l and ‘B. That will then imply the equation:
BxA=—AxDB.

The magnitude of the outer product is obviously
independent of the sequence of the two vectors, and as
is easy to see, it will be equal to 4 B sin (2, B).

Although the commutative law is not true for outer
multiplication, as opposed to the inner kind, the
distributive law proves to be valid in both cases.
Namely, if we construct two parallelograms that are
determined by the vectors 2, € and B, € in such a way

that the have a common side (¢), and extend the figure Figure 4.
that we get (Fig. 4, in which OP = O'P’' =2, PO = P'Q'=B, and OO' = PP'= QQ' = €) by the

() That will follow immediately when one considers the projections of oand o; (i = 1, 2, 3, ...) onto any plane.
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triangles OPQ and O’ P’'Q’ with opposite directions of traversal and moments then we will get the
parallelogram OQQ'QO’ whose moment must obviously be equal to the geometric sum of the
moments OPP'Q’ and PQQ'P’. On the other hand, since OQ = OP + PQ =2 + B, it will then

follow that:
AXxC+BxC=RA+B)x . 3)

That equation can be generalized to an arbitrary number of summands, like the corresponding
equation for inner multiplication:

R

§5.

If A, B, € are three non-coplanar (i.e., they do not lie in the same plane) segments then the
double product 2 (8 x &) means the volume of a parallelopiped whose sides are equal to those

segments and point in the same direction (with the + or — sign). That follows from the fact that the
magnitude of the outer product B x € is equal to the area of the parallelogram (B, &), which can

be regarded as the base surface of the parallelepiped (2, B, &), while its direction is perpendicular

to that surface. Since different surfaces can be chosen to be the base surface of the parallelepiped,
the expressions B (€ x ) and € (A x B) will give the same volume, and indeed with the same

sign as A (B x €), when the vectors 2, B, € are permuted cyclically. For arbitrary vectors, one

will then have:
ABxO)=B(ExA)=C (A xB). 4)

The double outer product A x (B x €) represents a vector that points perpendicular to 2l in the
plane of ‘B, €. That is why it can be expressed in the form B + y &, in which £ and y are two
scalar coefficients between which the relation g (AB) + y (2A€) = 0 must exist. If we
correspondingly set f= a A€ and y=— a A’B, in which « means a new scalar coefficient, then

we will have:

Ax (B x €) = a {(AC) B — (AB) €} .

Now, it is easy to show that « = 1, independently of the magnitude and direction of the vectors %,
B, €, such that:
Ax (B xC)=UC) B - (AB)C. (5)
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We shall skip the proof of the statement above since the identity (5) will be exhibited below in a
different way. It follows from (5) that:

AXx(BxO)+Bx(CExA) +CxAxB)=0, (5.a)

in which the individual summands are obtained from each other by cyclically permuting the
vectors 2, B, €.

An application of (4) and (5) will then give:

RAxB)(CxD)=C[DOxRAxB)=C[A(BD)-B AD)],
Le.:

(@ x B) (€ x D)= (C A) (B D) — (€ B) (AD).

§ 6.

In conclusion, we would like to briefly consider the coordinate representation of vector
quantities and operations.

We imagine a rectangular coordinate system whose axes OX1, OX2, OX3 point in the directions
of three unit vectors ei, 2, e3, resp. Along with the orthogonality conditions:

1 for i=Kk, )
€ k=
1 0 for i=j

those vectors shall satisfy the conditions:
e2Xe3=¢el, e3Xe =e, eXex=e3, (7.a)

which express the “right-hand screw character” of the coordinate system.

Let ¢ be the radius vector OP of a point P relative to the coordinate origin O. Its components
along the coordinate axes (i.e., the coordinates x1, x2, x3 of the point P) are defined by the vector
equation:

v=x1e1 tx2¢2tXx3¢€3. )

On the other hand, if we construct the projection of v onto any axis (X;) then, from (2), and

according to (7) and (8), we will have:
ri=vei=X;.
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The components of the radius vector will then coincide with its projection onto the axes in the case
considered. Obviously, the same thing must be true for all other vectors such that components of
a vector 2 can be defined by the equations:

Ai=Ae;, (8.a)
instead of equation (8).
The components of a geometric sum 2l + B + ... are obviously equal to the algebraic sum of

the corresponding components of the individual summands.
If we set:

221=2Aei and %ZZBkek
i k
in the products 2 B and 2 x ‘B then, from (7), that will give:

AB =D AB =41 Bi+A42 B+ 43 Bs. 9)

In particular, for 8 = 2:
AA= A* = A+ AP+ A, )
Furthermore:

Ax V=1 AB (¢xe) = ZX(AB -AB)( xe,),

i.e., from (7.a):

A x B = (42 B3 — A3 B2) e1 + (43 B1 — 41 B3) e2 + (41 B2 — A2 B1) ¢3, (10)
or
(Q[X‘B)1=A233—A3Bz, (Q[X‘B)zzA3Bl—AlB3, (Q(X‘B)3=A132—A231.(10.a)

One can easily exhibit the identities (4) and (5) by means of those formulas. In the case of (5), e.g.,
one will have, from (10.a):

[AXx(BxO)]1=42(B x )3 —A43 (B x )2

=A2(B1 C2—B2C1)—A43 (B3 C1 — B1 (3)
=B1 (A1 C1 + A2 Ca+ A3 C3) — C1 (A1 B1 + A2 Bo + A3 B3)
=B (RAE)-Ci(A°*B),

which agrees with (5).
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B. — The differential operations of vector calculus.

§7.

One can regard vectors, just like scalars as variable quantities (in magnitude and direction),
and indeed, as independent variables (i.e., arguments) or as dependent ones (i.e., functions).
Therefore, the following four cases can appear:

A scalar function of a scalar argument « (7).
A vectorial function of a scalar argument 2 ().

1
2
3. A scalar function of a vectorial argument ¢ (v).
4

A vectorial function of a vectorial argument § (t).

For the sake of intuitiveness, we will consider ¢ to be the time and t to be the radius vector of
various points in space (relative to a “fixed” point O) from the outset. Therefore, « (¢), 2 (¢) will
be functions of time, and ¢ (t), § (v) will be functions of positions, such that the “position” will be
defined when we are given t.

One can illustrate a scalar function of position ¢ (t) by constructing a family of surfaces:

@ = c = const.

for equidistant values of c¢. The curves that are orthogonal to those surfaces at each point will then
be given by the direction of the most-rapid increase in ¢.
One ordinarily refers to the vectorial functions of position § (tr) as

3

‘vector fields,” and
illustrates them by constructing a family of lines (“streamlines,” when § is a velocity, “lines of
force,” when § means a force) that go through each point in the direction of the vector § that

belongs whose “density” (i.e., number of lines per unit area of the surface that it is perpendicular
to) is proportional to the magnitude of § (%).

§ 8.

In the case of a vector function of a scalar argument 2 (7), the “vectorial derivative,” d 2 / dt

corresponds to the ordinary derivative da / dt of a scalar function of the same argument and is
defined to be the limit of the vector:

(®») When a surface S is not perpendicular to F, but skew to it, the number of those lines that cut the surface per
unit area will be measured by the projection of F onto the normal to S.
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i [ (t+ Ar) — A ()]
as At > 0.

In the case of a scalar function of a vector argument ¢, the corresponding differential operation

can be defined as follows:
Imagine a closed surface S that includes the point P in question (OP = t).

Draw a unit vector n at each point S that points in the direction of the exterior normal. If we
divide S into infinitely-many elements dS and define the product n ¢ dS, in which n and ¢ refer to
two arbitrary points of dS, then the geometric sum of the infinitely-small vectors n ¢ dS in the limit

as dS — 0 will be a vector quantity that is independent of the aforementioned point, which one
denotes by:

(f)gonds

and calls the surface integral of the function ¢ (t) (}). We will assume that this function is

continuous over all of the volume that comes under consideration (*).

If one divides the surface integral of ¢ by the volume V that is enclosed by the surface S and
contracts S to the (always interior) point P then that will give a vector quantity in the limit as S —
0 that is independent of the form of S or its alterations under the passage to the limit (°). As we will
see in the next section, that quantity corresponds to the ordinary “derivative” since it determines
the magnitude and direction of the rate of change in ¢ (t) “at the point P.” One calls it the gradient

of Q and ordinarily denotes it by the symbol grad @. One then has:
dgo—— lim —1¢ ndS (11
gra amy Q . )

One can define two different differential quantities for a vectorial function § (t) that will
correspond to the gradient of a scalar when the product ¢ n in (11) is replaced with the inner or
outer product of n and §. In the first case, we will get a scalar differential quantity that is called

the divergence of §:

1
div g = |S|Lr3~\745ngds (11.a)

and in the second case, we will get a vector quantity called the rotation (or “curl”) of §:

(®) The circle in the integral symbol means that the surface S is closed.

(* Le., the ratio of the difference ¢ (2) — @ (1) between two different points to the distance between those points
| r» — r1 | must also remain finite.

(®) For the proof of that, see the Remark in § 11.
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1
rot § = g.irg-ngnxgds. (11.b)

One can refer to the divergence as the inner gradient of § and the rotation as the outer one. If one

introduces the vectorial operator:

V= |im-l<j>n...ds (12)

S—0 \/

and regards it as symbolic vector then the three differential operations (11), (11.a), (11.b) can be
expressed symbolically by the corresponding multiplication operations:

grad p=Vo, div§=VE, rotF=Vxg. (12.a)

§9.

That manner of expression is often very convenient and very enlightening in the context of the
analytical properties of the various differential operations. On the other hand, their geometric
interpretation is expressed more intuitively and directly by the usual terminology. In the case of
the vectorial differential quantities grad ¢ and rot §, that interpretation can be recognized

immediately by a simple specialization of the form of S. Namely, let S be the surface of an
infinitely-small cylinder with the end surfaces S’, S”, and a lateral surface £. We will denote the
corresponding exterior normals by n’, n”, and v, resp., and the height of the cylinder by 4. We next

define the projection of the vector CI) @ndS onto the cylinder axis, which points from S’ to S”
(so it coincides with n”). That projection is equal to the inner product n”qs @ndS , or since n” is
constant, to Sf) @(n"n)dS . Since vn” = 0, the integral above will reduce to the sum of the parts

that correspond to the two end surfaces, i.e., since n” n’ = — 1, to the difference Igo”dS” —Igo’dS' .

By definition, the ratio of that difference to the volume of the cylinder = S"h = S"h in the limit

as S"— 0 and & — 0 must be equal to the projection of the vector grad ¢ onto n”. Since one will

then have J.go”dS” - Igo'dS' = (¢"—¢")S", one will get:

] " ’ 5
n” grad Y= rad_~ Y= lim——— = —. 13
g g n hso h oh ( )

Therefore: The projection of grad ¢ onto any direction is equal to the rate of increase of ¢ in
that direction, or in other words, it is equal to the (partial)derivative of ¢ along the corresponding
rectilinear axis. It follows from this that the vector grad ¢ determines the direction and magnitude
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of fastest increase in the function ¢ (v). The lines that represent that vector, or rather, the

corresponding vector field, are the curves that are orthogonal to the surfaces ¢ = const. The
geometric meaning of the gradient will be explained completely by that connection.
In order to clarify the meaning of the vector rot §, we define the projection of the integral

Cj)n x & dS onto n”, in the same way as before. In that way, (4) will imply that:

14 14

1
n"rot§=
o= S

since the outer product n” x n will vanish on the end surfaces of the cylinder. As far as the lateral

surface X is concerned, that outer product will have a length equal to 1 and it will point in the same
direction as the tangent to the intersecting curve or the generator to the cylinder o towards the side
that corresponds to the direction of the axis n” in the sense of the right-hand screw rule. If we set

n” x v= r(“tangent vector”) and d ¥ = h do then we will have:

i’h (ﬁ&(n"xv)dZ =5 qig rdo,

and as a result:

rot § = hm-gSF do. (14)

o—0

The integral that appears on the right-hand side is generally called the /ine integral of the vector
§. In particular, for a closed curve (note the circle in the integral symbol!), one calls it the

circulation of that vector. That “circulation” is non-zero when the lines that represent the vector
field § are closed or helical since the tangential projection of § will keep the same sign at all points
of a closed curve in that case. That will happen, e.g., when § means the velocity of the various
particles of a rotating solid body or a rotating fluid mass. Those places where rot § is non-zero are
called vortices of the vector field § (t). The vortex points generally define continuous lines,

namely, the so-called vortex lines (or vortex filaments), which can be regarded as curved rotational
axes in the case of fluids.

One can easily show by means of the formula (14) that the vector rot § will then point in the
same direction as the rotational axis, and its magnitude will be equal to twice the angular velocity.
That explains the choice of the term “rotation.”

The expression (11.a) for the divergence cannot be converted by specializing the surface, due
to the scalar character of the differential quantity. However, its geometric meaning will become
immediately clear when one illustrates the vector field § by the corresponding “F-lines.” The

product F, dS can then be interpreted as the number of lines that go through the surface element,
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and indeed outwards when F, is positive or inwards when F), is negative. The integral (j) F,dS,

which is called the flux of § through S in the context of that picture (°), will then be equal to the

excess in the number of lines that enter S over the number that exist it. (Obviously, that excess can
just as well prove to be positive as negative.) When the divergence of § vanishes inside of S, from

(11.a), the total flux of the vector § through S must also be equal to zero. That means that the lines
that represent the vector field § (r) will go through the region that is enclosed by S without
beginning or ending in it. However, if div § is non-zero at a point or in a region then the flux of §
through a surface that encloses that point must also be non-zero. In particular, when div § > 0, we
will have a source of the §-lines inside of S, i.e., a place where they begin and diverge in different
directions. That explains the choice of terminology “divergence.” Negative values of div §
correspond to a “sink” (i.e., a “negative source”) of the §-lines to which they must converge in all

directions. (That is why the quantity — div § is often called the “convergence.”)

§ 10.

We must still mention a differential operation that relates to the vector function § (t) and has

a close analogy with the gradient of a scalar function. However, one can define that operation only
when one is given a second vector or a vector function 2 that is not itself differentiated since it

only determines the direction in which the differentiation of the function § (r) must proceed at
each point. We then recall formula (13) of the foregoing section. If we replace ¢ with § in it then

that will give an operation that we will denote by the symbol (n” grad):

Y T A o) 1
(n” grad) § = Ll_rfgﬁ(g -3 ~an (15)

Upon inverting the argument by which we arrived at formula (13) from (11), we will get the
following definition of the new operation, which corresponds to formulas (11), (11.a), (11.b):

.1
(A grad) § = Islirgvgg(ﬂn)gds ,

(®) Even when S'is not closed. In that case, as usual, the normal n must point in the direction that is associated with

the sense of traversal along the boundary curve o according to the right-hand screw rule.
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in which 2 should mean an initially-constant unit vector, just like n”. However, we immediately
free ourselves of that restriction when we understand the values of 2l under the integral sign to

mean the values at the points in question (to which the surface S should contract), i.e., to set:

. (1
(A grad) T = lsugg{VqS(mn)gds} , (15.2)

A=const.

in full generality. The vector (2( grad) § is then equal to the “partial derivative” of § in the direction
of 2, multiplied by the magnitude of 2 (7). If we consider, e.g., two infinitely-close points v and
v and set A = v2 — t1 = d ¢ then the vector (d ¢t grad) § will mean nothing but the vector difference
dF=F (t2) —§ (v1),justas d ¢ - grad p=dp= @ (r2) — ¢ (t1) . Note that the scalar product 2(grad ¢

can be reduced to the combined operation that is defined by (15.a) when one replaces the vectorial
function § with the scalar ¢. Namely, one has:

(2 grad) p= Ligg{\%@(ﬂn)(pds} - Isiirg{\%cﬁ%(n(p)ds}

= (Q(.|im\%q5ngpd8j =A.grad ¢.

A=const. A=const.

S—0

When one assumes that § is constant in (15.a), not 2, that will give:

. 1
Islgg{\%cﬁ(mn)SdS} =3|S|Lrg\795nmds=gdivm.

F=const.

(") In connection with (15.a), one can define two other differential operations of the same type, namely:

. (1
(Q[xgrad)S:Islirg{vgﬁ(mxn)gds} :

A=const.
(Axgrad) xF = |im{1<ﬁ(mxn)xgds}
-0 V 2A=const.

However, those operations are inessential for practical applications of the vector calculus and can then be reduced to
the previous ones. Indeed, the following identities will be true:

A xgrad)§=(RArotF) and R xgrad)x F=ArotF+ (A grad) F—-A div § .
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Now, it is easy to show that in the general case when the two quantities 2l and § are considered to

be variable, the integral \%Cﬁ (2An)FdS must be equal to simply the sum of the expressions above

in the limit. In fact, if one sets A = Ao + A and § = $o + AF, in which 2y and Fo mean the values

of 2l and § at the point in question, then one will have:

Rn)F=ERon)Fo+ (Ron) AF + (AU n) Fo + (AAn) AT,

and furthermore:

1
mng(mon)godsw,

1 1

Isl_r)rg\7¢(Qlou)A§d8= |S|Lr3\798(2(0n)gds = (A grad) F ,

1 1 .
Isl_r)rgvgg(AQ[-n)So ds = L.ggng(mn)so dS = divel,

and since AF and A2l are infinitely-small quantities (due to the assumption that the functions §
and 2( are continuous):
1
mw%(mnmgds— 0.
As aresult:

Lirrg\%sﬁ(&la)%dSZ(Ql grad) § + § div A . (15.b)

§ 11.

We divide the volume V, which is bounded by the (not infinitely small) surface S, into two sub-
volumes V1 and V2 and denote the surfaces that bound those sub-volumes by Si (S2, resp.). The
exterior normals n; and n; coincide with n on the parts of 1 and S> that are common to S. They

are opposed to each other on the surface Si. that separates V1 from V2 such that one will have
eitherno=—mnjorn; +n2=0onit.

It will then follow that the sum of the two integrals (ﬁ @n, dS, and q.D @n,dS, must be equal
to the original surface integral gS @ndS independently of the form of the separation surface Si

(since the integrals @ on, dS , and q-D pn, dS, , will mutually cancel).
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By continuing that process, one can subdivide V into infinitely-many volume elements V; that

are bounded by infinitely-small, closed surfaces S; such that the sum ng @n, dS, will always be

. .1
equal to (JS pndS (®). If we pass to the limit and observe that !Iﬂ})vcﬁgo, n, dS; =— grad ¢ then

we will get:

cﬁ pndS = Jilmzi:grad o V.,
or when the sum is replaced with a volume integral:

pndS = |gradepdV . (16)
9 J

In the same way, one will get the transformation formulas from (8), (9), and (15.b):

$F,ds = fngds= [divgav, (16.2)
PnxFds = [rotFav, (16.b)
(I)(n%()&ds = j(mgrad)gdv +jgdiv2(dv. (16.¢)

§ 12.

One will get similar transformation formulas for line integrals that are taken along a closed
curve o. Namely, if one replaces o with a net of infinitely-small planar curves o; that bound the
surface elements S; of any surface S that is bounded (so it is not closed) by o and observe that the

sum of the integrals (JSri $ do, must always remain equal to the original integral gn& do (since

(®) On the grounds of that theorem, one can easily prove the validity of the statement that we expressed in § 8 in

regard to the independence of |im £¢ pndS on the form of the outer surface S. We imagine that the elements V; (S))
S0\

have the same form and size, except for the boundary elements whose number and magnitude relative to the integral
¢ pndS will go to zero as the number N of all elements increases. If the surface S itself is infinitely small and N is

infinitely large then due to the assumed continuity of the function ¢, one can consider all sub-integrals ¢ ¢ n. dS, to

. o 1 .
be equal to each other, up to higher-order infinitesimals, and as a result one can set $ ¢, n, dS, ~ VC} ondS . Since
one has V; = V' / N, to the same degree of approximation, it will follow that the limiting value of Vgﬁgpnds for a

vanishingly-small surface S of any form must coincide with the value of v $ o n,dS, for an infinitely-small surface

of a well-defined form (e.g., a cube), so it will be independent of the form of S.



16 Introduction

the tangent vectors 7; point in opposite direction on any separating line between two surfaces
elements S;) then, from (14), one will get:

Sf)r%da = ZgSTing'i = > nrotg S,
in the limit as S;, oi — 0, or:

qSFrda = J'rotnSdS, (17)

in which rot, § = n - rot §, and n means the normal to dS. Therefore, that normal will point in the

direction that corresponds to the sense of traversal along the boundary curve o that is defined by
the tangent vector 7 and the right-hand screw rule.

Formula (16.a) is ordinarily referred to as Gauss’s theorem and (17) is referred to as Stokes’s
theorem. One can add a similar formula to formula (17) that is obtained by replacing the vector
function § (tr) with a scalar function ¢ (r). As above, that will give the identity:

ggrgoda = Z(ﬁri p.do,.

The conversion of a line integral g-Dri @ do; that extends along an infinitely-small curve o;, takes

place most simply in the following way: Imagine that o; is the generator of the cylindrical surface

that we used while deriving formula (13) above, and instead of the inner product n"Sﬁ(pn ds , we

form the outer product n"x (JS @ndS (the index i will be dropped later). In that way, we will get:
n”x(JSn(pdS = (j)n"xn(pds = _[n"xvgodZ = hgﬁr(pda,
just as we did when deriving formula (14), and as a result, from (11):
n" x gradpS'= ggf(pda ,
or when we reintroduce the index i :
Cj)ri @ do, =n; x grad ¢ S; .
Upon summing and passing to the limit (S; — 0), we will then get the following formula:

(f)rgoda = Inxgrad¢d8. (17.a)
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§ 13.
Upon applying the differential operations that were considered above to the functions:

Vo=grad ¢, VF=divyg, VxF=rotgs,

which correspond to the usual first-order derivatives, we will get the following five second-order
derivatives:

(VV) p=div grad ¢, V(VE)=graddiv§, V xVp=rot grad ¢,
V((VxF)=divrot§, Vx(Vxg)=rotrotgF .

If the differential operator were not a symbolic vector, but a true one, then the double
“products” V x Vo= (V x V)p and V (V x §) would vanish identically (in ¢ or §, resp.), i.e., the
following identities would exist:

rot grad ¢ =0, (18)
divrot§=0. (18.a)

Now, it is easy to see that this is actually the case, based upon the transformation formulas above.
If we imagine that the surface S is closed in (17) and (17.a) then the bounding curve o will
reduce to a point, and the corresponding line integral will vanish. In that way, we will get the
identities:
(anrotSdSZO, (j)nxgradgodSZO,

or upon transforming that according to formulas (16.a) and (16.b):
jdivrot&dv =0, jrotgrad(pdv =0.

Since the volume that is enclosed by S is entirely arbitrary the integrands in those volume integrals
must vanish identically, which will then imply formulas (18) and (18.a).

One ordinarily writes the operation VV¢ = div grad ¢ in the form V2@, where V> = VV is
called the Laplace operator (it is often denoted by A, as well).

From the definition of div, one can obviously write:

.1
2 = — .
Vip Is|—>moV gSu grad o dS ,

or since n grad ¢ = (n grad) ¢ :
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V2p= giirg\%@(ngrad)gods. (19)

That formula shows that the operation V? can be applied to not only scalar functions, but also
vectorial ones, and indeed, when we replace ¢ with § in (19):

V2§ = Isigg\%q.)(ngrad){‘fds. (19.a)

If one reintroduces the symbolic vector V in place of the symbol grad and treats it as an ordinary
factor (which must, however, always appear in front of the function § to be differentiated) then it

will follow from the algebraic identity (5) that when one sets 2 = n, 8 =V (or conversely) and €
=5, one will have:
MV)F=n(VE)-VxmxF=V@mF-nx(Vxg).
Since:
Isiirg\%cﬁn(VS) dS =grad (V3) =V Ligg\%cﬁu%ds
and

1 .1
ISILIP)V(_lSnx(VXS)dS =rotVxg= VxISIngVandeS,

from the equations above, that will yield:

V2§ = grad div § —rot rot § . (19.b)

We will prove that identity more rigorously in the next section by means of the coordinate
representation for the vectorial differential operations.

§ 14.

The simplest way for one to get such a representation is as follows:
We consider the function ¢ () to be an ordinary scalar function of the three components x1, x2,

x3 of the vector argument t. From (13), when the vector n” is replaced with any of the unit vectors

e1, e2, e3 that determines the coordinate axes, that will give:

e; grad ¢ =grad; ¢ = 2—)((0 (i=12,3). (20)
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The components of the vector grad ¢ = V ¢ are then equal to the partial derivatives of the function
o (x1, x2, x3) with respect to the corresponding coordinates.
It will then follow that the operator V can be defined quite independently of the nature of the

function ¢ as a (symbolic) vector with the components 2 , 9 , 9 . When written in the form:
OX,  OX, OXq
Vzelijtezi+esi (20.a)

OX, 0%, 0%y

it is called the Hamiltonian operator, and can be applied to scalar, as well as vectorial functions
when the vector argument ¢ of those functions is replaced with the three scalar arguments x1, x2,

x3. In that way, one will get the following expressions for div §, rot §, and (2{ grad) §:

div%zvgziFl+iF2+iF3, (21)
0%, OX, 0%,
rot§ =V x§ = oF R e, + oK _K e, + oF, %% es, (21.a)
oX, OX, OX,  OX 0%, OX,

iLe.:

rotlgzﬁ—@, rotzgzﬁ—%, ro‘g&zﬁ—%, (21.b)

X, OX, OX; 0% X, OX,
and
oF, oF, oF,
Agrad §)i=A grad F;i= A—+A —+A— (=1,2,3). (21.
(A grad §); = %A gra A ox, A ox, A ox, @ ). (2lo)

One can also derive those formulas immediately from the corresponding defining equations
(11.a), (11.b) [(14) and (15), resp.] by choosing S to be the surface of an infinitely-small
parallelepiped whose sides are parallel to the coordinate axes. For example, in the case of div §,

when those sides are denoted by Ax; and the surfaces that are perpendicular to them are denoted
by S/, S (i=1,2,3) (such that S refers to the point x;, and S/ refers to the point x; + Ax;), one

will have:
3
pngds =D ([ (') ds/+ [(n"§"),ds},
i=1
or,since n/=¢;and nj=—¢;,ie, (" F')i=+ F and (0’ F)i=- §. :

" oF, (< oF
fngds = ZI(E ~F)dS, = Y — A, = (Z a_xj.v,
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in which V' = Ax; - S; = Ax1 - Axz - Ax3 means the volume of the parallelepiped. Obviously, those
equations are fulfilled only approximately up to quantities of the same order as the products V - AX.

However, if we pass to the limit Ax; — 0 then we will get the exact equation:

I|m ngds = it ,
Ax—0\/ i axi
which is equivalent to (19).
Formulas (20) and (21) will give:
2 2 2 2 2 2
divgrad(p=a(20+a(20+a¢ 0 +8 8—2 Q. (22)
Xt ox;  ox oxl ox;  ox

One can then, in fact, define the Laplace operator V2 to be the square of the Hamiltonian
operator (18.a):
& o
VP=(VWW)= —S+—5+—. (22.2)
ox: ox: ox

Now, it is easy to convince oneself that the same expression will be obtained for V2 on the
basis of equation (19.b). Namely, if one constructs the projection of the right-hand side of (19.b)
onto any axis [e.g., the first one (X1)] then, from (20), (21), and (21.b), one will have:

OX; OX

6£8F1 oF, anj a(aF 8F] 6(8[3 6Fj_82F1 °F, 0°F,
— =—=+—+— o ox + = + +

x|\ Ox,  OX, OX, ox X, o o ok

and that is nothing but the first component of the vector V> §, when V? is regarded as a scalar
factor in that way. Note that the projection of that vector onto any direction n is equal to
divgrad F, i.e.:

| V25 | = VF, . (22.b)

§ 15.

Now that we have defined and explained the differential operations of vector calculus, we must
(as in the usual vector calculus) establish the rules that govern the application of those operations
to sums, products, and compositions of functions.

The “derivative” of a geometric sum of several vector functions of a scalar or vectorial
argument is obviously equal to the geometric sum of the corresponding derivatives, just like with
ordinary differentiation. For instance:
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— {Ql O+B @)} = Ci:l_?+ddt%’ grad (p+ ) =grad ¢+ grad v, div (€ + §)=div € + div §,

etc.
Moreover, one can easily prove that in the case of a product of two functions of a scalar

argument, the same formulas that are true for scalar functions will still be valid, and indeed one
has:

d dgo dQl
— A+ 23
((0 ) = ot T (23)

dA dB
— (A B)= —B+A—, 23.
( )= a a (23.2)
—(2( %)—%—Q‘x% ledd—? (23.b)

For example, the last formula is obtained as follows:

%(Q{x%)z Iimi[(m+A%)x(%+A%)—ﬂx%]

= |lim
At—0

2 B A 4 PSS BN = S B Ax—

{AQ( ASB AA  AB } du dB
At At At At dt dt

The derivative of a product of two factors with respect to a scalar argument is therefore equal
to the sum of the derivatives that are obtained when each of variables is regarded as variable, while
the other one is regarded as constant. That rule can be easily generalized to double, and even more
complicated products, and will also remain valid when one differentiates functions of a vector
argument (t). That assertion can be proved in the same way for each type of differentiation, as we

did in § 10 for the two different operations that apply to the expression Islrrg\%qS(Ql n)$dS . In the

context of the coordinate representation of the vectorial differential operations, one can also
consider them to be a direct consequence of the corresponding theorem for scalar arguments.

In the simplest case of two factors (which might be scalar or vectorial functions of the vector
argument t), one must distinguish between four types of products:

oy, o8, €F, €x§,
and six corresponding types of derivatives, namely:

V(pw) =grad (¢ y), V(p3)=div(es), Vx(p§)=rot(¢F),

V(€@ xF)=div(ExF), Vx(ExF) =rot(€xF),
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and

V(€ §) = grad (€ 3).

One can carry out those differentiations completely by the detour of the coordinate
representation. However, it is simpler and more convenient to perform the corresponding
calculations with the help of the vectorial differential operation V directly. In so doing, as was
stated many times before, the latter can be considered to be an ordinary factor, but it must appear
immediately before the function to be differentiated. When the last requirement is not fulfilled from
the outset, the sequence of factors must be first switched by applying the algebraic identities (4)
and (5). In that way, we will get the following formulas:

Vipwy)=oVy+yVe,
V(3 =pVE+Ve-F, Vx(@pf)=pVxF+VexF,

with no further analysis, or with the usual notations:

grad(py)=gpgrad y+ yV(py)=pVy+yVe, (24)
div(p3)=¢divF+grad ¢ 3§, (24.2)
rot (pF)=@rotF +grad px § . (24.b)

In the last formula, the sequence of the two factors in the second term on the right-hand side
might seem initially doubtful. In order to determine the correct sequence, one must revert to the
original definition of the corresponding operation in this and analogous cases. If one considers §

to be constant then, from (11.b), one will have:
t(pF =|iml<j> < (¢)dS = lim igSn dS [xF =grad px §
rot (¢ §) umy (e S Ryt grad px § ,

which agrees with (24.b).
Moreover, from (4):

V(€ X Fg=const. =5 (Vx ), {V(EXF)fe=const. == E(V x§),

and as a result:
div(ExgF)=FrotE—Erot§. (25)

By means of the identity (5), when one sets 2 =V, B = €, and € = §, that will give:

{V x (& x 3)}32COHSL =EFV)E-F(V©,
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(VX (€ X F)}e-const. =€ (VE) - (EV)F,
SO
rot (¢ x §) = (§ grad) € — (€ grad) § + € div g - F div &, (26)

and in the same way, withA=§, B =V, C=¢ (A =¢,B =V, € =35, resp.):

(V€ B)-comt =(F V) E+Fx(VxE),
V(€ F)e=const. =(EV) F+EX(VxTF),
le.:
grad (¢ §)=(E grad) §+(§grad) E+ Exrot§+§ xrot €. (27)

If the functions g or § do not depend upon t directly, but only by way of another scalar function
of that argument /' (v) then their vectorial derivatives grad, div, rot, (A grad) with respect to t (just

like in the usual differential calculus) will reduce to the corresponding (ordinary, inner, outer, resp.)
products of the vectorial derivatives, e.g., the gradient of f times the derivative of ¢ or § with

respect to the scalar argument f. The following formulas will then be true:

_ v 42 _ (vi). 9% _ vi I8
V(p(f)—(Vf)df, VE ()= (V) et Vx5 fodf,
@v) 5 ()= @vHL,
or in the usual notation:
grad ¢ (f) = (grad f)?j—f , (28)
div § (f) = (grad f)-z—f, (28.2)
rot § (f) = (grad f)xi—fg, (28.b)
dg
(%A grad) § (f) = (A grad f)ﬁ' (28.¢)

In order to explain those rules of differentiation, we would like to derive formula (28.b) more
thoroughly. If we set:

d d
F=Fo+AF=5Fo+ (d—fJOAf=30+ [d_fgl(f_f())
in

.1
rot § = Isl_r)rgvsﬁnxgds ,
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in which the index 0 refers to the point considered, then when we recall that:

$nxg,ds =0 and g%fonx(‘jj—fj ds=0,
0

we will have:

Puxgds = ¢ f nx(i—flds = [gands]xG—fj ,

0
and as a result:

a1 dg) |1 ds | dg
rot§ = ISILQV[(JS f ndS}{d—fl— [Islmv fndS}x(d—fl—(gradf) X I

§ 16.

The differentiation of more complicated scalar or vectorial functions of a vector function (t)
can be reduced to the differentiation of the simplest functions of that type by means of the formulas
that were cited above. The simplest functions are initially the radius vector t itself, along with its
magnitude 7 and its square (tt) = r°, and the linear functions £ t and € x t, where £ means a

constant vector. Indeed, one can calculate the various derivatives of those functions by combining
the general formulas above. However, a simpler way to achieve that goal is when one starts directly
from the geometric meanings of those functions and the corresponding operations or employs their
coordinate representations.

For example, one can easily see that the integral Cﬁnt dS is equal to three times the volume

that is bounded by the surface S (since dS is the base surface of a skew cone with height n r), from
which, it will follow that Islrrg qgnt dS =3, 1ie.:

dive=3. (29)

One will arrive at the same result much more simply by means of the coordinate representation.
Namely, since 7; = x;, from (21), one will have:

dive= 28,9 %
oX, OX, OX,

=3.

One will get the formula:
rott=0 (29.a)

in the same way, and since > = X’ + X% + X} :
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grad r* =2, (29.b)
or since, from (28), grad r? =2r grad r:
grad r = : (29.¢)
r

The gradient of 7 is then equal to a unit vector that points in the same direction as t. That result

follows from the defining equation (13) with no calculation.
One easily obtains the following formulas in the same way:

grad (E v)=(Egrad)t=¢, (30)
div(Ext)=0, (30.a)
rot(Ext)=2¢, (30.b)

(A grad) (E x v)=(E x A). (30.¢)

For example, from (21.a), one has:

0 0 0 0
rot; (¢ x t) = 8—)(2(E><t)3 —a—XS(EXt)z = a_xz(kl X, =k, Xl)—a—)%(ks X, — Ky X3) =2k .
Otherwise, from (26) and (27):

rot (¢ x v)=—(bgrad)v+Edivre,
grad (¢ v) = (€ grad) v + £ rot v = (f grad) v,

such that one of the formulas (30) will suffice in order for one to derive formula (30.b) and the
second of (30) by means of (29) and (29.a).
In order to explain the rules of differentiation that were presented, we would like to consider
some even more complicated functions.
1. @=r". From (28) and (29.c), we will get:
grad r" = nr""gradr=nr" ¢, 31

in which 7 is an entirely-arbitrary number.

2. &= r"v. It will follow from (24) and (24.a) that:

div r"e=nr"?(tv)+3r",

1.e.:
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divr't=m+3)r", (31.a)
and furthermore, due to (29.a):
rot r'"t=0. (31.b)

That equation is a special case of the identity (18), since from (31), one will have r"t =

n+2

grad Note that for n = — 2, that formula must be replaced with ©/r? = grad In r.

n+2

3. §=(¢v)r(viz., the component of t that is parallel to £). From (24) and (30), one will have:

div(fr)yr=3¢trv+rt=4¢r,
rot(Bv)r=€xrt.

4. § = (& x t) x v (viz., the component of t that is perpendicular to £). From (26), one will

have:
rot [(E x v) xt]=(vgrad) (£ xv)—[(E xv)grad]t+ (E x v) dive—rcdiv(E x v),

and furthermore, from (30) — (30.c):

rot[Exv)xe]=txvr—€xr+3Exr=3¢xr.

Obviously, one will arrive at the same result when one replaces (£ x t) x t with (£ t) t — r’ £ using

(5).
C. — Coordinate transformations and tensors.
§17.

If we go from the original coordinate system (Xi, X2, X3) to another one (X, X,, X}) that is
also rectangular and has the same origin O, but with different directions for the axes then we will
get new values for the coordinates of a point P, i.e., the components of its radius vector OP = t,

namely:

!

— 4 —
X, = te, (k=1,2,3),
in which ¢, ¢, e; are the new “coordinate vectors,” i.e., unit vectors that determine the direction

of the new axes. If the new coordinate system (X') is a right-hand screw system, just like the

original one (X) (which will always be assumed in what follows) then one can think of it as arising
from the latter by a rotation.
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The relationship between the “original” and “new” components of the radius vector, or any
other vector 2, are determined by the quantities:

cos(X,, X)) =eel =, (i =1,2,3), (32)

which one can consider to be the new components of the original coordinate vectors.

If one sets:
A= T As = DA
then one will have:
N =5 = (ZAs o = TG,

Le.: | |

N:Z%A’ (32.2)
and likewise:

A= ay A (32.b)

Since one has:

" L ’
e, = E o, ¢ and &= E o e
i i

from (32), it will follow that the components of an arbitrary vector will transform in the same way
as the coordinate vectors under a rotation, or covariantly (°).

Quantities such as the inner product of two vectors or especially the square of a vector A’ =
A2 will obviously remain unchanged, or invariant, such that one will have:

AL2+A22+A§: ¢2+ ’2+A;2.

If one expresses the new components in terms of the original ones here by means of formulas
(32.a) then one will get the identity:

2= (g n [ Teer) - Ex A8 (T |

m
I

from which it will follow that:

(®) That is true for only rectangular coordinate systems. In the general case of skew coordinate axes, when the
components of a vector are different from the corresponding projections, only the latter will transform covariantly,
while the former will transform contravariantly, i.e., the new components will have the same relationship to the
original ones that the original coordinate vectors have to the new ones.
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Z 1 for k=I, (33)
Qi Oy =
— K 0 for k=l

Due to the known formula:

Zak“ o, = Zcos(xk X1) cos(X, X!) =cos (Xk X)),

those relations express the fact that the coordinates considered are rectangular, and that is why they
are called “orthogonality conditions.” One will get the reciprocal relations to (33) in the same way:

Z 1 for k'=Il, (33.2)
ad, O, — .a
— 0 for k'=l.

Therefore, the relations (33) and (33.a) are not independent but follow immediately from each
other.

§ 18.

In contrast to ordinary scalar quantities, which are independent of the orientation of the
coordinate system, the components of a vector have no well-defined values that are independent
of that orientation, even though they are also scalar quantities. We must then distinguish two types
of scalars in the coordinate representation of vectors: The ordinary invariant scalars, on the one
hand, and the variant ones, i.e., the scalars that transform covariantly with the coordinate vectors,
on the other. The introduction of variant scalars that represent a vector when combined into a triple
allows us to go further in that direction and construct quantities that relate to the vectors in the
same way that the latter relate to the ordinary (i.e., invariant) scalars.

For example, we can define the products of each pair of components of the vectors 2 and 8.

In that way, we will get nine quantities in the original coordinate system (X):

A1 B1, A1 B2, A1 B3,
Ax B1, A2 B>, A2 B3,
A3z B1, A3 B2, A3 B3,

and nine completely-different quantities in the new coordinate system (X'):
AB, AB) A,

KBl B/, AEB,
A;B/, A/B,, AB;,
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but which correspond to the original ones in the same way that the new components of a vector
correspond to the original components of the same vector.
On those grounds, one can regard the quantities 4; Bx and A B,, as the (scalar) components of

one and the same composite quantity relative to the coordinate systems (X) and (X'). That

composite quantity, which initially possesses no geometrically intuitive meaning, is the simplest
representative of the so-called tensor quantities, or more precisely, second-rank tensors.
One defines a second-rank tensor in the general case to be a quantity >¥ that can be represented

by 32 = 9 divariant scalars, i.e., nine scalar quantities whose values depend upon the choice (i.e.,
orientation) of the coordinate system in the same way that the values of the product of two
monovariant (i.e., representing an ordinary vector) scalars (1°). Those divariant scalars are called
the components of the tensor. If they are known for a coordinate system (X), and indeed equal to
Ti (i, k =1, 2, 3), then one can calculate them for any other coordinate system by using the
transformation formulas [cf., (32.3)]:

T = Zzaii' o (34)
K

Conversely, the original components of >T can be expressed in terms of the new ones by means of

the formulas:

Tu= D>ty e Tie s (34.2)
ik

which correspond to the formulas (32.b). [Obviously, one can also obtain it by solving equations
(34) for the Ty directly.]

One defines tensors of rank three, four, and higher in a completely-similar way. A tensor of
rank n "% is then represented in coordinate notation by 3” components that are n-fold variant

scalars, i.e., scalars that transform like the products of n vector components under coordinate
transformations (rotations of the original coordinate systems). In that way, one can consider the
vector components to be monovariant scalars and correspondingly consider vector quantities to be
first-rank tensors. The ordinary invariant scalars are added to that sequence as the tensors of rank
“zero.”

§ 19.

We would initially like to treat only the “ordinary” tensors, i.e., the second-rank tensors. Due
to the linear character of the transformation equations (34) or (34.a), we can conclude immediately
that the sums (or differences) of the corresponding components of two different tensors define a
new tensor. That new tensor, which corresponds to the geometric sum (or difference) of two vectors

(1% In particular, the coordinates of a point.



30 Introduction

is called the tensor sum (difference, resp.) of the other two *)3, 29, and will be denoted by *P +
20 (3B - 2Q, resp.). In general, the equation:

=P +2Q+IR+ ... (35)

means that T = P+ Quc+ R+ ... (i, k=1, 2, 3).
One can associate any tensor ¥ with the components T with another one >3 whose

components are determined by the condition:

T, = Th. (36)

That condition means that one will get the components of >3 when one transposes rows with
columns in the component matrix of > :

T, Tw, T,
T, T»n, T1Tx,
T31, T3, Ts3.

It is easy to see that the condition (36) is invariant under coordinate transformations, i.e., that
the new components of the corresponding tensors that are calculated from Ty and T, using the

formula (34) will satisfy the same condition:

! !
Tie = T
That shows that the quantities |, actually define a tensor. That tensor is called the transpose of

2T In particular, the following special cases should be noted:

1. Tw = Ty . The tensor > is said to be symmetric and is identical to the transposed tensor

2% The number of distinct components of % is equal to six.

2. Tw=— Tw. The tensor >T is said to be skew-symmetric or antisymmetric and is equal and
opposite to its transpose (*T +2% = 0). Since the “diagonal components” of 2%, i.e., T1, o2, T3,
will vanish in that case, the number of mutually-independent scalar quantities that determine *%

will reduce to three, namely:

Txn=—T=1T11, Tsi=—Ti=1>, To=-Tun=15. (36.a)
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It will then follow that a skew-symmetric tensor > must be completely-equivalent to T with the

components 71, 72, T3 .

In fact, it is easy to prove that the quantities (36.a) can be just as well considered to be divariant
scalars as monovariant ones. Obviously, a skew-symmetric tensor can always be constructed by
means of two different vectors 2 and ‘B whose components will satisfy the equations:

AiBr— Ak Bi=Tiu=—Tu

in the original coordinate system. However, from formulas (10.a), the left-hand side of those
equations are nothing but the components of the vector £ 2 x ‘B, i.e., the outer products of the

vectors 2 and 8. The scalars 71, 7>, T3 are then, in fact, the components of a vector:
T=AxDB .

An asymmetric tensor >T, i.e., a tensor that is neither symmetric not skew-symmetric, can

always be decomposed into a symmetric and a skew-symmetric part. Namely, if one sets:

2W=10T+%%), e, Pa=3(M+Ty) =Py
and

ZQ: %(25_21)9 i'e-a Qik: %(Tik _Tki) :_Qki
then one will have:

2&':2;,]3_'_22.

Since the statements above suggest that the skew-symmetric tensor 29 is equivalent to a vector
1], one will see that in the general case, a tensor (second rank) can be reduced to a symmetric

tensor and a vector.
§ 20.

The meaning of such a reduction initially emerges in the multiplication of tensors with vectors
or other tensors.
If one defines the following expressions that correspond to the inner product of two vectors:

ZTik Fk and zTik Fi s
k i

in which F1, F>, F3 are the components of a vector § and observes that those expressions are

completely equivalent, in regard to their type of transformation (“variance”) with ones that that are
obtained from them by the Ansatz Tix = 4; By, 1.e.:
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ZA B, F :Asz Fo=4;B5F
k k
and

ZABK Fi:BkZAFi:BiQ(g’

then one will see that ZTik F. must be equal to the i™ component of a vector, and ZTik F must
k i

be equal to the k™ component of another vector. We would like to denote the first of those vectors
by 2T § = 3§ 2T and call it the product of >T and §. The second vector will then seem to be the

product of 2% and §, such that:
(ZSS)i :ZTik Fk’
k

37
(Zig)k :ZTik F. 7

If the tensor >% is symmetric then the two products (37) will coincide. If one sets T = 2P +

2Q) in the general case, where * is symmetric = %(2‘3+ ZT), and %9 is skew-symmetric then
with:

On=—032=01, 051=—013=0>, On=-—01=0s,
that will give:

CERi=CP i+ F*xQ,
1.e.:
F-T=F*P+FxQ, (37.a)
and likewise:

T T =FP-FxQ.

The multiplication of a tensor by a vector then reduces to the corresponding multiplication of
the symmetric part of that tensor and the outer multiplication of the vector that is equivalent to the
skew-symmetric part by the vector considered (11).

Corresponding statements are true for the multiplication of two tensors *T and *G. Namely,

one can define two invariant scalar quantities from the components of % and *G :

zzk:Tik S and ZZK:T”( Si.

(*) Along with the cited “inner” multiplication that was cited, one can also introduce an operation that corresponds
to the outer multiplication of two vectors. However, it would not give a vector, but a tensor; see below.
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One sees the invariance of those quantities under coordinate transformation directly by means
of the Ansétze Ty = A; Bk, Sit = Ci D, since the first one will reduce to (22) (®B¢) in that way, and

the second one, to (AC€) (*BD). The first of the aforementioned quantities will be denoted by

*T %G and will be called the scalar product of the tensors >% and 6.

One will then have:
ZZTik Ski =236 =26"% > (38)
k

and correspondingly:
ZZTik Sik = zizé = 2(126.
ik
As long as one of the tensors >% and %G is symmetric, the latter product must coincide with
(38). In the general case (viz., T and ?G are both asymmetric), when 290t means the symmetric

part of 23, and )1 means the skew-symmetric part, one will have:

T/ =1PIM-29 M, (38.2)
and
2328 =X 2M+ QN .

One cannot get invariant scalars, but divariant ones, from the components of two tensors by

forming the product and simply summing (relative to one pair of indices), i.e., the components of
new tensors of the same (i.e., second) rank. One must then distinguish between the following four

types of products:
ZTiI Sk ZTiI Sy, ZTIi S s ZTIi Siks
| | | |

which we will refer to as the (i, k)-components of the tensor products:
2823
2‘ZX26, Zszé’ ‘ZX 6, 2§X26,

resp. We will then have:
(T x2S = DTy Sy. (39)
|

It will follow from that definition (*?) that tensor multiplication is not commutative, in general.
That operation will be commutative only when the two factors are symmetric.

Upon decomposing the latter tensors into their symmetric and skew-symmetric parts, from
(39), that will give:

(*?) Which corresponds to the usual definition of the products of determinants and matrices.
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2r£x26:2mx2m+2mx2m+2gX2m+2gx2m‘

Therefore, 23 x 290t =290 x 2P . As far as the other three summands are concerned, they cannot
be immediately reduced to the corresponding expressions in terms of the vectors £ and 1. One

initially gets the components of 2Q x 2N in the form of:
CAx2Mu=0uNiu+0uNa+013N31=—03 N3 — 02 No=— (QN) + 01 N1

CAxMM2=0u N2+ QN+ QisN2=-0> N,
Le.:
QN;, —(aMm) for k=i,

39.a
-QN,; for k=i. (39-2)

(CQ x M)y = {
The tensor 2Q x 2N is then composed from the two vectors £ and O by multiplying their

components (*°).
Moreover, one will have:

P 2D =Pu Nu + P2 Nat + Pis Ns1=— P2 N3+ Pia N2,
P M2 =Pii Ni2+ P2 No+Pi3N2= Py N3—Pi3Ni.

We would like to call those expressions the components of the outer product of the vector I

and the tensor %3 and denote them by:
CP x 2 = (N x 2P = — (P x M. (39.b)

Therefore, 3; means a vector with the components Pi1, Pp, Pi3 .

To conclude this section, let us point out that the multiplication of tensors with vectors or other
tensors, as it was defined above, obeys the distributive law, just like the inner and outer
multiplication of vectors. We will then have:

2T (A+B)=2TA+2TDB,
T +26) A =26 A+2T A,

etc.

(*®) If one replaces the radius vector of a point by the corresponding skew-symmetric tensor >t whose components
are r3 = — 3 = X1, etc., then the sum over all particles of a rigid body 2901 = — X" m (%t x %t) (m = the mass of a particle)

will determine the moment of inertia of that body relative to an arbitrary axis, and indeed, the moment of inertia about
an axis in the direction of the unit vector n will be equal to the inner product >0 n.
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§ 21.

From (37.a), the inner multiplication of the vector (*T 1) with another vector B will give an
invariant scalar quantity that can be written as follows in the general case of an asymmetric tensor
2:1' — 2;13 4 ZQ .

CTA)B=CPA) B+ AxB).

In what follows, we will always set Q = 0, i.e., we will consider only symmetric tensors. The
product of 2T, 2, and 9B will then be independent of the sequence of factors, which is why we can
denote it by simply *T A B.

In particular, if we set 2 =8 = ¢ then we will have:

Tre= T11 X12 +T22 Xz2 +T33 X32 + 2T23 X X +2T31 X3 X+ 2T12 X X, (40)

We will then get a quadratic form in the coordinates xi, x2, x3, in which the components of the
tensor 2% play the role of coefficients.

If one considers that tensor to be a constant quantity and the vector t (i.e., the coordinates xi,

X2, x3) then the equation:
2T v v =const. (40.2)

will determine a second-order surface, and indeed one that is entirely independent of the
orientation of the coordinate system. That is why one can regard that surface (ellipsoid,
hyperboloid) as the coordinate-free geometric representation of the tensor in question.

One can also introduce a corresponding representation for vectors since they can be considered
to be first-rank tensors. Namely, instead of representing a vector 2 by a segment (i.e., by a certain

value of the radius vector t) that is proportional to it and points in the same direction, one can just
as well use the plane that is perpendicular to it, i.e., the first-order surface that is defined by the
equation:

A v=A41x1+ Ar x2 + A3z x3 = const.

If one sets the constant above equal to 1 then the distance from the plane to the coordinate

origin will be equal to ! =1 , 1.€., inversely proportional to the magnitude of the

VR RA P
“first-rank tensor” that represents that plane. One will get a similar result for the geometric
representation of the (symmetric) second-rank tensor according to (40.a). The “magnitude” of the

tensor can then be defined by | *T | = |/ *T T .
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As is known, one can transform the surface (40.a) to its “principal” or “symmetry axes” by a
suitable rotation of the coordinate system, i.e., one can put its coordinate equation into the form:

2Trv= T X+, X +T X =const. =1 . (40.b)

The corresponding coordinate axes are called the principal axes of the tensor that determines that
surface (or is represented by it). They are then characterized by the vanishing of the components

S,L when i # k.

Note that such a “principal axis transformation” is impossible for asymmetric tensor, just like
the geometric illustration of it that was described above.

§ 22.

The principal axes of a tensor can be defined by saying that the vector T, which generally

has a different direction from t, has the same direction as ¢ for the principal axis directions.

In fact, the vector Tt is equal to the gradient of the scalar quantity %Z‘Stt, from which it will

follow that it has the direction of the outer normal to the surface (40.a) at the point in question that
is determined by t.

If one introduces an undetermined scalar A then the principal axes of the tensor *T will be

determined by the vector equation:

T r=Ar, (41)
or the corresponding scalar equations:
(M =A% +T, X% +T5 % =0,
T % +(Tp =) % +TyuX =0, (41.a)
T X +T,, X, +(T,;—A4)%, =0.

That will give the cubic equation for the scalar A :

T11 -4 T12 T13

T21 Tzz -4 T23 =0 (41.b)
T31 T32 T33 -4
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whose roots are equal to precisely the principal components T1'1 , Tz,z, T3’3 of T (**). If we develop

that equation in powers of A then it will assume the following form:

BoTW2_ 7@ _T® =0, (41.c)
with:
TO =T+ T+ T, (42)
2 2 2
T® = ng +T31 "‘le _Tzz T33 _T33 T11 _T11 T22 > (42.a)
and
Tll T12 T13

TO =T, T, Ts|. (42.b)
Ty Tp Ty

Since the roots of (41.c) are determined completely by quantities that are independent of the
choice of coordinates, they must also be true for the coefficients T®, T, T®  That is why they
are called invariants, and indeed, linear, quadratic, and cubic, resp., of the tensor *T. The

invariance of T® will follow immediately from the fact that for Tj = 4; By, one will have T® =
2A583. Similarly, one can recognize the invariance of T® since:

oT@ =27 21_('[(1))2.

By contrast, directly establishing the invariant character of (42.b) would require a special
examination.

§ 23.

Along with constant tensors, one can also consider variable tensors that are functions of time
or position, 1.e., the radius vector (tensor functions, tensor fields). One can define the differential
quantity that corresponds to the divergence of a vector by the following Ansatz, which is analogous
to formula (11.a):

. .1
div*T = lim=¢$ >Tnds. (43)

sS—0\/

(*) We would like to skip the proof of this here since the question of the principal axis transformation of second-
degree surfaces is discussed in textbooks on analytic geometry. We shall only remark that the most general condition
for the reality of all three roots to (41.b) is the so-called Hermitian condition: T = complex conjugate of T . That
means that when the tensor 2% is complex, and indeed equal to 22( + «[ -1 298, its real part > will be symmetric, while
the imaginary part 28 must be skew-symmetric.
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Since the product >Tn represents a vector (1°), the divergence of a tensor must also be a vector

quantity. By a suitable specialization of the surface S (viz., a parallelepiped whose edges are
parallel to the coordinate axes), (43) will imply the following coordinate-wise definition of that
quantity [cf., (21)]:

T,
(div %)= ), —*

—. 43.
o (43.2)

One can also define it symbolically as the product of the tensor 2% with the Hamiltonian operator

V. Note that, from (37.a), the divergence of an asymmetric tensor can be decomposed into the
divergence of its symmetric part 2P and the rotation of the vector £ that corresponds to its skew-
symmetric part:

div2T =div3p +divQ . (43.b)

It follows from (43) that there is a transformation formula that corresponds to Gauss’s theorem
(16.a):
$n’Tds = [diviTdv. (44)

One can also define two symbolic tensors by means of the symbolic vector V, and indeed a
2

symmetric one with the components V; V; = , and a skew-symmetric one 2V with the

OX; OX,
component matrix:

o 2 9
oX; 0%,
2y = _i 0 i
OX, oX,
o 9

0X, 0%,

The first of those “tensors” is a second-order differential operator, while the second one is a first-
order operator that is completely equivalent to V, which is only a different notation for the
operations that are determined by V. Upon applying that operator to a vector function, according
to the general multiplication formula (37.a) (in which 23 = 0 and Q = V), we will get:

W.F=VxZF=rotF. (45)

(*) Indeed, a vector whose direction coincides will the direction of the outer normal of the surface that represents
the tensor 2%, so n will play the role of the radius vector.
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Similarly, the “scalar product” of 2V with a tensor function will be:

2V.2Z=2VQ=2divQ, (45.2)
in which:
diV Q — aQZS + 60_31 + anZ )
ox,  OX,  OX

The right-hand side of that equation is often called the “rotation” of the skew-symmetric tensor 29
and is denoted by rot 2Q (rot 2Q = div Q).

An operation that would correspond to the rotation of a vector is not generally applied to tensor
functions.

When applying the operator V to products of tensors with vectors or other tensors, one must

consider rules of differentiation that are similar to the ones for the corresponding operations of
vector calculus. We would not like to go into the details of that question here.

§ 24.

In conclusion, we must add a few words about tensors of higher rank.
We have already given the general definition of a tensor of rank », "%, at the end of § 18. We

can construct such tensors by multiplying or differentiating the components of tensors of lower
rank (including vectors) (viz., “extension’). Conversely, we can also lower the rank of a tensor,
and indeed by summing over the components with two equal indices (viz., “contraction”). A third-
rank tensor *T with the components Ty will imply, e.g., in that way, three vectors with the

3 3 3 3
components ZTikk , ZTkik , ZTkki (i =1, 2, 3). The invariant scalar T® = ZT” should be
k=1 k=1

k=1 i1
mentioned as an example of such a contraction that we know of already.

In contrast to ordinary tensors, the asymmetric tensors of higher rank cannot be decomposed
into completely symmetric and completely skew-symmetric parts. One must halt that
decomposition when one gets to summands that are symmetric in some pairs of indices and skew-
symmetric with respect to all other ones.

A completely-symmetric tensor of rank n, "%, can be illustrated or “represented” by an

algebraic surface of order n :
n — —
Sre e v= _ E T X, %, -+ X, = const.

Iy
i

Therefore, the product "¥ § will mean a tensor of rank (n — 1) with the components:
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ZTilizi3-~in &1 .

=1
The tensors:
R = X, %, % (46)
and
I d"p
iyl axil axiz .. .ax

Iy

(46.a)

might serve as the simplest examples of symmetric tensors of rank n (¢ = any scalar function of t).

One can construct more complicated symmetric tensors from them by multiplying by
invariants scalars and adding. (Obviously, only tensors of the same rank can be added together.)
Note that the n-variant scalar (46) can be written in the form:

R (n1, n2, n3) = )(1nl X;Z XQB (n1 +n2 + n3 =n), (46.b)
and the number of components of "R that are all equal to R (n1, n2, n3) is equal to:

n!
n!n,In,!

Corresponding statements are true for the tensor (46.a) when R (n1, n2, n3) is replaced with:

0"

S (I’ll, na, I’l3) = A o~
axinl aXZ2 8)(33
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TIME-INDEPENDENT
ELECTROMAGNETIC EFFECTS



CHAPTER ONE

ELECTROSTATIC EFFECTS AND THE ENERGY PRINCIPLE.

§ 1. — Electric dipole.

In the presentation of the foundations of electrostatics, one ordinarily begins with the
consideration of electrified bodies, which are contrasted from the ordinary neutral bodies that one
regards as completely “free of electricity.” That juxtaposition is known to be unjustified since any
neutral body actually contains hidden electric charges of two opposite types in equivalent — i.e.,
mutually-neutralizing — amounts. Under ordinary circumstances, those charges are distributed
uniformly over the volume of the body such that not only the body as a whole, but also every
volume element in it that is not too small, will appear to be “neutral.” However, that uniform
distribution can be perturbed by certain influences, and indeed in such a way that an excess of
electric charges of the one type will appear in one part of the body, while an equivalent excess of
charges of the opposite type will appear in the other. Such a spatial separation of opposite electric
charges in a neutral body expresses itself in the appearance of forces of attraction between the
body and other neutral bodies in its vicinity, in such a way that a similar spatial separation of the
hidden electric charges would be “induced” in the latter.

A body or sub-body that contains electric charges of one or the other type in excessive amounts
is called electrified. Since all bodies are neutral in the normal state, the electrification of one of
them must always be coupled with the opposite electrification of other bodies that were either in
contact with it to begin with or defined a unified body with it. Conversely: The “neutralization” of
the body in question, i.e., the vanishing of the excess electric charges of a certain type that were
included in it, can take place only simultaneously with the neutralization of one or more other
opposite electrified bodies.

It follows from this that the appearance or disappearance of electric forces (i.e., forces of
electric origin) would always require the spatial separation or unification, resp. (convergence) of
electric charges of opposite type, but not the “creation” or “annihilation” of those charges.

One can then assert that electricity does not represent a random and variable attribute of
material bodies, but consists of elements — viz., “elementary charges” — that are just as
indestructible and invariable as the matter itself. As a result of their permanent coupling with
material bodies, those elementary charges must be considered to be an invariable and inseparable
property of the elementary particles that the material body is constructed from, in the same way
that the masses of those particles can be regarded as such a property. From that standpoint, it is
necessary from the outset to represent the idea that the smallest neutral material particles — viz.,
atoms — are composite structures that consists of even smaller electrified particles. One calls those
smallest of all material particles that are characterized by not only their mass, but also their electric
charge, electrons. Obviously, we must assume that there are two types of electrons in any atom
that have opposite charges of equivalent magnitudes.
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Without going into the deeper foundations and further development of the theory of electrons,
we would like to make the picture that was sketched out above the foundation upon which we will
build the general principles of electrodynamics.

In that way, we will not start with “isolated” electric charges, but with the simplest neutral
systems, which consist of two opposite charges (i.e., two oppositely-charge particles). Such
systems are called electric dipoles. We will initially consider the forces that electric dipoles exert
upon each other. In that way, one can treat an “isolated” charge as one end of an electric dipole,
the other (opposite) end of which is found at a very large (i.e., practically infinite) distance.

The main advantage that way of looking at things has over the usual one (in which it is not
dipoles, but individual charges, that are treated as the sources or points of application, resp., of
electric forces) is not only the fact that electricity is always composed of equal and opposite
charges, i.e., dipoles, but also the methodological advantage that will come to light in the following
discussions (*°).

§ 2. — The moment of an electric dipole.

For the sake of visualization, we will imagine an electric dipole as a small, fixed rod whose
endpoints are endowed with opposite charges of equivalent magnitudes. The equivalence of the
charges, i.e., the neutrality of the system that they define, will then be defined by the fact that when
the length of the dipole vanishes, the forces and torques that it exerts upon other dipoles, just like
the forces and torques that it experiences as a result of the other dipoles, should also vanish.

When the length of the dipole is very small compared to its distance from the other dipoles, it
will be called elementary. [The mechanics (viz., the “active” and “passive” effects) of an
elementary dipole must obviously remain unchanged in practice when one displaces it parallel to
itself, i.e., without changing its orientation, in a spatial region whose linear dimension has the same
order of magnitude as its length.] It can be easily proved from that principle that:

1. The mechanical effect of such an elementary dipole is proportional to its length, and

2. The proportionality factor, which will serve as a measure of the magnitude of the
corresponding charges, is an additive quantity.

Let D1 and D> be two identical and equally-oriented elementary dipoles that are found in a
very small spatial region V. We ignore the effect of those dipoles on each other and focus our
attention upon only the interaction of each of them with the dipoles that are found externally to
them (i.e., at a great distance from V) then those interactions must be approximately equal, and
independently of the positions of the two dipoles inside of V. That means that the mechanical effect
of the system that is defined by D; and D> will be twice as large as the effect of both parts when
taken individually in any relative configuration.

In particular, we consider the following two configurations:

(*6) That advantage is derived from the fact that the mechanical effects of the dipole can be determined from the
vector quantities that characterize that dipole, while isolated charges are characterized by scalar quantities.
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1. The opposite ends of D1 and D> coincide with each other (Fig. 5.a).

2. The same ends — i.e., the two dipoles —

coincide with each other (Fig. 5.b). _ Dy +_ Dy + - D, +

O OO O S —

In the first case, the opposite charges that lie - Dy +
next to each other define a dipole of vanishing (a) (b.)

length. We then get a single dipole D with the same
charges as D1 and D, but twice the length. With
that, it is also proved that the mechanical effects of different dipoles are proportional to their
lengths (}). If we introduce the proportionality factor as a measure for the magnitude of the
corresponding charge then a consideration of the second case will show that this quantity is
additive, i.e., that the effect of two charges that are found at the same point is equal to the effect of
one charge whose quantity is equal to the sum of the quantities of the two individual charges.

That additivity, which was established here for only charges of the first type, can be adapted to
opposite charges when one characterizes them by equivalent magnitudes with opposite signs (— or
+). The assignment of positive signs on charges of one type or the other remains entirely arbitrary.

If that assignment has been established and the unit of charge has been chosen then one can
state the following theorem: The mechanical effect of an elementary dipole is determined by the
product:

Figure 5.

p=el, (1

in which / means its length and e (> 0) means the absolute value of its charges.
One can consider the length of the dipole / to be the magnitude of a vector [, namely, the radius
vector of its positive “pole” (i.e., the positive charge) relative to the negative pole. Since the charge

e is obviously a scalar quantity, that notion corresponds to the fact that we can characterize an
elementary dipole by the vector:

p=el. (1.a)

That vector, whose magnitude is given by (1), is called the moment, or the electric moment, of the
dipole. In conjunction with some other quantities that we will consider later on, it determines not
only the magnitude, but also the direction, of the forces that act upon an elementary dipole and are
exerted by it.

§ 3. — Systems of elementary dipoles.

Let D1 and D> be two elementary dipoles with moments p; and p> that are different (in

magnitude, as well as direction) and found in the same small spatial region V. Since the mechanical

(Y Strictly speaking, that theorem can be proved for only the special case considered. However, its generalization
to arbitrary length ratios is quite obvious.
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effect of any of them when the orientation is fixed depends upon only the moment p; =¢; [; (i = 1,

2), but not the charge e;, one can set e; = 1 (i.e., e1 = e2 = 1), and in that way, the difference between
the dipoles is reduced to merely the difference between their lengths. We now move them together
in such a way that the positive end of the one coincides with the negative end of the other (Fig. 6).
The external effects of the corresponding charges must cancel reciprocally then, and the system in
question will be equivalent to an elementary dipole D with a length [ =[; + [, i.e., with a moment

p=p1tp2.
That result can easily be generalized to an arbitrary number of
T elementary dipoles. If they are found in a sufficiently-small spatial
region (1) then that system will be equivalent in regard to its mechanical
D interaction with external (i.e., very distant) dipoles to a single dipole

D whose moment is equal to the geometric sum of its electric moments.

Conversely, one can replace a given elementary dipole with a
moment of p will a system of arbitrarily-many elementary dipoles

Figure 6 (coupled to each other rigidly) whose moments p1, p2, ... satisfy the

condition:

prtpt...=p.

Obviously, the theorems above still remain valid for non-elementary dipoles (i.e., ones whose
lengths are not small compared to their distances from other dipoles that they interact with).
However, in that way, the mechanical effects of such dipoles are still not determined by giving
their moments. Nonetheless, one can decompose
a non-elementary dipole into a chain of ‘{ g v
elementary ones that are characterized
completely by their moments and positions.
Namely, if one couples the endpoints 4 and B of
the dipole in question with the moment e - AB by
a broken line with infinitely-small rectilinear
elements 4 P, PiP», ..., P, B, and imagines that
the charges + e and — e are concentrated at the
points Pi, P, ... then one will get a chain of
elementary dipoles with the moments e AP1, e P P>, etc., (Fig. 7) whose geometric sum is equal
to e AB. However, in so doing, one must observe that in this case, the individual elementary dipoles
cannot be displaced independently of each other, at least not in a region whose linear dimensions
are comparable to the length AB.

The form of the broken line 4 P Pa, ..., B remains completely arbitrary. In particular, one can
pass to the limiting case of a curve with continuous curvature. Each element do of that curve will
then be an elementary dipole that is associated with a moment d p = e 7 do, in which 7 means a

Figure 7.

unit vector in the direction of do (“tangential vector™).

() With the same linear dimension as its length.
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The problem of determining the interaction of non-elementary dipoles will be reduced to the
corresponding problem for elementary dipoles by means of that decomposition. In that way, one
can regard each elementary dipole as simply a point since it is not its length that should come
under consideration, but only its electric moment. When the moment is fixed, one can always make
the length arbitrarily small by increasing the charge. The kinematical description of an elementary
dipole will then reduce to the data of its “position,” i.e., the radius vector v of the point that

represents it and its “orientation,” i.e., the direction of its electric moment (whose magnitude we
shall regard as constant).

§ 4. — The statics of an elementary dipole. Electric field strength.

We shall now assume that all of the dipoles that act upon the elementary dipole in question are
fixed, while the latter can displace and rotate arbitrarily. We now ask how the external force § and

moment (i.e., torque) 9 depends upon its position (r) and orientation (p).

In order to answer that question, we would like to assume that those force effects have a
conservative character, i.e., it can be derived a still-undetermined energy function U (t, p). We

will refer to that assumption, which has fundamental significance for what follows, as the energy
principle (1).

The position of the dipole in question D will initially be fixed. However, it might rotate
arbitrarily around the point in question P. It will then follow from the energy principle that will be
oriented in a certain direction that corresponds to a minimum of energy as a function of p (for v =

const.). It is possible from the outset that there are several such stable equilibrium orientations (?).
Now let PO be one of those
directions. If the electric moment p of the

dipole falls in the direction PQ then the
moment that acts upon it will be equal to
zero. We now assume that the dipole
0 rotates out of that direction through an

angle @ (Fig. 8) and replace it with two
Figure 8. dipoles D and D; with moments p; = p
cos @ and p> = psin@ that are parallel

(perpendicular, resp.) to PQ. Since D1 experiences no torque, from what said above, the torque I

that is exerted on D must coincide with the torque 21> that acts on D».

() The energy principle means that the work that is done under a displacement or rotation of the dipole by the
forces and torques that act upon it depend upon only its initial and final positions (orientations, resp.), but not upon
the intermediate positions and orientations.

(® Ifno equilibrium orientation exists then the work done in returning the dipole to the original orientation would
generally be non-zero.
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Obviously, for sufficiently-small values of €, D must have the ambition to point in the direction
PQ, ie., the moment 91 must point perpendicular to the plane (D, PQ), and completely

independent of whether there are or are not other equilibrium directions. However, one can say the
same thing of the moment that acts upon D> due to the equality 971> = 9. However, since the angle

between D> and the line Q'PQ is a maximum, we can conclude immediately that PQ is the only
stable equilibrium direction, 1.e., the only direction that corresponds to the condition U (p) =

minimum.
Obviously, the moment 91> must be proportional to the electric moment of D2, i.e., the quantity

p sin 6. If we denote the proportionality factor (which is independent of p and 6) by E then since
M, = I, we will have:

M=E psin 6. ()

The magnitude of the vector 901 is then equal to the area of a parallelogram that is spanned, on the
one hand, by the vector p and a line segment of length E that points from P to O, on the other.

As aresult, if one considers E to be the magnitude of a vector € that is represented by that line
segment then one can determine the vector 1 as the outer product of the vectors p and € by using

the equation:
M=px €. 3)

The vector function 901 (v, p) will decompose into two factors as a result of that formula. One of
them depends upon only p (and indeed linearly), while the other depends upon only t (and in a way

that is still completely unknown).

Now, it is easy to obtain the corresponding decomposition of the energy function. The work
that must be done against 91t in order to increase the angle &by dé is equal to the product M d6.
On the other hand, it is equal to the corresponding increase in energy dU. From (2), we will then
get dU =E p sin 8d6, and as a result:

U=-Epcos 8+C,

since & = 0+ x. The potential energy U + U’ of the system that is defined by the two dipoles
(relative to the other “external” dipoles) will then reduce to 2 C. However, since the resultant
electric moment of that system is equal to zero, it can experience no forces whatsoever. That is
why the quantity C must also be independent of t. As a result, we can set C = 0. We accordingly

get the following general expression for the energy as a function of p and r:

U=-pEcos@ =—p €. 4)
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If one imagines that the form of the function & (t) is given then one can calculate the force § that

acts on the dipole from (4) using the energy principle. The work done by that force under a
displacement of the dipole through the line segment d r with its orientation fixed is, in fact,
determined from the equation:

Sdev=—dU=d(p &)=dr-grad (p &)
(see the Introduction, § 10), i.e., due to the arbitrariness in d ¢ :
$=grad (p €)= (p grad) €+ p xrot € 5)

[Introduction, formula (27)].

The vector, or better yet, the vector function € (t), which determines the effect of all “external”
dipoles on the one in question (if one ignores the presence of the latter at the point in question), is
called the (external) electric field strength. One can evaluate the direction and magnitude of that
field strength experimentally using formula (2) by means of a dipole that can be displaced and
rotated freely. Indeed, the direction of €& coincides with the one that the dipole seeks. The
corresponding magnitude £ is equal to the ratio of the largest moment that is exerted on the dipole
in an orientation that is perpendicular to the latter to its electric moment.

It should be noted that the force § vanishes forp L & (6= 90°) [according to (5)]. By contrast,

the moment 91 vanishes for p || €, while § attains its maximum magnitude for the position of the
dipole in question. In particular, for €= 0, § falls in the direction of the fastest increase of E, for

= 180°, it falls in the opposite direction, i.e., the direction of steepest descent. The first of those
orientations (for a fixed position) corresponds to the stable equilibrium, while the second one
corresponds to the labile one [U = minimum or maximum, resp., according to (4)].

§ 5. — The vortex-free character of the electric field and its effect on isolated charges (poles).

The forces that act upon a non-elementary dipole in a given electric field can be determined by
decomposing that dipole into a chain of elementary ones (§ 3). According to the energy principle,
in order to do that, we need to calculate only the potential of the dipole in question. Obviously,
that potential energy U is equal to sum of the energies that correspond to the individual elementary
dipoles (*). If they define a curve o (Fig. 7) then dU=—-dp - &€ =—(redo ) =—e E: do, in

which € is the electric field strength at the location in question, and E; means its projection onto

do, and as a result:

() In that way, it is obvious that one must deal with their energies relative to external electrical systems, but not
relative to each other.
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B
U=—ejETda. (6)
A

The integration is performed from the negative to the positive end of the dipole in question.
The force effect that is exerted upon the dipole is obviously composed of two forces §4 and f»

that act on its ends. We now imagine that those ends, i.e., the corresponding poles (with charges
—€ and + e), are displaced from the points 4, B to the neighboring points A’, B'. The work that is

done by that will be §4 54 + fs 6§z, where 6 4 and & fs mean infinitely-small displacements AA’

(BB', resp.). On the other hand, from the energy principle, that work done must be equal to the
reduction in the potential energy of the dipole, i.e., to the difference — 6 U=— (U’ — U) . Due to

the arbitrariness of the curves o and ¢’, we can consider the latter to be the lengthening of the

B’ A B B
former that is defined by the line segments AA’ and BB’ and correspondingly set _[ = I +I+J. =
A A A

B B A
J + J —j (the integrands have been omitted, for the sake of simplicity). We will then have:
A B A

B’ A
—SsU= eIEr,da’—eIEr,da’ =e(CpSts)—e(CsSta).
B A

If one compares that expression with the original one:

—oU=fp0fp+fa0fa
then that will give:
fp=-e €p, fa=—eCy.

As a result, the force f that is exerted on an isolated pole with charge e will be equal to:
f=eC. (7)

That formula corresponds to the usual definition of the electric field strength, namely, the force
that acts on a unit (positive) charge at the point in question.

The energy of the dipole (4B) is a well-defined quantity that must remain independent of its
decomposition into elementary dipoles, i.e., the form of the integration curve (6). If one connects
two such curves o1 and o into a closed curve o and integrates along o7 in the positive direction
(from A to B) and along o in the negative one (from B to 4) then that must always give zero. We
then reach the conclusion that the circulation of the vector € along any closed curve vanishes, i.e.:

$E.do =0.
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It will then follow from Stokes s formula [(17), Introduction] that the electric field strength must
satisfy the condition:
rot =0 (8)

in all of space. That condition, which can be regarded as a direct consequence of the energy
principle, expresses the basic property of the electric field, namely, it is vortex-free. Since (8) is
fulfilled identically in ¢, according to [(18), Introduction], one can set:

¢E=—grad ¢, 9

in which ¢ means a still-undetermined function that is called the scalar or electric potential. One
correspondingly refers to the field of vectors & as a vortex-free, or potential, field.

The physical meaning of the potential ¢ is clarified by formula (6). Namely, from (9), one has:

E:=—-grad: p=— de ,

do
and as a result:

U=e(pp— @a)=ep pp+es @4.
The potential energy of an isolated pole is therefore equal to:
U=egp. (10)

The electric potential ¢ at any point P is then equal to the potential energy of a unit (positive)
charge that is found at that point relative to all charges that contribute to that potential.
Since the force f that acts upon the pole in question must be equal to the negative gradient of

its potential energy, we further get f = — grad U= — e grad ¢, or from (9), f = e €, i.e., formula (7).

§ 6. — Reducing the effects of dipoles to those of isolated poles.

In the usual presentation of electrostatics, which starts from a consideration of the interaction
of isolated poles, formula (7) is cited as a definition from the outset. The energy principle [in the
form (9)] is derived from the assumption that the force between two electric poles has the direction
of the line that connects them, i.e., it is a “central force.” The force and torque that are exerted on
a dipole can then be calculated from the two forces that act upon its individual poles.

In the case of an elementary dipole with an infinitely-small length Py P> =1, in the calculation
of the moment 9, one can consider the forces j1 =e1 €& =—e & and f» =e2 € =+ e Exto be

equal in magnitude, but opposite in direction, and as a result set 91 = [ x e €, where € means the

electric field strength at any point P of the dipole (Fig. 9). In that way, one will come to formula
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(3). If one considers the difference between the forces f2 and fi then that will give the force that

acts on the dipole as their geometric sum:
S=fithh=e(E-¢E).
Due to the smallness of /, one can then set €, — &; = ([ grad) € (Introduction, § 10), and as a result:

§=(pgrad) €. (11

That formula will coincide with (5) when one observes the condition that rot & = 0, which follows

from the energy principle.
As far as the potential energy of an elementary dipole is concerned, it will reduce to the sum
of the corresponding energies of its two

ends, i.e.: P>
b + e f'z

U=erprtem=ce(pm— )
:e([vgradq)):_(p QE):

which agrees with (4).

Although that (usual) way of looking at P,
things is somewhat simpler than the one that /1 —e
we have proposed in the previous sections,
the latter has the advantage that it can be
adapted immediately to the action between electrical currents, and in that way the analogy and
differences between the two types of action will emerge more clearly.

Figure 9.




CHAPTER TWO

ELECTROKINETIC (MAGNETIC) EFFECTS
AND THE ENERGY PRINCIPLE

§ 1. — Electric currents.

Any orderly motion of electricity in material bodies under which the opposite charges are
displaced relative to each other is called an electric current. An electrical current can then be
created by the motion of opposite charges in opposite directions or by the motion of charges of a
certain type, while the other ones are in a state of complete rest. The case in which both types of
charge move in the same direction with different velocities can be regarded as the superposition of
one of the two aforementioned cases with a collective motion of the material body in question,
which is a collective motion that remains entirely ineffectual from the standpoint of electricity.

If one imagines that the opposite charges are coupled with each other pair-wise into elementary
dipoles then the current process will reduce to the time variation of the electric moment of those
dipoles at each moment.

Let v; and v2 be the radius vectors of the ends P and P> of one such dipole relative to a fixed

point O. If we consider the charges e; = — e and e> = + e that define it to be constant then that will
give:
i—fze(bz—bl)zelbl‘l‘ezbz (D

for the time derivative of its electric moment p = e P; P> = e (v2 — v1), in which b1 =d v/ dt and
v2 =d v2 / dt mean the “absolute” velocities of the two charges, and b2 — b means their relative

velocity.

In what follows, we would like to call the product of the charge of a particle with its velocity
the electric impulse of that particle (by imitation of the usual mechanical impulse, which is equal
to the product of mass and velocity). The content of formula (1) can be expressed as follows: The
time derivative of the electric moment of a dipole is equal to the geometric sum of the electric
impulses of the poles that define it.

The electric impulse per unit volume of the body in question is called the current density (at
the point in question). One can also define the density of the electric current J to be the time

derivative of the electric moment |3 per unit volume, i.e., the geometric sum of the moments of

the dipoles that are found in a very small volume at the moment considered, divided by the
magnitude of that volume element.
One will then have:

~_ dp 5
J W (2)
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The vector P is ordinarily referred to as the electric polarization of the body at the point in

question. Its introduction is especially convenient when the positive and negative charges that are
found in any volume element always remain in the same element, i.e., one cannot separate them
from each other. That is the case for the so-called dielectric bodies, whose molecules can be
regarded as dipoles that are composed of inseparable charges.

By contrast, for the electrical conductors (such as electrolytes and metals), the individual
charges (e.g., electrons, ions) drift about independently of each other throughout the entire volume
of the body. In that case, in order to be able to preserve the concept of polarization and the relation
(2), one must show that the opposite charges that are coupled with each other into elementary
dipoles will switch with each other from time to time in order for their mutual distance to always
remain small (compared to the dimensions of the body).

§ 2. — Stationary electric currents.

If the current density at each point of the body under consideration remains constant in time
(which can be true for only conductors) then the electrical current is called stationary (or also
“direct current”).

In that case, one can show that the electric charges move in closed curves and that the charges
that leave from one side of a volume element will be immediately replaced with other ones that
enter from the opposite side.

Imagine that there are N particles with charge e in a unit v dt
volume, and that they move with the same velocity v. The part of

the current density that corresponds to those charges is obviously
equal to N e v. Let dS be a surface element whose normal n defines

the angle @ with the direction of motion (i.e., with v) (Fig. 10). The

number dv of charges of the type in question that go through dS Figure 10.
during the time interval dt is equal to the product of N with the
volume of a cylinder with the base surface dS times the height v dt - cos 8= (v n) - dt = v, dt. If

one counts that number as positive when €< 90° and negative when 8> 90° then one will have:
dv=N(bn)dSdt.

Upon multiplying that expression by e and summing over all types of charges (with different e or
v) that are found in the body in question (or better yet, they move in it), we will get the total amount

of electricity that flows through dS in time df:

dO=YNe(bn)dSdt=(ENev)ndSdt.
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Note that the part of the electrical current through dS that consists of positive charges will be
positive or negative according to whether it moves in the direction of the normal n (6<90°) or the

opposite direction (6 > 90°), resp. Conversely, the corresponding part that consists of negative
charges will be negative in the former case and positive in the latter.
The sum 2 N e v is obviously nothing but the current density J that was defined above. The

amount of electricity dQ / dt that flows through dS per unit time is called the strength of the
corresponding current. The electrical current strength for an arbitrary surface is expressed by the
integral:

I=[3,ds. 3)

In the case of a closed surface, that current strength must be equal to the decrease per unit time
in the amount of electricity in the volume V that is bounded by S (as usual, n means the exterior

normal). That theorem is an immediate consequence of the principle of the indestructibility of
electric charges (Chap. I, § 1). If we denote the electric charge density, i.c., the sum 2. e of the
charges in a unit volume, by p, then we can express the aforementioned “conservation law” in the
form:

$3,ds =- %jpdv.
Moreover, by means of Gauss’s formula, we will get:
ﬁwzm/=—ﬂjpmu
dt
or since %Ipdv = I %Odv :

. op
divi+—|dV =0.
I( ! 6tj

Due to the arbitrariness in the volume ¥, the integrand must vanish identically, such that the law
of conservation of electric charge can be expressed as the following differential equation:

9P+ div3=0. (4)
at

In the case of a stationary electric current that is of interest to us, we will have dp /0t =0, and as a
result:

divy=0. (4.2)

That equation shows that the “current lines,” i.e., the curves that represent the vector field i, are

source-free, 1.e., they have no starting or ending points. As long as the electric current takes place
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in a bounded space, they must then be closed curves. The set of all such curves that go through an
open surface S (or the line o that bounds it) can be regarded as a current thread or “tube.” The
current strengths 7 = | J, dS keeps the same value for arbitrary cross-sections of that “tube.”

One can then think of any body in which a stationary electric current is found as a set of such
“current tubes” with infinitely-small cross-sections that play the same role in regard to the current
distribution that, e.g., the ordinary volume elements (with infinitely-small sides) do in the
distribution of electric charge (or polarization). We will refer to each infinitely-thin tubular current
element as a /inear electric current.

Clearly, there are no linear currents, in the mathematical sense of the word. However, one can
treat an electric current that flows in a very thin metal wire (as long as its interaction with other
such currents is considered) as linear in practice, just as we have treated the two poles of a dipole
as point charges in the previous chapter.

§ 3. — The magnetic moment of a linear current.

The electrical currents, or rather, the bodies in which they circulate, exert certain actions upon
each other that one refers to as electrokinetic or magnetic. Those actions can be studied most
simply with linear electric currents, which play the same role in this context that the electric
dipoles play in the study of electrostatic actions. The
elementary dipoles then correspond to elementary linear
currents, which are characterized by the fact that the G do
corresponding current lines (which we will think of as i
infinitely-thin rigid wires) are planar and very small .
compared to their mutual distances. Figure 11. )

We next observe the following completely-obvious fact:

If the current line contracts to a point then its mechanical (i.e., magnetic) effect must vanish. It
must likewise vanish when the current line contracts to a “double line” of finite length, i.e., to a
line that consists of two practically-overlapping halves (Fig. 11), such that the sum of the electric
impulses in each double element of that line (do) will be equal to zero.

One can conclude from this that the geometric quantity that is decisive for the mechanical
action of an elementary current line is not its length, but the area of the surface that it bounds.

We next exhibit two completely-identical elementary current lines of rectangular form that
have the same orientation and are found next to each other in a region V of roughly the same
dimensions as their own lengths. The mechanical effect of the system that they define on external
(distant) electric currents must obviously be twice as large as the corresponding effect of each of
the two current lines considered, and it must be entirely independent of their relative positions ().
In particular, one can place them in such a way that two of their sides coincide (Figs. 12.a, b).

() As long as they remain in the region V.
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Those coincident sides will then define a double current line whose mechanical effect is equal to
zero. The other six sides define a new

rectangular current line whose form is different ==/ —

in the cases a) and b), but have the same area 2 f g l T S l

S, where S means the area of the two isolated :

current lines. That will then show that the == -—

mechanical effect of an elementary current line a)

is independent of its form and proportional to its —J

area (). T S l —2J
Instead of placing the current lines that were -—

considered above next to each other, one can

—
overlap them, as is suggested in Fig. 12.c. In that T S l —
way, one will, in fact, get an isolated current line .
with the same form and circumference as the - ©)
original one, but with a current strength 2 I that b)
is twice as large. Figure 12.

We then see that the mechanical effect that
an elementary current line exerts on an external (distant) current or experiences from such currents
is proportional to the area S that it encloses and the current strength 1, i.e., it is determined from
the product / S. That product, which corresponds to the electric moment of an (elementary) dipole,
is called the magnetic moment of the current under consideration (or the current line).

When one treats the interaction between electric currents, it is convenient to introduce a new
unit for current strength that we will first determine later. Let the ratio of that new “electrokinetic”
unit to the original “electrostatic” one be c¢. That means that the “electrostatic’ strength of a current
I corresponds to the electrokinetic strength:

i= 1. ()
C
The magnetic moment of a current line is then determined by the formula:
m=i§. (5.2)

Just as in the case of a dipole, one can consider m to be the magnitude of a vector quantity. We
define that vector quantity by:
m=iSn, (5.b)

in which n means the normal to the current plane. Its direction shall be associated with the sense

of traversal on the current line o that is determined by the direction of the current using the right-

() That proof is carried out for only current lines of rectangular form here. However, its generalization to current
lines of entirely-arbitrary form raises no difficulties. Namely, one can decompose any such line into rectangles and
rectangular triangles (on the boundary). In that way, a triangle will be equivalent to one-half of the corresponding
rectangle (in regard to its effect).
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hand screw rule. The magnetic moment of a planar current line is then equal to its geometric
moment S w (cf., Introduction, § 4), multiplied by the current strength i. That definition can be

adapted directly to arbitrary non-planar current lines (see below, § 4).

Note that the opposite direction of current for a given orientation of o must obviously have the
same consequence as the opposite orientation, namely, the opposite of the direction of the forces
and torques that act on the current line or by it. From (5.b), that would correspond to the opposite
sign for m. One then sees from this that the magnetic moment of an elementary current line must

determine both the magnitude and direction of its mechanical effect (“passive” and “active”)
completely.

§ 4. — Systems of elementary currents. Non-elementary currents.

Let o1 and o» be two elementary current lines with magnetic moments 1 and m; that are

found in a very small spatial region V. Since the forms of those lines (insofar as it is independent
of the area) and their current strengths are irrelevant to their mechanical effect, just like their
relative positions in ¥V, one can replace them with two parallelograms with the same current
strengths 71 = i> = 1 that lie next to each other. In that way, we will get the picture that is suggested
by Fig. 4 (Introduction, § 4). By adding the two “triangular currents” POOP and P'Q'O’P’ with

equal and opposite moments to the “parallelogram currents” PQQ'P'P and OPP'O'O being
considered, we will get a single resultant elementary current that is represented by the
parallelogram OQQ’O’O. The magnetic moment of that current m is obviously equal to the

geometric sum of the moments of the other two parallelogram currents, i.e.:

m=m;+my.

The result can be easily generalized to an arbitrary number of elementary linear currents, as long
as the current lines in question are found to be sufficiently close to each other and at a large distance
from the other currents that they interact with.

Just as we had decomposed a non-elementary dipole into a
chain of elementary ones in the previous chapter (§ 3), we can
replace a non-elementary linear current, i.e., a current line of
arbitrary form and magnitude, with a network of elementary
current lines. That replacement or “decomposition”
corresponds completely to the decomposition into closed curves
or the surfaces that are bounded by them that was considered in
the Introduction (§ 3). We must only imagine that those curves
are the carriers of electrical currents of the same strength and
Figure 13. then determine the sense of traversal on each curve from the

direction of current.
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In that way, the question of the mechanical effect of an arbitrary non-elementary current line
o will be reduced to the calculation of the corresponding effect of the network of current lines that
replaces it. One can imagine that this network of current lines spans an entirely-arbitrary surface
S that is bounded by o (Fig. 13). Therefore, every network of lines, with the exception of o, can be
considered to be a doubled current line, such that the mechanical effect of the entire network of
currents must always be equal to the effect of the current line o.

According to (5.b), one can express the magnetic moment of an elementary current line that
bounds the surface element dS with the normal n by:

dm=indsS.
The geometric sum of all those moments, i.e., the integral:

mZiIndS, (6)

is called the magnetic moment of the current line o in question. That vector is obviously equal to
the product of the current strength i with the geometric moment of the curve o that was defined
before (Introduction, § 3). For sufficiently-small dimensions of that curve, the mechanical effect
of the corresponding current will be characterized completely by the vector m, even when o is not

a plane curve (so when the current is not “elementary,” properly speaking). Otherwise, in order to
evaluate the total effect of the current in question, one must calculate the corresponding effects of
the elementary currents that replace it individually.

Since the vector m or | n dS depends upon only o,
but not upon the form of the surface S, it would seem
reasonable to express it in the form of a line integral that
is taken along o. The conversion is given by simply

n
specializing the surface S. Indeed, we would like to
0 J consider S to be the outer surface of a cone whose vertex
d might lie at an arbitrary O (Fig. 14).
Since the normal n keeps the same direction at all
T points of a triangle through O and is determined by do,

one can take the area of that triangle to be the surface

Figure 14. element dS. If we further observe that n falls in the

direction of the outer product v x 7, where v means the radius vector to a point of o (do, resp.),

and 7 means the corresponding tangent vector, then we will have:

ndS= %tx Tdo,

and as a result, from (6):
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m:%(jStXTidG. (6.a)

That expression has a very illuminating physical interpretation. If we imagine, for the moment,
that the current line o is replaced with a very thin current thread (e.g., a wire) of cross-section ¢
then the current strength can be represented as the product of ¢ with the current density j = (1 / ¢)
J. Moreover, since the direction of j coincides with 7, and the product ¢ do means the volume dV

of the corresponding element of the current thread, we will get:

rido=jdV=3 Su, (6.b)
C

i.e., the “current element” 7i dois equal to the electrical impulse of the charges that are present in
that element (do), when expressed in the electrokinetic units, just like j. One can correspondingly

define the integral Cj)txrida to be the electric impulse moment or the electric angular

momentum of the current considered, which corresponds to the usual definition of the mechanical
angular momentum when one replaces the mass of the material particle with the charge. As one
can see from the argument that was posed, that electric angular momentum, which must be defined
relative to any point (O), is independent of the choice of that point.

The magnetic moment of a linear electric current is then equal to one-half of the resulting
electric angular momentum of the moving charges that define that current.

§ 5. — The statics of electric currents. The magnetic field.

Since an elementary electrical current is determined completely by its magnetic moment in the
context of its interaction with other currents, we can treat that interaction in the same way that we
treated the elementary electric dipole. Just as we did with the latter, we will ignore the dimensions
of the current line completely, so we will actually treat it as a point that is characterized
kinematically by its position (tr) and the orientation of the vector m that is coupled with it, and

statically by the force § and torque 2J1 that acts on it. We will further assume that even in that

case, the two force effects can be derived from an energy function U (r, m) that we will call the

magnetic energy of the elementary current considered relative to the other currents that it is found
to interact with.

Under those circumstances, one must obviously once more find the same expressions for U,
N, § that were exhibited in the previous chapter for an elementary dipole when one introduces

the magnetic moment m in place of p (viz., the electric moment), and replaces &, the electric field

strength, with the corresponding magnetic vector quantity, namely, the so-called magnetic field
strength $). We then get the following formulas, which are completely analogous to equations (4),

(3), and (5) in Chap. I:
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U=—-m 9, (7)
M=—-mx 9, (8)
F=grad(m $). 9

One observes that in so doing, one says absolutely nothing about the relationship between magnetic
and electric field strengths as functions of ¢. The vector fields € (v) and $) (v) can have an entirely-

different structure from the outset. It is actually easy to derive the fact that a certain contrast exists
between the two fields in that regard from the energy principle.

Namely, one now considers the magnetic energy of a non-elementary current relative to the
currents in whose field $) one finds it. One can obviously determine that energy U from the sum

of the infinitely-small contributions:
dU=-9dm=—iHndS=-iH,dS,

which correspond to the individual elementary currents that replace the current in question (§ 4).
One will then have:

U=-i[H,ds. (10)
The surface integral:
®=[H,ds (10.a)

means the “magnetic flux” through any surface that is bounded by the current line o. It plays the
same role as the line integral of the electric field strength for the energy of a non-elementary dipole
[Chap. I, formula (6)].

Since the magnetic energy of a given current of the type that one decomposes into elementary
currents is independent of the choice of the outer surface S that one imagines is spanning the
network of those elementary currents, in particular, the integral (10.a) must have the same value
for two different surfaces S’ and S”. By inverting the normal direction on one of those surfaces,

one will then get .[H"' dS'+I H,dS" =0,ie.:
$H,ds =0,

in which S means the closed surface that is defined by S’ and S”, and n means the corresponding

exterior (or interior) normal to it.

One will get the same result when one contracts the current line o to a point. In that way, the
surface S in (10) will be closed, and the energy U will obviously be equal to zero.

It follows from the fact that the magnetic flux through any closed surface vanishes and Gauss’s

formula [ qs H, dS = [ div $ dV] that the magnetic field must fulfill the condition:
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div$H =0 (11)

in all of space. That condition is a direct consequence of the energy principle and corresponds to
the condition rot & = 0 for the electric field. It means that the magnetic field is source-free, i.e.,

that the “magnetic lines of force” are closed curves in general.
Due to the character of equation (11) as an identity with respect to v, one can appeal to the

identity div rot § = 0 [Introduction, formula (18.a)] and set:
$H =rot A, (12)

in which 21 means an as-yet-undetermined vector function. We will call that vector function, which

corresponds to the scalar potential ¢, the vector potential or also the electrokinetic potential.
Note that the vector potential is not determined uniquely by the magnetic field strength. That
is because one can add the gradient of an arbitrary scalar function to 2(. Since its rotation vanishes

identically, $) will remain unchanged in that way. By a suitable choice of that scalar function, one

can determine the vector potential in such a way that it will satisfy a given scalar condition, e.g.,
the condition that it is source-free:

divA=0. (12.a)
If one substitutes (12) in (10) then, from Stokes’s formula [Introduction, (17)], that will give:
U=-i$pAdo=-Arido. (13)

By means of that formula, the magnetic energy of the current line in question will be expressed as
a sum of parts that are associated with the individual elementary of that line [and not the elementary
currents that replace them, as in the original definition by formula (10)]. However, we will see
immediately that such a decomposition (in contrast to the corresponding decomposition in the case
of electric dipoles) is not always permissible, with no further conditions.

§ 6. — The effect of the magnetic field on isolated current elements and moving charges.

However, we would next like to attempt to treat the quantity:

dU=-217tido (13.a)
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as the magnetic energy of the current element do (recall that the vector i Tdorepresents the electric
impulse of the charges that are found in do). The force d § that acts upon that current element

must then be calculated from the formula d § = — grad (dU), i.e.:
d¥=grad (i tdoA)=(i trdograd) A +i 7do xrot A .

If one sets rot 2L = ) and observes that the vector (i 7do grad) 2( is equal to the difference 20> —

U1 = d 2 for the endpoints of the line segment dothen one can write the formula above as follows:
dF=idA+itxHdo. (13.b)

Upon integrating along the current line o, the first term on the right-hand side of (13.b) will drop
out since one obviously has cj)dQl = (. The total force that acts on that line is then equal to:

5= i(ﬁrdax?l.

As long as one considers that total force, it is therefore entirely irrelevant whether the
corresponding elementary force is defined by (13.b) or by the simpler formula:

d§=itdox$. (14)

We shall now attempt to derive that elementary force from the change in total energy U that
results from a very small displacement of the current line considered in the magnetic field. In so
doing, it is not necessary to regard that line as rigid (as we
did for the elementary currents). Rather, we can treat it as
a flexible and extensible string.

Let the “original” and “displaced” current lines be
denoted by o and o' (Fig. 15), and the corresponding
energies by U and U’. Moreover, let S’ be an arbitrary
surface that is bounded by o'. Since the corresponding
surface for o can be chosen to be entirely arbitrary, one can
represent it by adding the surface ¥ that is described by o
under displacement (i.e., spanned by o and ¢') (viz., S =
>+ S"). From (10), one will then have:

Figure 15.

U'-U =6U= [iH,dz,
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in which vmeans the normal to d £. We would like to take the surface d Z to be the surface that is
described by the line element do; i.e., the area of the parallelogram with the sides 7 do and o «.

(We can consider the infinitesimal displacements of the various points of ds to be equal and point
in the same direction in the first approximation.) Since vd £ = 7dox o v, we will get Hvd £ =

HVST = H-(rdoxdt) =— Sr-(rdox ), and as a result:
—5U:u§ardax5)5n

That expression, which represents the loss of energy under the displacement in question, must
obviously be equal to the total work due to the electric forces that act upon the individual current
elements. That will give:

gSirdaxf)-é't = qS dg-or.

In that equation, o v is regarded as a very small vector quantity that varies continuously along o.

However, it is otherwise entirely arbitrary since the displacements of the various (non-sequential)
points of o are independent of each other, by assumption. That is why the individual elements of
the integral above, or rather, the corresponding factors of J ¢, are equal to each other. In that way,

we will get:
d§¥=itdox$,

i.e., the formula (14). The previous formula (13.b) then proves to be false (}). As a result, we must
recognize that the assumption of a magnetic energy in the individual elements of a current line is
also false.

That “undecomposability” of the magnetic energy of a closed current line is explained by the
fact that the motion of the individual electric charges that defines the current is not a stationary
(i.e., time-independent) process, even in the case of stationary currents. However, the electric and
magnetic energy, as they were defined above, refer to only those mechanical effects that do not
depend upon time explicitly.

For the individual current elements, we must then drop the concept of energy and consider only
the corresponding elementary force that is determined by the formula (14). We can again represent
that elementary force as a sum of individual forces that correspond to the individual charges (viz.,
electrons) that define the current element in question. Indeed, according to (6.b), for a particle with
charge e that moves in the magnetic field with a velocity v, we will get the following “magnetic”

or “electromagnetic” force:

f=Sux9. (14.a)
C

(M) Itis easy to see that the integral $d2(-5v is non-zero, in general.
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Note that this force can be treated as an electric force that is required by a fictitious electric field

of strength:

e=luxg. (14.b)
C

Although the form (14.a) cannot be derived from an energy function, when calculating the total
energy of the stationary currents (linear and nonlinear) of the individual moving charges (viz.,
electrons), one can however attribute that total energy to a fictitious magnetic energy [cf., (13.a)]:

MZ—EnQL (15)

That fictitious energy corresponds to a force:

f=—gradu= E(ngrad)Q(Jr € b xrot2,
Cc Cc

1.e.:

f=§(vgrad)21+%ux5, (15.2)

whose first (fictitious) term must vanish upon summing over all charges (or also any ones that
define closed current lines).




CHAPTER THREE

THE STRUCTURE OF ELECTRIC AND MAGNETIC FIELDS AS
IT RELATES TO THE EQUIVALENCE PRINCIPLE

§ 1. — The equivalence of elementary dipoles and currents.

In the foregoing chapters, we have studied the mechanical effects of dipoles and currents only
in regard to their passive aspects, while the “active” dipoles and currents from which the effect in
question originated were considered only indirectly by way of the electric (magnetic, resp.) field
that they generated.

In order to solve our main problem — viz., determining the interaction of dipoles or currents,
i.e., of charges at rest or in motion — we must now examine the question of the structure of the
fields that they create. Indeed, the assumption that the aforementioned interaction can be derived
from a mutual potential energy (i.e., the “energy principle”) allowed us to exhibit the general
properties of those fields — viz., the vortex-free character of the electric field and the absence of
sources for the magnetic one. However, their determination was still not complete with that, but
only reduced to a simpler problem, namely, determining the scalar potential ¢ and the vector
potential .

The energy principle did not allow us to go further. That is why we must complete it by means
of a different principle. However, before we formulate that principle, we would like to make some
remarks by way of introduction that will be inessential for our presentation, but important in a
historical context. The effect that a given magnetic field $ has on an elementary electric current

with the moment m is identical to the effect that an elementary electric dipole with a moment of
p = m would experience in a fictitious electric field € = §). In place of the fictitious electric field,

one can imagine a fictitious magnetic dipole that consists of two opposite “magnetic poles” + x at
a very small distance / from each other, in which:

ul=m,

corresponding to the relation e [ = p for real electric dipoles. Those “elementary magnetic dipoles”
or “elementary magnets” (M) shall then react to the real magnetic field $) in just the same way that

the corresponding electric currents (S) should.
According to the energy principle, the action on S must be equal and opposite to the reaction
of the “external” current S’ that creates the field $ (since both effects will be a result of the same

“mutual” potential energy). If one would also like to adapt the energy principle to the magnet M
that “passively” replaces the current S then one must assert that this replacement must also take
place actively, i.e., that M creates the same magnetic field (£') as S.
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If one imagines S’ to be a second elementary current, in particular, then one can express the
assertion above as follows: The interaction of an elementary magnet and an elementary current is
identical to the interaction of two elementary currents or two elementary magnets with equal
corresponding moments.

Recall that the action of magnetic forces was first discovered in so-called “naturally magnetic”
bodies or “natural magnets.” Therefore, those magnets were first regarded as real magnetic dipoles
whose properties were assumed to be identical to the properties of electric dipoles (Coulomb). One
explains the inseparability of opposite “magnetic charges” in the same way as the inseparability of
opposite electric charges in dielectric bodies, namely, by the assumptions that the opposite
magnetic poles should always remain in the same molecules of the body under consideration.
According to that theory, which goes back to Weber, a natural magnet is regarded as a system of
elementary “molecular” magnets.

Once the magnetic effects of electric currents had been discovered and studied, those Weberian
“molecular magnets” were later replaced with equivalent molecular currents by Ampére, which
one now considers to be orbiting electrons and calls magnetons.

Thus, the magnetic “poles” and “dipoles” were recognized as fictitious mathematical
structures. Nonetheless, even today, they have been preserved as a very useful, if not indispensable,
tool for representing electrokinetic interactions.

With those historical remarks, which have no direct relationship to our line of reasoning, we
would like to again give no attention to the fictitious magnetic dipole and express the following
equivalence principle between the elementary electric dipoles and electric currents:

For a suitable choice of the ratio ¢ between the electrostatic and electrokinetic units, the
interaction of elementary electric dipoles will be identical to the interaction of the elementary
electric currents that are found to have the same relative configuration and whose magnetic
moments have the same (relative) orientation and numerical magnitudes as the electric moments
of the corresponding dipoles.

Since the “passive” equivalence of elementary dipoles and currents with respect to their
behavior in given external fields was already established above, the equivalence principle means
that the magnetic field of an elementary current coincides completely ($ = &) with the electric

field of an elementary dipole with the same position, orientation, and a numerically-equal moment
(m = p). In particular, it must be emphasized that this agreement has an asymptotic character, in
the sense that it is true for only sufficiently-distant spatial points. Obviously, it can no longer exist
in the immediate neighborhood of the two structures. However, if one considers those structures
to be infinitely-small, e.g., point-like, then the domain of validity of the equivalence principle must
extend to all of space, with the exclusion of such “singular” points.

§ 2. — The fundamental equations of electric and magnetic fields in empty space.

The potential energy U of an elementary dipole D relative to several other dipoles D', D", etc.,
must obviously be equal to the sum of the energies U’, U", etc., that characterize the interaction
of D with D', D", ... individually. If one denotes the electric moment of D by p and the field
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strengths at the point P where D is found that originate in D', D", ... by &', &”, ..., resp., then
one will have:

U=-@pe&),U =-pe), oo
and as a result:

U=U+U"+...=—p (& +&"+..).

On the other hand, that resultant energy must be equal to (minus) the inner product of p with the

resultant field strength &. That will imply the (almost-trivial) result that:

E=¢+E"+..,,

i.e., the resultant field strength is composed vectorially from the elementary field strengths.
Clearly, that result is also true for the magnetic field strengths.

One can replace any arbitrary system of electric dipoles or currents with a system of elementary
(i.e., their dimensions are infinitely small) dipoles or currents as long as the point in question, for
which the resultant (total) field strength is to be determined, is an external one, i.e., it is not
charged, and no current flows through it. However, its distance from such “critical” or “singular”
points can otherwise be arbitrarily small since one can think of the elementary dipole and currents
as infinitely-small compared to that distance.

Outside of the “singular” points, it is therefore possible to consider the total electric or magnetic
field strengths to be a geometric sum of infinitely-many components that all originate in
elementary dipoles or currents.

From the energy principle, the electric and magnetic field strengths must satisfy the conditions:

rot&=0, div$ =0

in all of space, including the singular points.
Since:
rot(§F+F"+...)=rotF +rotF +...

and
divg=divg +divg" + ...,

it will follow from the equivalence principle that the equations:

dive=0, (1
rot$H=0 (2)

must also be true outside of the singular points, and they are obtained from the energy equations
above by switching the vectors € and $).
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Therefore, the electric, as well as magnetic, field strengths are free of both vortices and sources
outside of the singular point. However, it can be easily shown that the equations above can no
longer be fulfilled at such singular points, i.e., that singular points are sources of the electric fields
and vortices are the sources of the magnetic fields.

In order to prove that, we next observe that from the formulas & = — grad ¢ and $ = rot 2,

equations (1) and (2) are equivalent to the following equations for the potentials ¢ and 2A:

Vip=0 3)
(Laplace equation), and:
rot rot 2 = grad div A — VA =0.

One can replace the last equation by an equation of the same type as (3):
ViuA=0, 4
with the condition [cf., Chap. II, formula (12.a)] that:
divA=0. (4.2)
We now consider the vector ¢ & = — ¢ grad ¢. Since:
divp & =pdivE+ & grad p=— o V? p— &,
upon integrating over an entirely-arbitrary volume V and applying Gauss s theorem, we will get:
- $pE,ds = [pVipdV +[E*dV, (5)

in which § means the surface that encloses the volume in question. If we shift that surface to
infinity, i.e., extend the volume integral over all of space, then that will give:

~ lim $pE,ds = [E*dV,

under the assumption that ¢ remains continuous everywhere and it satisfies equation (3).
We now assume that ¢, and as a result £, vanish at infinitely-distant points, and indeed in such

a way that the surface integral q)go E, dS will tend to zero independently of the form of the surface
S. Since S drops off in proportion to the square of the distance (R), that assumption must be fulfilled
when @ is inversely proportional to R (and as a result, E is inversely proportional to R*) or decrease
even faster with the distance (see below, § 3). The volume integral _[ E?dV must also vanish then,
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and since E’ is a non-negative quantity, it must be equal to zero identically. The existence of a
non-vanishing electric field under the aforementioned assumptions about the potential ¢ and its
behavior at points at infinity is then incompatible with the identical existence of equation (3), and
as a result, equation (1). However, since those equations must be fulfilled outside of the singular
points, they must break down at those points.

The corresponding proof for the magnetic field can be performed on the basis of equation (4),
just like in the case above, when one considers the components of A individually. However, one

can complete that proof without decomposing 2 into its components on the basis of the identity:
div(RA x $H)=HrotA—-Arot 5 .

Namely, if one replaces rot 2 with $ and rot $ with — V?2( then that will give the following

formula;

$@Ax ), dS = [AF*A)dV +[H?dV, (6)

which is entirely analogous to (5), and from it, one can infer the same conclusion, and in fact under
the same assumptions about the vector potential A as in the case of the scalar potential ¢.

§ 3. — The fundamental equations of electromagnetic fields for singular points.

We now suppose that the electric charge e is concentrated in a small volume v that can contract
to a point Q. Let € be the electric field strength that this charge creates. Moreover, let 7 be an
arbitrary volume that includes the volume v (the point O, resp.), and let S be the surface that bounds

1t.
From Gauss s formula, the following relation will be true:

$E, ds = [divedv,
or since & = (0 outside of v :

$E,ds = [divedv.

It will then follow from this that the electric flux through a closed surface that includes the electric
charge in question will not depend upon the size, form, and position of that surface (relative to v
or Q). In the limit as v goes to zero, the electric field strength at each point of S will have a well-
defined direction and a magnitude that is proportional to e for a given position of Q, such that one
can set:

$E,ds =Cie, (7)
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in which Ci means a coefficient of proportionality. From the foregoing, that coefficient must be
independent of the position of the point O, as long as it remains inside of S (S is now considered
to be a fixed outer surface).

We now imagine that there are several point-like charges inside of S. If one denotes the
magnitudes of those charges by €”, €”, ..., and the corresponding field strengths &', &”, etc., then

one will have:
$Eds =Cie’,  $EIdS =Cie”, .,

where C) always means the same coefficient as in (7).
On the other hand, we obviously have that the total electric charge inside of Sise= €'+ €"+
..., and that the corresponding resulting field strength is € = &' + &” + ... Moreover, since one

has Er: + E;’ +++ =E,, it will follow upon adding the equations above that:
$E,ds =Cie,

i.e., a formula with the same form as (7), but with a more-general meaning since now the charge
that is found inside of S can be distributed throughout the volume V in a completely-arbitrary way.

We now imagine, in particular, a continuous volume distribution under which an infinitely-
small volume element dV will contain a likewise infinitely-small charge de = p dV (p = spatial
charge density). We will then have e = [ p dV, and as a result:

$E, ds = [divedv =C, [ pdv.

Due to the arbitrariness in V, that will give the following differential equation for the electric field
of singular points:
divE=-V>p=Cip. (8)

One can consider that equation to the generalization of (1) [(3), resp.]. Therefore, it will also remain
valid when p becomes infinite, i.e., in the case of a non-continuous distribution of electricity in
space. However, in the latter case, it is more advantageous to operate with the corresponding
integral equation (7), and not with (8).

We now move on to consider magnetic fields, and we would first like to imagine that the field
$) is created by a very thin current wire that can contract down to a (closed) line o. Upon applying

the Stokes formula to a closed curve ¢’ that is different from o and encircles o once, we will get
the equation:

@HT, do’ = Irotn.ﬁds,
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in which s means the part of an arbitrary surface S that is bounded by ¢’ and is cut out from that
surface by the current wires (since rot $) = 0 outside of the current wire).

Since one can lay a set of surfaces S through the same cross-section of the wire s that are
bounded by various lines o', and on the other hand the surfaces that are bounded by the same line
o' can cut the current wire in question at different locations, it would follow from the formula
above that: First of all, the circulation of the vectors $) along a line that encircles one of the current
wires once will be independent of its quantity, form, and position (relative to o), and secondly, that
the flux of the vector rot ) through various cross-sections of the current wire will have the same
value.

An argument that is completely analogous to the one that led us to exhibit formula (7) for an
arbitrary charge distribution inside of the closed surface S will give the following formula, which
is analogous to (7):

4)Hr,do-’ =i, 9)

in which C> means a new coefficient of proportionality, and i means the total strength of the current
that goes through ¢, i.e., the algebraic sum of the current strengths for the various current wires
that encircle o' with + or — signs according to the direction of those currents relative to the sense
of traversal on the curve o’.

If one imagines, in particular, a continuous distribution of the current strength with the finite
spatial density j then one will have:

i=|jds,
1.e.:

$H. do’ = [rot, Hds = C,[ j,dS
and as a result, due to the arbitrariness in the surface S :
rotH=—VA=Cj . (9.2)

One can consider that formula to be the generalization of formula (3) [(4), resp.] to singular points
of the magnetic field.
It should be pointed out that equation (9) is compatible with the identity div rot $) = 0, due to

(4.a), Chap. 11, as long as the currents in question are stationary, which was always assumed up
to now. The aforementioned second consequence of the formula Cﬁ H.do' = I rot, $ds (viz., the

independence of Irotn $ds on the choice of current wire cross-section s) corresponds to the

equality of the current strength i = I J, dS for the various cross-sections of those current wires.
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§ 4. — Relationship between the constants C; and C> . Non-elementary currents and double
layers. Non-elementary dipoles and solenoids.

Formulas (7) and (9) are coupled with each other directly by the equivalence principle. For that
reason, one of them must be derivable from the other. Such a derivation would simultaneously
allow us to determine the relationship between the two constants Ci and C> .

Up to now, we have represented an elementary dipole as a rectilinear line segment with
oppositely-charged ends, and an elementary current as a closed planar line. The two
representations, which are quite different geometrically, can be combined into the same geometric
structure to some extent, namely, a right cylinder whose lateral surface can play the role of the
current lines, while the end surfaces play the role of the ends of the dipoles. By reducing the lateral
dimension of the cylinder in comparison to its length, we will get an infinitely-thin rod that
approaches the original linear picture of a dipole. On the other hand, upon reducing the height of
the cylinder in comparison to its lateral dimension, we will get an infinitely-thin disc whose band-
like lateral surface approaches the original linear picture of a current. Upon replacing the ends of
the dipoles with two end surfaces S’ and S” for a cylinder, we can think of the corresponding
charges — e and + e as being uniformly distributed over those surfaces, so we can represent the
dipole as a double layer with the electric surface density + n=+e/S(S=S' =S").

We likewise imagine replacing the current line with the lateral surface of a cylinder that has
the current distributed uniformly over that surface, i.e., a current of strength £ =i/ / flows through
the generating line in a unit of time, in which / means the length of the generator, i.e., the height
of the cylinder. £ is called the surface density of the electric current.

The electric moment of such a “cylindrical” dipole p = e [ can be correspondingly put into the

following form:
p=nSin=iSn, (10)

in which n = (1 /) [ is the exterior normal to the positive-charged cylinder surface S”, and one

has:
pb=nl. (10.a)

The expression (10) for p is obviously identical to the usual expression for the magnetic moment

of an elementary current with strength i, that circulates around the lateral surface of the cylinder
(or the corresponding baseline).

On the other hand, we consider an actual “cylindrical current” of strength i, such that its electric
moment m =i S n can be expressed in the form:

m=kiSn=enl, (11)

which corresponds to the usual expression for the electric moment of a dipole with length / and
charge:
en=kS. (11.a)
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From the equivalence principle, one can identify the magnetic field of an elementary current
with the electrostatic field of an elementary dipole. We will think of that
“replacement dipole” as a cylindrical disc that is bounded by the current
line o and whose (infinitely-small) thickness / is coupled with the surface

density £ 7., of the electric charge that covers its two sides by the formula n
(10.a) or (Fig. 16):

I
Mm

=i (10.b)

Conversely, if we consider the electric field € of an elementary dipole Figure 16.

to be the magnetic field of an elementary current then it would be preferable to represent that
“replacement current” in the form of an infinitely-thin cylindrical whose length coincides with the
dipole length / and whose (infinitely-thin) cross-section S, with the surface density £, is coupled
with the replacement current by the relation:

kS=e, (11.b)

which corresponds to the formula (11.a) (£ e are the “true” electric charges of the dipole in
question). We will refer to a current of that
form (Fig. 17) as a solenoidal current or

ky
solenoid. }+
We now imagine a non-elementary current —¢ (( ( ( ( ( ( ( ( (< - P

line o and initially replace it with a network of
elementary currents with the magnetic moment
dm=indS, in which S means an arbitrary surface that is bounded by o. Moreover, we can replace

Figure 17.

that elementary current with a “disc-shaped” electric dipole with the base surfaces dS’ and dS”
that that arise from dS by displacing it in the direction of the negative (positive, resp.) normal n

through a distance of / / 2. In that way, the surface density of the corresponding replacement
charges will be determined by the relation (10.b).

We would like to assume that the length / is the same for all surface elements dS, for the sake
of simplicity. The set of all “disc dipoles” that replace the current in question will then define an
electric double layer of infinitely-small thickness / and infinitely-large charge density 7, =i/ [
that is bounded by o. Outside of that double layer, the electric field € that it creates will coincide

with the magnetic field $) that is created by the current i. However, it should be clear that such a

coincidence does not exist inside of the double layer. In order to determine the electric field inside
of the double layer, i.e., between the surfaces S’ and S”, we next apply the formula (7) to a closed
surface S that includes a small piece of one of the two layers (e.g., the negative layer) (Fig. 18). If
we denote the part of S that lies between S’ and S” and is parallel to those surfaces by s and the
other (viz., external) part by S" then from (7), we will have:

J’Ends+J'E,§,ds’ =—Ci s
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Since 77, (due to our assumption concerning /) is infinitely large, while the electric field strength
¢’ on S’ is equal to the magnetic field strength $), and as a result, it must remain finite, we can

keep the first term in the left-hand side of the equation above and set simply:
IEndS :_Cl ﬂms .
Due to the arbitrariness of s, it will then follow from this that:

E,=-Ci Nm .

Moreover, it is easy to see that the electric field strength inside
of the double layer must be parallel to the normal n. That is

because in the opposite case, the line integral qD E.do’ would

Figure 18. need to have a non-zero value for a closed curve ¢’ that lies
partly inside and partly outside of the double layer, which would

contradict the energy principle.
We will then reach the conclusion that inside of the double layer, the electric field strength &

will be parallel to the normal n and equal to:

E:—Cl Nm . (12)

The negative sign in that formula means that for C; > 0, the vector & points in the opposite

direction to the normal. By contrast, for C; <0, it must point in the same direction as that normal.
Now let o’ be a closed line that encircles the current line o under consideration once, and as
a result, it will go through the double layer that replaces it once. We shall denote the part of o

that is included in that layer by O i' and the external part by O é . From the energy principle, we will

then have:
C_{)E,do" = J.QirgdG;+J.Qiri'dO'i' =0. (12.a)

Moreover, from (12), we have:

J@ri’dai' =— nmj.nri'dai’ =5Cn, |

-

in which the upper sign corresponds to the positive sense of traversal on ¢’ relative to o, i.e., B 7,

> 0 (Fig. 19), and the upper one corresponds to the negative sense. If we choose the positive sense
of traversal on ¢’ then, from (12.a), we will have:
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J@r;daé ==Ciml.

Now, one can replace 77, [ with i on the right-hand side of that equation and replace & with $ on
the left. Moreover, since the integral I)’)fi’do-i’ must vanish when the thickness / of the double

layer is infinitely small, one can extend the integral over the entire line ¢’. In that way, we will
get the equation:

$H.do' =Cii,

which will coincide with equation (9) that was exhibited above when Ci = C».

Figure 19. Figure 20.

One can also prove the equality of the coefficients C1 and C: in the opposite way, i.e., one can
replace a non-elementary electric dipole with a solenoidal current that is equivalent to it.
Namely, let o be any curve that goes from the negative end of the dipole (A") to the positive

one (A") and along which we have a chain of elementary dipoles with the moments d p = e rdo:

If we regard that dipole as a cylindrical rod whose axis is defined by the corresponding line element
do, and we replace it with a solenoidal current that flows through the lateral surface of that
cylinder, then that will give a non-elementary current solenoid in the form of an infinitely-thin tube
that connects the ends of the dipole with each other (Fig. 20). For the sake of simplicity, we would
like to consider the cross-section of that tube S to be constant. If we then determine the (likewise
constant) surface density of that replacement current (k,) by way of the relation (11.b) then the
magnetic field $) that it creates outside of the tube would coincide with the electric field of the
dipole in question (}).

As far as the direction and magnitude of the magnetic field inside of the solenoid is concerned,
one can determine it as follows:

() Itis assumed in all of this that the direction of the current corresponds to the positive direction along the axis
curve o (from A’ to A") in the sense of the right-hand screw rule.
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Let o; + o, be a closed line that runs partly inside of the tube parallel to its axis (o;) and partly
outside of it in an entirely-arbitrary way. From formula (9), which we will now consider to be the
starting formula, we will get in our present case (when the direction of integration along o;
coincides with the positive direction of the curve o):

.[Hrido-i+J.HTado-a=C2Kpm.

Since $) is equal to € outside of the solenoid, and as a result, it must remain finite (except in the

close vicinity of the ends of the dipole), and since the current density k, = e / S is infinitely-large,

moreover, the equation will reduce to J H, do, =C2 01, or
HTi = C2 Kp .

due to the arbitrariness in o; . Now, if the vector $3 has components that are perpendicular to its
axis (o) inside of the solenoid then the integral CJS H, dS will need to have a non-zero value for a

surface (whose projection onto the plane of Fig. 20 will be suggested by the line o; + o) that cuts
the solenoid and runs parallel to its axis in its interior, but that would contradict the energy
principle.

It would then follow from this that inside of the solenoid, the vector $ points parallel to its

axis for C2 > 0 or anti-parallel for C> < 0 and has the constant magnitude:
H=Cky. (13)
We now consider a closed surface S” that includes one of the two ends of the solenoid, e.g.,
the one that corresponds to the positive end of the dipole. If we denote the external part of that

surface by S, and the internal one (that is cut out by the solenoid) by §; then according to the energy
principle, we will have:

[H, ds+[H, ds, =0,

or since I H, dS; =— (2 k, §=— C2 e (observe that the exterior normal to S; points in the opposite

direction to the axis curve o) and j H, dS, = JEna ds, = qs E.. dS”, one will have:

$E.dS"=Cre.

That formula will coincide with the original formula (7) when one sets C> = C}.
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§5. — Determining the electric field from the charge distribution.

Let the charge €’ be concentrated at a point P'. On the grounds of symmetry, it will follow
that the field & that is created by that charge must possess radial symmetry about the point P’ ().
In other words, on the surface of a sphere S whose center coincides with P', & must have a

constant magnitude and point in the same direction as the external or internal normal. If we apply

the general formula .[E“ dS = C) e to our present case then that will give:

C.e

E= 5
47 R

in which R means the radius of the sphere, i.e., the distance from the point in question Pto P’. For
Cl e' > 0, the vector € points in the same direction as the radius vector P'P = 9R, whereas for Cl e

<0, it points from the point P to P'.
By definition, the electric field strength & is nothing but the force that is exerted upon a unit

positive charge at the point in question (or would be exerted if that unit charge were actually found
there). In agreement with experimental facts, we would like to assume that the direction of the
field strength that is created by a positive charge corresponds to a force of repulsion (). That means
that the coefficient C| is positive. However, its absolute value can be chosen quite arbitrarily. The
magnitude of the electrical unit charge will be fixed by that quantity. Ordinarily, one sets:

Ci=4r,
and as a result:
e’ e’
e= o=, (14)

in which 980 = (1 / R) YR means the unit vector that points in the direction P'P.

The force of interaction between two point charges €’ and e that are found at a distance R
from each other is correspondingly expressed by the well-known Coulomb formula:

e'e
f= =7 (14.a)

in which the case /> 0 corresponds to a mutual repulsion and the case f corresponds to an attraction.

() That symmetry principle means the equal justification of relativity of the various directions in space. If the

electric field of €' were not symmetric relative to P’ then one could not consider the various directions to be
equivalent.
(® L e, that charges of the same type mutually repel each other.
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In theoretical investigations, one often sets C1 = C> = 1, following H. A. Lorentz. In that way,
other so-called “rational” units are introduced in place of the usual electrostatic and electrokinetic
units. In what follows, we shall employ the usual units (C1 = C> = 47x) exclusively.

Let O be an arbitrary fixed point, and let OP" =t’, OP = v be the radius vectors from the points

P" and P relative to O. The radius vectors P'P =R, can obviously be represented as the geometric

difference between v and tv':
R=r-v. (15)

When differentiating YR or any function of PR, either of the vectors v and ' can play the role of

the argument, while the other one can be regarded as a constant parameter. If we consider the
“source point” P’ (i.e., the vector t') to be fixed and the “reference point” P, i.e., the vector t, to

be variable then we will get “reference-point derivatives,” which we will generally denote by the
symbol V (grad, div, rot). In order to notate the corresponds “source-point derivatives” (¢’ variable,

v = const.), we will use primed symbols V' (grad’, div’, rot’). Obviously, we will have the relation:
V==V (15.2)

for any function of YR and each type of differentiation. The vector 1/ Re)m is equal to the

1(1 1
“reference-point gradient” of the function R (E‘ﬁ =—grad E)’ as is easy to see. From (14), it

will then follow that & = — grad ¢, where:

el
=5 16
0= = (16)
That will be the usual expression for the electric potential of a point charge when one adds the
“boundary condition” that the potential should vanish at an infinite distance (R = ).
The product of ¢ and the quantity e at a point P where charge is concentrated is equal to the
mutual potential energy of the two charges:

u=%¢ (16.2)

The negative gradient of that quantity relative to v or v’ then represents the force that acts on e
as aresult of € (on €' as aresult of e, resp.). From (15.a), those forces are opposite in direction
and have a magnitude of €€/ R?.

When several charges e , e; , ... are present at the points Pl', Pz', ..., the resultant electric

field strength & at the reference point P in question is equal to the geometric sum of the vectors
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el
&= R—gmk (R = Pk' P ), and the resultant potential of the algebraic sum of the corresponding

k

potentials ¢ = e,/ R, .Ifone then imagines replacing the isolated points charges with a continuous

spatial distribution of electricity and denotes the charge de’ that the volume element dV' is
endowed with then that will give the following integral expressions for & and ¢ :

&= j%mdv', (17)

— [P gy
@ IEdV. (17.2)

While integrating, v is considered to be a constant parameter, and p’ is regarded as a given
function of the vector argument v'. The integration shall extend over all of space. Clearly, the

locations where p’ = 0 will then remain irrelevant to that process. One can easily verify that the

integral (17) is equal to minus the gradient of the integral (17.a) with respect to v. That follows
from the fact that differentiating with respect to the vector v can be performed under the integral

sign, just like the usual differentiation of an integral with respect to a scalar parameter.

The formula (17.a) obviously represents the solution of the differential equation (8), namely,
V2p=—4rp . In fact, one can get it by the direct integration of that equation while considering
the boundary conditions.

We next suppose that the charge density p vanishes everywhere except for a certain point P’.
The potential ¢ at a point P can obviously depend upon only the distance ¢ = R, i.e., it must be a

function of the magnitude of the vector R, but not its direction. Since grad ¢ (R) = 3—2%
[Introduction, (28)], we will have:
_ dp 1 . 1de 3de d(1lde
Vip=d dop=——divRR+Rgrad| —— | = ——+R—| ———
PTAVERTPT R R J (Rde RdR  dR\RdR)’
or:
1d*(Rg)
2 _ = 18
If one sets:
d*(R
(Ro) =0 (18.2)

dr?

at all points, with the possible exception of P’ (R = 0) then it will follow from integrating twice
that R p=A R+ B, i.e.
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_ B
p=A+ . (18.b)

The first of the two integration constants is determined from the boundary condition ¢ =0 for R =
o (4 = 0), while the second one is determined from a condition of the form CI)gI‘adn @dS = 4r¢’

, where € means the charge that is concentrated at P', and S is an arbitrary (i.e., infinitely small)
surface that encloses that charge. Clearly, one will have B= €’ in that way.

If the point P is found at a sufficient distance from P’ then one can replace the latter with an
infinitely-small volume with the finite charge density p’. Due to the linear character of the
equation V2 = — 47 p, that will give its complete solution in the form of the sum of elementary
solutions (18.b) that originate in the individual elementary charges B= de’ = p'dV’',i.e., in the
form of the integral (17.a). In that way, it is assumed that the point P is found “in empty space,”
i.e., outside of the charged volume. However, one can easily show that this assumption is
inessential for electric charges with finite volume densities. Namely, let v be an infinitely-small
volume that includes the “reference point” P in question. If the electric charge density p is finite
in v then the contribution of all of the charge p v that is contained in v to the potential ¢ at P must

have order of magnitude v/ E/V = v?/*, 5o it will vanish in the limit as v — 0.

One will get the same result in the case where the electric charge is distributed with finite
surface density 1 on a surface that goes through P (1) since in that way the contribution to the
potential ¢ at a point of a surface element s that originates in that element will have order of

magnitude S/ \/_ = \/E — 0. However, for a distribution of electricity with finite /ine density, the

assumption above (viz., that P is in empty space) will be essential. The potential of a charged line
at the points of the line does not have a well-defined finite value, just like the potential of a point
charge at the source point.

If the charge distribution in question is restricted to a spatial region of finite extent then one

can treat the total charge €' = J. p'dV’ as apoint charge at infinitely-distant reference points, and

approximate its potential by the formula €'/ R . Therefore, the condition that was posed above (§
2) for the vanishing of a “charge-free” electric field will be fulfilled. At the same time, that will
provide the proof that equation (17.a) represents the only solution to the equation V2p=— 47 p for
all of space that vanishes like €'/ R at infinity because one could get any other solution from it by
merely adding a “charge-free” field.

§ 6. — Determining the magnetic field from the current distribution.

The magnetic field that is created by a stationary electrical current of finite spatial density j

can be determined from the equations:

() The potential is expressed by the surface integral ¢ = [(;//R)dS' in that case.
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H=rotA, V*A=-4rj, divaA=0.

We first consider the second of those equations. Due to its complete analogy with the equation
V? @ = — 47 p for the scalar potential, one can immediately write down its solution in the form
(17.a), in which @ must be replaced with 2(, and p’ (viz., the electric charge density) must be

replaced by the electric current density j’ (at the point t”).

However, in order for the expression that is obtained by that:
%A= [Lyav- (19)
R
to represent the desired vector potential of the electrical current considered, it must satisfy the

condition div 20 = 0. Now, it is easy to see that this condition is actually fulfilled. Since “div”

means a differentiation relative to v, and j’ is a function of the vector ', we will initially have:

div A = Idiv[l

=i |dV’' = [5.grad L dv'.
le I; gradeV

Moreover, from (15.a), one will have:

i grad £ =—j' grad’ X =_div’ (lj'j +div' L div,
R R R R
and as a result:

div A = — Jdiv’(%j’} dV'+I%div’j' dv’.

The divergence of j’ must vanish in the case considered of a stationary electrical current. If the

spatial region that it streams through is bounded by a surface S’ then the vector j’, or at least, its

normal component ]; , must also vanish on that surface. One will then have:
div A =— jdiv’ ij’ av’ :_Iljr, ds’'=0.
R R™"
We can now calculate the magnetic field strength from (19). Namely, we have:

H=rotA= Irot(%j'j dv' =— jj'xgrad(%J av’,
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1.e.:

1 b4 ! — l ! ’
9= jEJ xR dV —jﬁ,xmo dv’, (19.2)

which is entirely-analogous to the formula (17).
The product j'dV' represents the electrical impulse of the charges that are found in the volume

element dV'. In the case of a linear current, as is known, one must replace j’dV’ with i'z’do’

(where I' means the current strength, while do”’ means the element of the current line in question).
In that way, formulas (19) and (19.a) will assume the following form:

A= i~ 7do’. (20)

H=i qSR—lzr'xmoda'. (20.)

It should be noted that the formula (19) [and as a result, (19.a), as well], or the corresponding
formula for the surface distribution of electric current, will also remain valid for reference points
that are found inside of the volume or surface that it flows through (assuming that the spatial or
surface density, resp., of the current has a finite value), just like in the case of the scalar potential.
By contrast, formulas (20) and (20.a) are valid for only “external” points, i.e., ones that lie outside
of the current line.

From formula (13) in the previous chapter, one can represent the mutual potential energy of
two linear currents in the form of a double integral:

U =— i’icﬁcﬁ%(r’-r)da’do— =-iid q}CORS’edo"da : (20.b)

in which @means the angle between the line elements do’ and do. The symmetry in that formula
relative to the primed and unprimed quantities corresponds to the fact that the potential energy of

orelative to ¢’ (viz., Uy) is identical to the energy U;ﬂ of ¢’ relative to . One will then have:

Umz—innds=—i'jH;,dS':U(n. (20.¢)

HU

The elements in the integrals (20) and (20.a), i.e., the vectors IEz-'da’ and #r’xﬂ%o do’, resp.,

are obviously to be regarded as the infinitely-small potential (d 2() and the infinitely-small
magnetic field strength (d $)) that originate in the current element i’z’do’. In that way, we will get

the well-known Biot-Savart law:

d$= ér'xﬁ‘ioda'. 21)
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One ordinarily considers that law, which we have derived theoretically on the basis of the energy
and equivalence principle at the same time as its electrostatic analogue, namely, Coulomb s law, to
be a basic experimentally-established fact.

If one considers a current element with a charge €’ that moves with a velocity of v’, so it

possesses an electric impulse (e’/c)v’, then that will give the following expressions for the vector

potential and strength of the magnetic field:

A= —v = Ly (22)
CR EU )
e , 1

= WU xR, = En'x@, (22.2)

in which @ means the scalar (electrostatic) potential, and &€ means the electric field strength at the

reference point in question that originates in the same charge.
The expression (20.b) for the mutual potential energy of two current lines is obviously equal
to the sum of the corresponding expressions for the various charge-pairs:

1 (e' o enj 1., 23)
Un=—— —| —YU  "— = — . 5
C C c? (U U)U

where u = €'e/ R means the mutual energy of the charges in question. One can correspondingly
consider the quantity ux to be their mutual magnetic energy.

However, that interpretation proves to be incorrect, as was already discussed above (Chap. II,
§ 6). Namely, the motion of an isolated charge creates a magnetic field that changes in time at any
fixed reference point, while all of our arguments that were concerned with the energy principle,
referred to time-constant fields. We can already see the breakdown of the energy principle for
isolated moving charges from the non-vanishing of the divergence of (22), and indeed we will
have:

(e e 1 e
div| —v' | = —v'grad = =— —5 V'R, .
[CR j cTIER T T CeRE T

However, that breakdown will emerge clearly when we calculate the forces that the two charges
exert upon each other from (23). From the formulas:

f =—grad u,, =+ grad’ un =—1%",
we will get:
f=—f=—EE BV 5 (23.2)

R2 C2 0

In reality, the force that acts on e as a result of €’ is equal to:
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e e e, 1
=Z0 = —ox| —bv'x—=R, |,

f c x5 c (C R2 oj

1.e.:
"1

f= ;—ic—z[(nmo)n’—(un')%o] , (23.b)
and the force on €’ as a result of e will be:

!’ ' 1 ’ r

fr=- ‘;—ic—zun R,) b (00)R,] - (23.c)

correspondingly.

Those forces do not satisfy the principle of the equality of action and reaction then (which can
be regarded as an immediate consequence of the energy principle. They will be equal and opposite
only the case where the velocities v and v’ are equal to each other or when they are perpendicular

to the connecting line *R.

When those two conditions are fulfilled at the same time, formulas (23.b) and (23.c) will reduce
to (23.a), and we will get:
ee' v’

foef = P

In this case, the electromagnetic (or “electrokinetic”) forces that are generated by the motion
of the charges have the opposite direction to the corresponding electrostatic ones and are equal to
the product of the latter with the ratio v*/c®. We then see that two charges (e.g., electrons) that
move with the same velocity v perpendicular to their connecting line will exert a total force on

R c

that one can interpret as a “weakened” electrostatic force. That total force must vanish for v = c,
1.e., the electrostatic and electrokinetic forces must mutually compensate each other.

That result shows that the quantity ¢, which was initially introduced in connection with the
equivalence principle as the ratio of the electrostatic unit to the electromagnetic one, has the
meaning of a certain “critical” velocity. The actual determination of the ratio above shows that ¢
=3 x 10! cm / s = 300,000 km per second. The “critical velocity” then agrees precisely with the
speed of light. Of course, that agreement is no coincidence. Rather, it relates to the electromagnetic
nature of light phenomena, on the one hand, and the finite speed of propagation of electromagnetic
effects, on the other. We will deal with that question in the next part of this book. Here, we shall
mention only the fact that the formulas above can be regarded as only approximate formulas for
isolated charges that overlook the time variation of the fields that they create and have meaning

each other of:

for only small velocities (v/ ¢ < 1).
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§ 7. — The graphical representation of electric and magnetic fields.

The lines that represent the direction and density of the electric field graphically will be called
“lines of electric force.” Correspondingly, the lines that represent the magnetic field are called
“lines of magnetic force.”

Figure 21.

It will follow from the vortex-free character of the electric field, i.e., from the fact that the
condition rot € = 0 is fulfilled in all of space, that the lines of electric force are not closed lines.

(For a closed line, the integral (ﬁ E do = [ rot, € dS would have a non-zero value.) For that reason,

they must begin and end at some sort of point. The number of electric force lines that emanate
from a volume V or converge inside of it is proportional to the electric flux through the outer

surface S that bounds that volume, i.e., the integral Cﬁ E. do . (The lines of force that go through V

will not contribute to that integral.) It follows from the equation (]5 E.do =4re or its equivalent

equation div € =47 pthat the source points of the electric lines of force will coincide with positive

charges and the sinks will coincide with the negative charges, and that the number of lines that
“diverge” from a charge (“converge” to it, resp.) will be proportional to the magnitude e of the
charge. In “empty space,” the electric lines of force can neither begin nor end.

In practice, the electric field in the immediate neighborhood of a point charge is determined by
that charge exclusively and is independent of other distant charges. We must then find the same
line-like picture of the force lines here that we had in the case of an “isolated” point charge. The
force lines will define a “line bundle” that is uniform in all directions. However, at some distance
from e, they will become curved according to the configuration of the other charges. Opposite
charges with the same absolute value will correspond to the same number of diverging
(converging, resp.) lines. Therefore, in the case of a dipole, the force lines that emanate from the
positive end must all come together at the negative end (Fig. 21). In that case (just like in the
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general case of an arbitrary neutral system of electric charges), the electric lines of force will
remain “inside” of that system, so to speak; none of them will go to infinity. When the total charge
of the system is non-zero, a number of lines of force that correspond to that resultant charge must
go to infinity (or come in from it), and indeed in the same radially-symmetric way as if the system
considered were converging to a point charge. In fact, such cases cannot occur since matter is
neutral on the whole.

Along with the lines of force, in order to make the electric field more intuitive, one can consider
the “equipotential” or “level surfaces” that are orthogonal to those lines, i.e., the surfaces ¢ = const.
The distance between two such surfaces that correspond to two slightly-different values of the
potential ¢ is obviously inversely proportional to the electric field strengths at the points in
question (due to the relation £ =— 0@/ On, where On means the length of the normal that is included
between the two surfaces). In the vicinity of the individual point-charges, the level surfaces will
be spherical. They can deform arbitrarily as the distance increases according to the configuration
of the other charges.

In contrast to the electric lines of force, the magnetic lines of force must always be closed. That
follows immediately from the source-free character of the magnetic field, i.e., the validity of the

equation div $) = 0 for all of space. The magnetic lines of

force can possibly go from infinity to infinity, i.e., they can
close at a “point at infinity.” One does not need to consider
that case in detail then. Moreover, it follows from the

relations gg H do =4xiorrot $ =4rj that in the case of a

always enclose the current lines, which are also closed
curves, due to the fact that div j = 0. That is because

(—_ﬁ stationary electric current the magnetic lines of force will

otherwise the integral would have a non-zero value along a
closed line of force that does not enclose any current line,
while the strength of the current i that flows through those lines would be equal to zero. In other
words: One can consider the current lines to be the “vortex axes” of the magnetic lines of force,
i.e., as annular axes that will be enclosed by the lines of force, say, like the way that a link in a
chain is enclosed by the neighboring links.

In the immediate neighborhood of an element Ao’ of a current line ¢”, i.e., at a distance from
Ao’ that is very small in comparison to the length of the element, and at the same time, to its
radius of curvature, one can treat the element as a “rectilinear vortex axis.” It follows on grounds
of symmetry that the magnetic lines of force must be circular here. We will then get a family of
coaxial circles as the graphic representation of the magnetic field. That cylindrical symmetry of
the magnetic field in the neighborhood of a current element corresponds to the spherical symmetry
of the electric field in the neighborhood of a point charge.

Figure 22.

The integral q; H, do is obviously equal to 2777 H for such a circular line of force with a radius

of . (The direction of integral must then correspond to the direction of the current in the sense of
the right-hand screw rule.) It follows from this that 277 » H = 4ri’, in which i' means the current
strength, i.e.:
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H= = (24)

The magnetic field strength in the immediate neighborhood of a current line is therefore inversely
proportional to the first power of the distance. One can consider that rule to be the analogue of the
Coulomb law for current lines (into which the stationary currents can be decomposed). The motion
of isolated charges (i.e., electrons) does not represent a stationary process, and the law of Biot-
Savart, which determines the magnetic field of such

charges (or current elements) with no concern for its p

time variation, can therefore be regarded as only an N

approximate law. However, insofar as those current R

elements will be combined into a stationary linear r _
current, the geometric sum of their Biot-Savart field 0 I
strengths will be equal to precisely the resultant (time- M 0] dr' P’ N

constant) field strengths.

The formula (24) can be derived from the Biot-
Savart formula (21) for an infinitely-long (compared to
r) rectilinear current (Fig. 23). Let PO be the altitude
from the reference point P to the current line MN such
that we will have OP = v, OP' = ¢/, P'P = 9%, with our usual notations. From (21), the field

Figure 23.

strength that is created by the current element do’ is:

di = i 08 5

2 2

in which & means the angle P P’ N . Since the direction of d §) is the same for all current elements

(at the point in question, it is perpendicular to the plane of the page that the reader is viewing), the

geometric integration reduces to the usual one: H = dH . Since R =r/sin @and I’ =—r cot 6,
we will have:
do’ =dr' =— —'_dg, aH=Lsinedo,
S r
and as a result:
H= '—.[sinede =2 ,
rs r

which agrees with (24).
The magnetic field considered corresponds to a vector potential of the following form:

A=-2mLi=2m2i, (24.2)
a r
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in which i means a vector whose magnitude and direction agree with the current strength, » means

the distance from the reference point to the current line (but not from a well-defined point on it),
and a means an arbitrary constant with the dimension of length. In fact, according to the general
formula $) = rot A, (24.a) will imply that:

H=-2ixgradln@ =2ix e =24,
r r r

That vector obviously represents the “cylindrical” field that was considered above. As far as the
lines that represent the vector potential are concerned, they are the lines parallel to the cylinder
axis. One sees from this that in the immediate neighborhood of a current line of entirely-arbitrary
form, the “vector potential lines” define a “thread” that is parallel to it. However, in general, they
are not suitable for an intuitive representation of the magnetic field.

§ 8. — The fields and interactions of elementary dipoles and currents.

The electrostatic (“scalar”) potential ¢ of an arbitrary dipole PIIPZ’ at a reference point P is

obviously equal to the sum of the potentials of its two ends. If one denotes the corresponding

charges by e1 =— €’ and e; =+ €’ and further sets Pl'P =R, Pz' P =R, then one will have:
1 1
= —+ = e’ - A
=1 T M [ R, Rl)

In the case of an elementary dipole whose length Pl' le = I" 1s very small compared to the distance

1
Ri and R> one will then have ———=1' grad’ % , approximately, and as a result:
2 1

@=p' grad % =—p' grad %, (25)

in which p’ = €' I’ means the electric moment of the dipole, and R means its distance to the
reference point. Since we have introduced that distance, we must treat the two ends of the dipole

as a “double point” P’ (= Pll P2' ). One also calls such a double point a “double source” of the electric

field.
The differentiations that are suggested by the symbols grad’ and grad refer to the vectors v’ =

OP’ and v = OP, in the usual way, where O is an arbitrary fixed point in space (98 = v —t’). [f one

performs those differentiations then that will give:
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_ PR _ PR, _ p'cosd
p= R R g = o (25.a)
in which #means the angle between p’ and R (JRo =R / R).
From formulas (30) and (31) (Introduction), one further finds that:
¢ =—grad p=— 1 i3y
grad 9= = g o'+ s (P RN,
Le.:
1 , 17]3 , ,
e=¥{3(mop)mo—p}=¥ E(%p)iﬁ—p . (26)

One can see from that formula that the electric field strength lies in the plane p’, PR at the point P.
Upon inner and outer multiplication of (26) by $Ro, one will get the radial and azimuthal

components of the vector E (the latter is in the direction of increase of the angle 6):

Er= 2R—3cos¢9, (26.2)
Eo= :3 sing. (26.b)

The ratio Eo/ Er = %tan 0 1s obviously equal to the tangent of the angle between & and 9R.
If one replaces € with $ and p’ with m’ in formulas (26), (26.a), and (26.b) then according to

the equivalence principle, they will determine the magnetic field that is created by an elementary
current with a magnetic moment of m’. One can then consider the corresponding field strength $)

to be the (negative) gradient of a scalar magnetic potential:

m'R, _
RE

Om = -m’ gradi
R

On the other hand, that field strength can be represented in the general form $) = rot A, where A

means the vector potential of the elementary current considered. In order to determine that vector
potential, one can start from the fact that the differential equation:

1
rot A = — grad ¢, = grad (m’grad Ej
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must be satisfied in all of space, with the exclusion of the point P' (where the current is thought
to be concentrated). When one recalls the formulas (26) and (27) (Introduction), due to the
constancy of m/', one will have:

, 1
rot (m x grad Ej =—(m' grad) grad % + m' div grad %,

1
grad [m’grad Ej = (m' grad) grad % +m' x rot grad %

Now, since the expressions rot grad (1 / R) and div grad (1 / R) = V? (1 / R) both vanish (the first
one identically, and the second one, everywhere outside of the point P"), one will have:

t m'xgradl = d|lm radl
ro R = — gra g R

A comparison of that equation with the differential equation for 22 above will give:

_ ' 1_1 ., _ 1 .,
A=—-m xgradE—Em xﬂ‘t—ﬁm x Ro . (27)

We next observe that r'do’ = d ¢’ . Moreover, since the vector grad (1 / ) remains constant (= €)

during the integration, we will have:

ng v/ (v'E) + <ﬁt' (dv'e) = <j’>d {t'(r8)}=0.
That will give:

ngr'(r'{e) =_ <j’>r'(dr%) = <j5{d v (c'e) -t/ (de'e)} = 1 (f){zx(dr'xt') = %Ex(ﬁdt'xr’,
1.e., from (6.a), Chap. II:
A=— i(ﬁd t'(v'€) = grad %x%gﬁt’xir'da’ = grad % xm',

in agreement with (27) ().

() One can arrive at this formula even more simply by means of the identity ¢ T'ydo' = jn’xgrad’y/dS’

[see Introduction, formula (17.a)]. Namely, if one sets w= 1/ R then if 0" is very small compared to R, that will give:
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We now propose that a second elementary dipole (or current) with a moment of p (m, resp.) is

found at the reference point P. From (26), its potential energy relative to the first dipole U= —p&
can be written in the form:

1 3
U= % {(p p) -3 (Rop) Mo p)} = E{pp’—?(ﬂ%p)(%p’)}, (28)

whose symmetry in regard to p and p’ corresponds to the equality of the energy of each dipole
relative to the other one. We will then have U = —p& = —p’¢&’, in which &’ means the field

strength that is created by the second dipole at the point P'. For that reason, we can refer to the
quantity U as simply the mutual potential energy of the dipoles considered.

The moment that acts upon the second dipole can be calculated immediately by using the
formula 2t = p x &, and indeed, one will have:

M= % B3P Ro) (p x NRo) +p xp'} . (28.2)

The corresponding force is expressed by & = (p grad) & or § = — grad U. If we substitute the

last formula in the expression (28) then that will give, after a simple calculation:

§= PR+ S (Rp)p+ S (RP)p- (R p) (Rp) R

or

§= - {lp b’ =5 (90 p) (Rop)] R+ (R p) p + (R p) ). (28.b)

If one replaces the vector R in (28.a) with the opposite vector R' = PP'=t' — v =—-R (m' =

R, ) then one will get the moment 1’ and the force §' that the second dipole exerts on the first
one. In that way, one will have 91" = — 91 and §' = — §, in agreement with the principle of the

equality of “action and reaction,” which is a direct consequence of the energy principle (}).
The same result will be obtained for the interaction of the elementary currents. We would need
only to replace the electric moments p and p’ with the magnetic ones m and m' in the formulas

that were just derived.

i<f> %da’zijn'xgrad'%dS’zgrad%x ijn’dS’zgrad%xm.

() It should be noted that according to (28.a) and (28.b), the torque is inversely proportional to the #hird power of
the mutual distance, and the force is inversely proportional to the fourth power.
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Those formulas will also remain valid, in a certain sense, when one considers isolated
magnetons instead of the elementary currents, i.e., isolated electrons that orbit around a certain
center. From (6.a) and (6.b), Chap. II, the magnetic moment of such a magneton is equal to:

m=1%¢xop, (29)

2cC

in which v means the radius vector of the path, and v = d v / df means its velocity. The magnitude

of the vector %t x v is equal to the areal velocity of the electron, i.e., the area that is described by

the radius vector per unit time. If the motion of the electron takes place under the action of a force
of attraction that points to the center of the atom O then that areal velocity must remain constant,
just like the orbital plane. In that case (m = const.), the “magneton” will be completely equivalent
to a stationary elementary current. One must only understand %A, 3, etc., to mean the temporal

means of the corresponding quantities for one or more orbits of the electron in question and leave
the fluctuations that appear during an orbit out of consideration (cf., Chap. VII, § 9).

§ 9. — The scalar potential of a non-elementary linear current.
The concept of a scalar magnetic potential that we applied to elementary currents above can

be adapted to non-elementary linear currents. In order to do that, we must first replace the current
considered (i’,o’) with a network of elementary currents. From (25.a), the scalar potential of an

elementary current with the magnetic moment d m = i'n’dS’ is equal to:

ds’.

., cosd
dom =i =

The O in that means the angle between the normal n and the radius 9R that is drawn from dS’ to

the reference point P. The product cos € dS’is then equal to the projection of the surface element

COS
R 2

gdS’is

dS’ onto a spherical surface with center P that cuts that surface element. The ratio

then nothing but the solid angle d €)' that dS’ subtends at P. As a result, upon integrating, we will
get:
On=1'Q). (30)

It should be remarked that the sign of d Q" will be positive (negative, resp.) according to whether
the corresponding surface element is seen from the positive or negative side, resp.
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One can define Q' independently of the form of the surface S’ to be the solid angle that is
defined by a cone of rays that go from P through the current line ¢'. However, one must observe
that such a cone actually bounds two complementary solid angles, namely, Q0" and 47— Q. In order
to determine the potential (30), both angles
must be used, according to whether the surface

S’ lies on one side of the reference point P or S’ S’
the other, but with opposite signs. If one then

replaces the surface S’ with another one S”

(Fig. 24) then one must replace the angle Q' >

2z with Q" = — (47 —Q)) =CQ' —4rx. Thatrule ‘A

will also remain valid when one shifts the

reference point P from one side of a given Q'>27x Q"'=Q' —4r
surface S’ to the other. Under a shift from the

negative to the positive, Q" will jump by an Figure 24.

amount 4. That corresponds to jump in the

potential @, by 4ri’. If one would like to treat that potential as a continuous quantity then one
would have to imagine that the transition through the surface S’ is obstructed. One would then go

from the positive side to the negative one only by the detour of an “almost”-closed line o that
actually surrounds the current line once. Since one would then have:

H:do=- grad: o, do=— 2—¢d0 =—dp,
o

it would follow that | H: do= [ dgp = 4zi’. We have already obtained that result in § 3, and
especially in § 4, when we considered the electric field of the corresponding electric double layer
instead of the magnetic field of the current in question. The “discontinuity surface” that was
introduced above will then be nothing but the “double surface” of that layer.

From the formula (12), the electric field strength inside of such a double layer is equal to 47
(where 1 means the surface density of the electric charge) and points from the positive to the
negative side. From (30), the electric field outside of the double layer is obtained from the scalar
potential:

p=1Q", (30.a)

in which i, = 7/ is the electric moment per unit area of the layer.

An electric double layer does not need to be bounded by a closed curve o'. It can also be
closed, i.e., it can be defined by two closed surfaces with opposite charges, one of which is inside
the other. Obviously, one can consider that case to be a limiting case of a vanishing boundary curve
for a non-vanishing surface S’. It follows immediately from this that the electric field strength
must vanish outside of the closed double layer. As far as the potential ¢ is concerned, it will be
equal to zero externally and equal to the constant quantity + 477 internally. The upper sign is valid
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for the case in which the internal surface is positive charged, while the negative sign is valid in the
opposite case.

§ 10. — Electric and magnetic polarization and polarization potentials.

One can imagine that a neutral system of electric charges that is found in a bounded volume is
replaced (and indeed in an infinitude of ways, in general) with an equivalent system of electric
dipoles that also fill up that volume. For the sake of simplicity, we would like to assume that the
electric charges are distributed continuously in the volume considered /" and on the outer surface
S that bounds it with a density of p (7, resp.). The electric moment must be correspondingly
distributed in the equivalent system of dipoles. The volume density of that moment is called the
electric polarization. If one denotes it by P then the product 3 dV will mean the resultant moment

of the elementary dipoles that are found in the volume element dV'.
We would now like to exhibit the relationship between p and 3. We can do that in two ways,

namely, first of all, by comparing the effect that a given external field (€’) exerts on the two
systems, and secondly by comparing the fields (&) that they create outside of V. We will denote

the actual system by C and the replacement (i.e., dipole) system by D.
The potential energy of C relative to the external field is expressed by the formula:

U= j(/)'pdV +Cj>(p'77dS ,
in which ¢' is the potential of that field. On the other hand, we will have:
U=- [e'pav
for the potential of D. If we substitute &' = — grad ¢’ in that then from the identity:

div @' P = ¢ divP +P grad ¢',
we will have:

U= [div(p'P)dV - [¢'divBdV = § ¢'P,dS—[¢'divadV.
In order for C and D to actually be equivalent, the following relations must then exist:

p=—divP, (31)
n= Pn. (31.a)
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We would now like to verify whether the fields that are created by C and D will also become
equivalent in that way. The volume element dV' (with radius vector t’), when considered to be a

dipole with a moment of 3’ dV', will create the potential 3" dV' - grad’ (1 / R) at a reference point

with the radius vector v, where SR =t — ¢'. The complete potential of D is expressed by the integral:

1
= "grad’=dV'.
@ I%g R

By means of the identity:

Y1 m'j l w ! ! ! l
div = —div' '+ rad’—,
(R R B +P'9 o

that integral can be represented in the form:

o= gSEn'ds'—jdi"R"B' av .

However, from (31) and (31.a), that is nothing but the potential of C :

ds’ "av’
p- g1 2N

If one further replaces grad’ (1 / R) with — grad (1 / R) then since *J3’ depends upon only ', but not

upon ¢, one will have:
1 1

"grad — =—p’' grad — =—-div —,
pg R pg R

and as a result:

p=- jdiv%

We would like to call the vector:

5=ijV' (32)

the electric polarization potential (it is usually called the Hertz vector). The scalar potential ¢ is
expressed in terms of 3 in the same way that p is expressed in terms of *J3, namely:

p=—divy. (32.a)

The polarization potential of an elementary dipole with the moment p is obviously equal to:
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p
3==. 2.
- (32.b)

Entirely analogous considerations and formulas can be applied to a system of stationary currents.
If one replaces p with j (viz., the current density on the surface S) in the foregoing argument and

replaces 77 and € (i.e., the current density on the surface S) then that will give:
U=-— jm'-jdv —@t'.eds

for the potential energy of the system in question in an external magnetic field $’ with the vector
potential 21’. We now introduce a replacement system D that consists of elementary magnetic

dipoles that are distributed continuously over the volume V. We denote the “magnetic
polarization,” i.e., the magnetic moment per unit volume, by 9%. The potential energy of D must

then be expressed by the formula:
U=- [($2)dv .
By means of the identity:

div (A" x D) =Mt rot A’ — A’ rot M
[Introduction, formula (25)], and since rot A’ = $', we will get:

~ [(s- o) dv =~ [div(2'xM)dV - [2A' rot MV,
1.e.:

U=- 2 rot :tdV - (A=), dS .

The equivalence of C and D is then guaranteed by the conditions:

j =rot M (33)
and
E=9Txn. (33.2)

[The last formula is obtained when one recalls the identity (24’ x %) - n =" - (N x n).]

The vector potential of an elementary current (or magnetic dipole) with a moment of 90t'dV’
) 1 . .
is equal to ' dV ' x grad’ﬁ . As a result, the magnetic field of our replacement system (outside S)

is determined by the formula:
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! !1 !
2(=I9)txgradEdV : (34)

That formula can be easily transformed into the form:

e M'xn ., ¢ rotOY
2[—45 - dS+_[ ——av, (34.2)

which coincides with the corresponding formula for the system of currents C, due to (33) and
(33.a). One can write the expression (34) for 2 as follows:

rot N’

2(=—'|.2)T(’><grad'%dV’ = I dv’' = rotj'm% dv’.

If one defines the vector:

3= j? dv’ (35)

to be the magnetic polarization potential of the system of currents in question then one can
determine the ordinary vector potential from that by a formula that is completely analogous to
(33):

A=rot 3" (35.2)

The polarization potentials 3 and 3* obviously satisfy the differential equations:

V23 =—479, (36)
V23 =—4xMt. (36.a)

It should be pointed out that despite the similarity of the formulas:
p=—divd and j=rotIN
with the corresponding field equations:
divé&=4rp (rot 3 =4rj, resp.),

the field strengths & and $) are generally completely different from the vectors — 47 and 47 1.

Namely, one must observe that the latter vanishes outside of the surface S, while the former does
not. Moreover, € and $) satisfy the “energy equations” rot € =0 and div $ = 0, while the quantities
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rot B and div 9T remain indeterminate. In fact, the vectors P and 2T are defined by only the
equations div P = — p, rot Mt =, and the boundary conditions P, = 1, Mtxn = £ That is why
one can add an arbitrary vector of the form rot 3 to % and an arbitrary vortex-free vector to 9T

without the boundary conditions breaking down in that way. It is only in the distinguished case
where the electric and magnetic field strengths themselves satisfy the following conditions on the
surface S:

(€ -m)=—4rn ($H xn=4rkt resp.) (37)

that one can identify *J8 and DIt with the corresponding values of — 4i ¢ and %5, inside of S,
T /4

1.e., one can set:
ArBP=-¢&, ArIM =19 . (37.2)



CHAPTER FOUR

REPRESENTING ARBITRARY SYSTEMS BY MULTIPOLES.
POTENTIAL THEORY.

§ 1. — Definition of a multipole.

Up to now, we have used the concept of the elementary dipole in a somewhat imprecise sense
since we have assumed that the length of such a dipole was “small” compared to its distance from
other dipoles. We would now like to replace (or better yet, extend) that imprecise physical concept
with the following one that is quite precise, but purely mathematical:

The length of the dipole (/) shall be infinitely small, and the charges (£ e) shall be infinitely
large in such a way that its moment (p = e /) should have a finite value. In order to distinguish
them from real physical dipoles, which always have a finite length and consist of charges of finite
magnitude, we would like to refer to such a dipole as a mathematical dipole.

One must then consider a mathematical dipole to actually be a point-like structure — viz., a
double point — just like an isolated point charge. They differ from each other by simply the fact
that in the latter case, the point in question is coupled with a scalar quantity (charge), while in the
former case it is coupled with a vector quantity (moment).

One can, in turn, regard two (mathematical) dipoles with equal and opposite infinitely-large
moments that are found at an infinitely-small distance from each other as a point, and indeed, as a
quadruple point. Such a quadruple point is called a quadrupole. A mathematical quadrupole then
arises from four charges of equal or equal and opposite magnitudes * e that define the corners of
a parallelogram with infinitely-small sides /1, /> (Fig. 25). In that way, one assumes that the product
e [1 [, which corresponds to the moment of a dipole, possesses a finite value.

I
te -
e te : Z e
I
b |
+£]________ _e
v
—€ [ Te d
Figure 25. Figure 26.

When one switches the positive charges and the negative ones in a quadrupole, one will get the
opposite quadrupole. Two opposite quadrupoles that are displaced relative to each other by an
infinitely-small line segment /5 in such a way that the product e /1 /2 /3 remains finite define an
octuple point or octupole.
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One can then represent an octupole as an infinitely-small parallelepiped with the charges * e
at its corners (in the sequence + — + ...) (Fig. 26).

By repeating the process that was described above, one will arrive at multiple points, or higher-
order multipoles. One can define a 2"-fold point (i.e., a pole of order n, in general) to be a quasi-
point-like system that consists of two opposite poles of order (n — 1) at an infinitely-small distance
from each other. If we resolve those poles of order (n — 1) into poles of lower order then we will
ultimately get 2" infinitely-large charges * e that are displaced relative to each other though
infinitely-small segments /1, l, ..., [,. The product e /1 > ... [, must still have a finite value then.

The n vectors [y, [o, ..., I, can generally have arbitrary directions in space. However, they can

all lie in the same plane or also on the same line. In the latter case, one calls the multipole in
question axial.
One defines the moment of the pole of order n to be the quantity:

1
mp”zezlzz...zn, (D)

which represents the magnitude of a tensor of rank n, as we will see. That tensor is the logical

generalization of the vectorial moment of a “first-order pole,” i.e., a dipole. It is determined by the

(n)

magnitude p"” and the » unit vectors [; / /; = a; . The lines that point in the directions of those

vectors are called the axes of the pole in question. One can define a point-charge as a “zero-order”
pole.

§ 2. — The field and energy of a multipole.
Let P’ be the (multiple) source-point of the electric field, and let P be the reference point for

which the potential ¢ of that field is to be calculated.
In the case of a simple point, i.e., a point charge €', we have:

e'
©_ €
7R

We now imagine that this charge is displaced to the neighboring point P, while the opposite

charge — € is found at P’. In the limit P'P/ = I, = I/a] — 0 and €'l; = p'® finite, we will get a

double point, i.e., a mathematical dipole, whose potential is expressed by the known formula:
@ _ 1 qrad O — (D) oy L @ oy L
o = (Lgrad)e™ = ("7 V) = = pT(a V) o

and indeed not approximately, but quite exactly.
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If one displaces that dipole from P’ to the neighboring point P, and at the same time attaches
the opposite dipole to the point P’ then in the limit P'P, = I}, = I;a, — 0 while p'®1; = 1 p'®
= finite, it will be a four-fold point, i.e., a quadrupole. Its potential at P is obtained from ¢® in the

same way that the latter was obtained from o, ie., by the formula:
4 4 14 ! r ! 14 1
(/7(2) = v)(P(l) =3P @ (a; V)(a; V )E .

If one generally denotes the potential of a well-defined pole D™ of order (n'—1) by "™
then one will get the following expression for the potential @™ of the pole D™ of order n',
which arises by displacing D™ through the infinitely-small segment I/ = I/, a’, and adding the
opposite pole at P':

" = (1, V)", @
or, from (1):

n' 1 r(n' ' i i ’ 1 7! l
¢( ) = m p( )(an’v)(un'—lv)”'(alv)ﬁ' (23')

One can immediately conclude from that formula that the electric field of an n"-order pole is
independent of the sequence and the magnitudes of the individual infinitesimal displacements [],

"™ and the set of n unit vectors

[, ..., I'. It is determined completely by the scalar parameter p
a;, a,,...,a (viz., “axes”).

If a charge e is found at the point P then we will get the product:
U@ =cgp

for its potential energy relative to any system of electric charges that creates the potential ¢ at P.
Upon displacing the charge through the infinitely-small segment [ and adding the opposite charge

at P, whene l; =p; = p® a, = finite, we will get a dipole whose energy is expressed by (}):
u® = ([1V)U(O): P1V) o= p(l) (,V)o .

Since Vg =— &, one can write the formula above in the usual form U® = — p; &. If one replaces

(m

the charge e with a pole of order (n — 1) in this argument then one will get a pole D" of order n

with the potential energy:

() Recall that V = grad means a differentiation with respect to t, and V' means a differentiation with respect to v/,
where t=0P,¢v'= OP',and R =v— ' .
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u® =@ vyuro, (3)
instead of the dipole, or:
n 1 n
U() :mp()(anv)(an—lv)”'(ulv)¢0’ (33)
where p™ means the moment of the pole, and a, ..., a, are the corresponding “axis vectors.”

In particular, from (2.a) and (3.a), that will give the following formula for the mutual potential

energy of the poles D™ and D™ when = ¢™:

1
nin’!

n'.n r(n’ n ' li ' r 1
U = ™ (] V) (a7, V) (@, V) (V) ©

Thus, one will have:
vi=_v, (4.0)

such that the differential operations (a; V'), etc., can be replaced with — (a; V), etc. [or one can

(n',n)

replace (a,V) with — (a, V')] in the actual calculation of U

For n" =n =1, we will get the expression (28), Chap. III, for the potential energy of two

dipoles that we know already from (4). It differs only by the sign of the potential energy of a point-

charge compared to a quadrupole. (The product p, p, must then be replaced with —p” e’ or

-pe)
The expressions (2.a) and (4) can be calculated for arbitrary n' and » with no difficulty by
means of the formulas:

V (a R) = a (= const.), VR =— nR ™2 g

and the general rule for the differentiation of the product of several factors. In that way, one will
get a formula of the form:

(n)
(m Y

" = (-D)"p T

)

for @™, where Y™ means a function that depends upon only the direction (but not the magnitude)

of the vector R, i.e., only the unit vector YRo = R : R. That function consists of a number of
summands that are composed of nothing but factors of the type a; SRo = cos (a;, PRo) or a; a; =
cos(a;,a,). Y™ is a symmetric homogeneous function of degree n relative to the quantities ai,

..., a, . For example, with the abbreviations (a; JRo) = A1, (a; ax) = Ak, one will have:
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YO =4,

Y@ = 1064 A-An),

YO = 2154 A2 =34 Ao3 =322 A31 = 343 An2)

Y® = 57 (10541 b A3 Au— 15 (M s dia+ As Lt doa+ i A za+ At Aa Aoz + Ao Aa Ais

+ A3 A A12) + 3 (s Aoz + Aoa Aa1 + Aaa A2)
and in general:

VARRS %{1.3...(%_1),11,12...1” _1'3'“(2n_3)221223'“2“n
+ 1~3---(2n—5)2/112 Ay A+ A} (5.a)

where Zﬂnﬂs---ﬂ,ﬂ, etc., means the sum of all the terms that were written out over all

permutations of the foregoing indices. The proof of (5.a) can be achieved immediately by going
from Y™ to Y™ while considering the aforementioned symmetry property.
The number of all terms that arise from A2 A4 ... Azk-1, 26 Aok+1 Aogs2 ... An by various

I

permutations of the numbers 1, 2, ..., 2k is obviously equal to gfk) '| . The number of terms in the
sum > A12 ... Azi-1,2% Aok+1 ... Ay is therefore equal to:

(2k)! n! _n(n=-1---(n—-2k+1)

2“.k! (2k)!(n—2k)! 2-4...2k '
In the case of a multipole with n coincident axes (41 = A2 = ... = A, ; Ak = 1), we will then get the
following expression for Y ™ :

v — 1 3 (2n 1) 2§( 1)" n(n-1)---(n—2k +1) prey (5b)

& 2-4--2k-(2n—1)---(2n— 2k +1)

The functions (5.b) are called Legendre polynomials. One usually calls the more-general
functions (5.a) spherical functions or also harmonic functions of order n. However, one does not
consider the arguments of those functions to be the cosines A4, A2, ..., A4, but the angles 6, y, which
establish the direction of the radius vector #R relative to any spherical coordinate system. (€1is the

angle between R and the polar axis, while y is the azimuth of PR in the meridian plane.) If one

denotes the corresponding angles for the axes of the multipole in question by &, v (i=1,2, ..., n)
then from a known formula in spherical trigonometry, one will have:

Ai=cos 6 cos O+ sin G sin @ cos (¥ — y)
and
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Aik = cos 6 cos G+ sin & sin O, cos (W — W) .

§ 3. — Representing arbitrary electric systems by multipoles.

Let S’ be a system of electric charges that are found inside of a ball K’ of radiusa’ with its
center at P'. The electric potential ¢ of S’ at a point P that lies outside of the ball can then be
expressed by the sum:

!

in which Q'P means the distance from the charge &' to the reference point P. (In that expression,

we are using S’ for the summation sign over all charges in the system considered.) If we denote
the coordinates of &' relative to P’', i.e., the components of the vector P'Q" in a completely-

arbitrary (rectangular) coordinate system, by &', &;, &, and the corresponding coordinates of P’

and Pby X/, X,, X3 (x1, X2, x3, resp.) then we will have:

(Q’P)2 = Z(Xi,_'_é:i,_xi)zv

i=1

and as a result, from Taylor s theorem:

1 1 0(/R),, 1< &°(/R) *(1/R)
+ '+ —
QP R Z ox! - 2147 X X, o St 3;axax'ax'

= /Z(X{—Xi)z

!

Upon substituting that expression in ¢ = S’% , we will get the following series for ¢ :

GGGt

in which:

means the distance, as before.

0= 0+ + 9@ 4. 1 0™ 1. (6)
with
©_ € o_ vy 9A/R), @ _ P @AIR) ,
R = i —e, ..., 6.a
"R Y Z.: ox; Y 2'; xox (62)

in which the coefficients €', €', e, ... are defined by the formulas:

e=Se, e =S¢ e, =SeEE (6.b)
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The quantity ™ will be called the n" -order potential of the system in question. We will write

it in the form:

n 1 o"(1/R ,
(0() - Z ) (m )m e'(n,n,, ;) (n1+n2+n3=n), (7

nIn, In, 1 ox(™ o, x5
with:

e'(n,n,,n) = S'eEME™E™. (7.2)

For large values of n, that notation is much more convenient than the foregoing one in (6.a) and
(6.b).

Since the point P lies outside the ball that encloses S’ (i.e., the distance P'Q’ is smaller than
P'P =R), the series (6) must converge absolutely and uniformly. One can regard that series as the
development of ¢ in negative powers of the distance R. Indeed, ¢™ is proportional to the (n + 1)

power of R. We correspondingly set:

@ = o ®)

(0 Rn+l 2

in which H, no longer depends upon the magnitude of the vector 9’8 = P'P, but only on its

direction. That dependency is expressed by the formula:

_ e'(n,n,, ;)
Hy nlz i in [n,n,,n,], (8.a)
in which:
[n1, n2, n3] = RM% (8.b)
OX™ OX;% OX5'®

are the simplest functions of the type considered. They can be determined directly in terms of the
cosines 4 = (x,—X)/R .

The parameters (6.b) or (7.a), which determined the electric properties of the system in
question, might be referred to as the “electric moments” of order n = ny + nz + n3 (relative to the
given system of axes). The zero-order moment is nothing but the resultant electric charge of the
system (e). The first-order moments are the components of a vector that corresponds to the
moment of an elementary (mathematical) dipole at the point P'. The second-order moments are
components of a tensor that determines an elementary quadrupole. In the same way, the n" -order
moments mean the components of a symmetric tensor of rank n that corresponds to an n" -order
multipole.

According to (2.a), each summand in the expression (7) represents the potential of an n" -order
multipole whose axes all lie along three mutually-perpendicular directions, and whose moment is
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n! , )
equal to —— ¢ (n,,n,,n;) . The number of those summands obviously amounts to (n + 2)(n +
n,n,!
1772 3

1)/ 2. However, due to the identity:

FWR) AR FER) _

0,
ax:[Z ax;z 8X§2

0" ?V'*(1/R)
OX™ 0% O

n (n — 1) / 2 identities of the form = 0 must exist between the functions

8" (L/R)

X X X or [n1, na, n3], i.e.:

[k1 + 2, ko, k3] + [k1, ko + 2, k3] + [k, ko, ks + 2] =0 (ki+thk+k=n-2).

It is possible to use those relations in order to express the (n + 1) (n + 2) / 2 parameters €'(n,,n,,n,)

that determine @™ or H, in terms of:
1(n+2)(n+)—-3n(n-1) =2n+1

of them, and indeed in such a way that (7) will assume the form (5) (for n" = n), i.e., such the H,
will be represented in the form of a spherical function of order # (5.a), multiplied by a suitably-
chosen coefficient (¢'™). That is because the number of independent parameters that determine

the potential of an n™ -order multipole is equal to precisely 2n + 1 (viz., two parameters for each
axis a| , e.g., the angles 6, w, and the resultant moment ¢'™) .

If one then sets:
0 0
[ 12 N} ' '
(ak V) = akl —'+ak2 —’+C¥k3 R
oX OX, ()
in which ¢ , ¢ , o mean the direction cosines of the unit vector a, (so &+’ +a,> = 1),

then it will always be possible to determine those direction cosines and the parameter """ in such
a way that the following identity will exist:

Z e'(n,n,,n;) 0" (1/R) 1

1
r(n) 1 7! ’ ' , ,
a; V) (@, V) (a, V)=,
My +n, +ng nl|n2|n3| axl'nl axénz axéfh n! p ( 1 )( 2 ) ( n )R

1.e., such that one can introduce other moments of the form:



§ 3. — Representing arbitrary electric systems by multipoles. 107

n n. n.
p (m, na,n3)= p'® Z Hakl,l l_zlakz,z ﬁak3,3

that depend upon only 2n + 1 independent parameters instead of the actual electric moments
e'(n,n,,ny).

One can also express that fact as follows: The electric field of an arbitrary system of electric
charges outside of a sphere that contains it is completely identical to the field of a system of
multipoles of different orders that are concentrated at the center of the sphere.

The actual determination of those multipoles in terms of the parameters e'(n,n,,n,)is

generally a very hard problem for n» > 1, and we cannot go into the details of its solution here. It is
simply soluble for only » =0 and n = 1, and indeed, one will have e = S'¢&’, and furthermore:

o = Z 8(1/ R)

=D V’ = (p V)

in which p’ means the vector with the components €' = S'¢'&’, from which it will follow that
p¥ =|p'|anda’=p'/|p’|.

Note that from the theorem that was proved above, a number of arbitrary multipoles of the
same order that are found at the same point can be replaced with a single “resultant” multipole.
That theorem is the generalization of the corresponding theorem for elementary dipoles (Chap. I,
§ 3). However, it is not possible to give a simple prescription for determining the axes and moments
of a resultant multipole of order n (for » > 1) from the axes and moments of the individual
“summands.”

Moreover, one should note that the electric moments of a given system are not determined
uniquely, in general, but will depend upon the choice of the center of the sphere (P’) . The moment

of order n will be independent of that choice only when the moments of all lower orders (i.e., the
0D A p'@ = e) vanish.

Similar results in regard to the possibility of representing the field of an arbitrary electric
system by multipoles of different orders can be derived for the potential energy of such a system
in a given external field.

Let S be a system of electric charges (&) that are included inside of a ball K. The system S’
that creates the field in question shall then be found outside of K. The potential of the field inside
of K must satisfy the Laplace equation V? ¢ = 0.

The potential energy of S (relative to S') is obviously equal to the sum of the corresponding
energies for the individual charges, i.e.:

U=Sep(0),

parameters p

in which ¢ (Q) means the value of the potential at the point Q that includes the charge & If one
denotes the coordinates of Q relative to P (i.e., the components of the vector PQ) by &, &, &, and
develops @ (Q) in powers &1, &, & then that will give the following series for U :
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U=U9+U®+U® +...4U®, 9)

with:

o o’p

UO =cp, UY=)Le, U®=1y_-7" ¢ | - 9.a
v 258 DVt (9.a)

and
e=Sg¢, e,:ngi, e,'kZSSfifk, (9.b)

or in a different notation:

U(n) — Z e(n1’n21n3) an¢ (10)

nemrmen NI NLT OX™ OXp? OX3?
with:
e(m,ny,n3)=Se& & &F. (10.2)

The parameters (9.b) or (10.a) are the same electric moments of the system in question that
determine its own field outside of K. Due to the Laplace equation:

’p g 0%¢
2 + 2 + 2 - ’
oX, OX; OX
precisely the same identities must exist between the n" -order derivatives of ¢ with respect to xi,
X2, x3 that exist between the corresponding derivatives of R with respect to X/, X;, X; (cf., supra).

It will follow that the n™ -order energy U™ can be represented in the form (3.a):
(n) _— 1 (m 1
Um=2p (alv)(azv)---(anV)E,

i.e., it is identical to the potential energy of a multipole of order » at the center of the sphere P, and
indeed the same multipole that creates a potential that is identical to the n™ -order potential of S
outside of the sphere K. In summary, we can then state the following: An arbitrary system of
electric charges that can be separated from the other systems by a spherical surface (that encloses
the former and excludes the latter) is completely equivalent to a number of multipoles of various
orders that are concentrated at the center of the sphere in regard to its interaction with that system.

However, for the actual determination of the interaction of two such systems, it is more
convenient to not introduce those multipoles explicitly, but to operate with the expressions that
determine the potential of a system (S’) and the potential energy of the other (S) as a function of

the components of their electric moments €'(n;,n,,n;) [e (n1, n2, n3), resp.] (since those moments
can be regarded as known quantities).

If we substitute = @ +¢® +¢® +--- in (9.a) then, according to (6) and (7), we will get the
double series for U :
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U=>utm, (11)

in which U™ corresponds to the form that U™ will assume when the potential ¢ is equal to
¢(n') )
Due to the relation:
0@/R) _ 9(/R)
OX; ox

we can appeal to the symbols (8.b) and write:

y D" e(n,n,,n) e'(n,n;,n
pon - ED wy enan) EOM L
R™" 1 [”1*”2+n3=n] n, !n2 !n3 ! an |n£ Inél

1Ny +ng=n’
2+

Rn+n'+1

If we denote the coefficients of 1/ in the cited equation by H, . and substitute that in:

n

> Hoy=k (11.b)

n+n'=k

then we will have:

U= E°+R—12+R—23+~-- (11.¢)

Recall that U is not merely the energy of S and S’, but at the same time, it also represents the
energy of S’ relative to S. [That fact corresponds to the symmetry of (11.a) relative to the “primed”
and “unprimed” parameters.] From (11.c), the mutual energy of the two systems is represented in
the form of an advancing series in negative powers of their mutual distance (more precisely, their
distances from the center of the spherical surface that enclosed them) whose coefficients depend
upon the orientation of the two systems relative to each other and to their connecting line (2R)

(except for o, which is equal to simply the product ee’ of the resultant charges of Sand S").
The coefficients Hy0, H,

(H, , resp.) [cf., formula (5)].

are identical to the previously-introduced spherical functions H,

§ 4. — Harmonically-conjugate systems. Electric potential inside of a ball.

Two points Q and Q' are called “harmonically-conjugate” relative to the spherical surface K

when they lie on a line that goes through the center P of the sphere and lie on the same side of P
in such a way that:

pp =a, (12)
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where p=PQ, p' = PQ’, and a is the radius of the sphere.

As a result, one of the points (e.g., Q) must lie inside of K, while the other one (e.g., Q") must

lie outside of it. If one denotes the point where the line PQQ’ intersects the surface of the sphere
by Ao (Fig. 27) then (12) can be written in the form:

PA _ PQ
PQ PA

Upon subtracting 1 from each side of that equation, we will get:

PA,—PQ _ PQ'-PA,

PQ PA
ie.:
QA _ AQ
PQ PA,
or
Q/h _p
QA a

Figure 27

Now, it is easy to see that this proportion is

true for not only the point Ao, but for any other
point 4 on the spherical surface. In order to prove that, we consider the triangles POA and PQ'A.
Since PA = a, from (12), we will have:

PQ  PA

PA  PQ'

Since those triangles have a common angle (at P), they must be congruent. However, it would
follow from this that:

QA_ QA
PQ PA’
ie.:
oA a (12.a)

If we then imagine that two charges of the same sign £ and &’ are at Q and Q', resp., and have a
ratio of:

(‘0‘|oq

L_2 (12.b)
a p
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!

&

QA

then their potentials & ( resp.) must be equal to each other for all points A of the spherical

surface.
Now, let B and B' be two harmonically-conjugate points on the line P4. The equations

PB-PB’ = a* and PQ-PQ’' = a’ imply that:

PB _ PQ
PQ" PB'

As aresult, since the triangles and PQB' and PQ'B have a common angle at P, they must also be
congruent. Therefore, one will have QB': PB' = Q'B:Q'P and QB':PQ = Q'B:BP, i.e., with
the notations PB=R, PB' = R’":

B _R_p )

If one further denotes the electric potential of £at B' and & at Bby ¢’ = ¢/QB' (9= &'/Q'B,
resp.) then from (13) and (12.b), one will have:

g _~_2 (13.2)

That formula shows that the ratio ¢' : @is independent of the direction of the line P4y on which
the two “conjugate charges” are found and of the configuration of the latter on that line, as long as
the relation (12) is fulfilled. If one then considers an arbitrary system S of charges ¢ inside of the
sphere K and the corresponding “conjugate” system S’ of external charges &' then the potentials
@and ¢’ that are created by S’ at B and S at B', resp., will have the same relationship (13.a) to
each other that the potentials of the individual conjugate charges have to each other.

According to the results of the previous section, the potential @' can be developed in a series
outside of K:

in which Ho, Hi, H>, ... depends upon only the direction of the line PA. Correspondingly, we will
get:
H R R® R"
= —°+Hl¥+H2¥+---=ZH T (14)

n 52n+l 2
a

i.e., an advancing series in positive powers of R (for which R < a). For the limiting case of R= R’
= a, the two series will obviously coincide.
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From (8.a), the spherical functions H, are determined by the electric moments €'(n,,n,,n,) =
Se&t & & of the “internal system” S. That is because, from (12.b), when &1, &, &, and &,

&, & mean the components of the vectors p ( p’, resp.), that will imply that:

2\ /2 \2 /2 \™
Segd g ey =S's’i,fa—,] (a—] (a—j ,
P& ) \ & s

!

& _ - _
e'(n,n,,n,) = az””S’; g g (14.a)

1.e.:

If one substitutes those expressions in the formula:

Hy= > M[q,m,nﬂ (14.b)

M +Ny+Ng=n nl ! n2 !na !

then, from (14), one will get a representation of the “internal” potential ¢ that depends directly
upon the nature of the external system that creates it. In that way, that nature (i.e., the configuration
and magnitude of the charges &’) can be completely arbitrary since every external system of
charges can always be associated with a conjugate internal system.

Upon replacing (14) in the formulas (9) and (10), where S might mean a completely-arbitrary
internal system, one will get a new expression for the mutual potential energy of the two systems
Sand S'. That new representation of energy is more general than the previous one, which is given
by formulas (11) to (11.c) since the series (11) will converge only in the case where S and S’ can
be separated from each other by fwo non-intersecting spherical surfaces. (The sum of the spherical
radii a + @' must be smaller than the distance R to its center.) By contrast, the new representation
(with one spherical surface) will also be valid when the external charges lie arbitrarily-close to the
spherical surface K, just like the internal ones.

If one introduces the parameter:

!

' ' € 1-n g1-N, g1-ng
E'(n,n,,n;) =S" =& &M & (15)
P
in place of €'(n,,n,,n,) and replaces the functions H, with:

. E'(n,n,,n)
ha=H, (a*") = WZ iy Mt (15.2)

then one will get the following expression for ¢ :
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p=ho+h R+ hR* +---=> h R". (15.b)

However, in that way, the distance R cannot exceed the radius of the sphere: The series (15.b)
will then converge only in the region R < a, in general.

The coefficients of that series 4, are spherical functions of order #, i.e., from (5.a), they are
polynomials of degree » in the direction cosines A of the vector R = PB. It will then follow that

h, R" is an entire homogeneous function of degree 7 in the components of that vectors, which we

would like to denote by x1, x2, x3 . (The fact can also be recognized directly when one observes
that, by definition, one has:

o"(1/R
imo o ms) = R )
OX,* OX,? OX5°
Since the derivatives % in (10) refer to the center of the sphere (x1 = x2 = x3 = 0),
axlnl axzz 8X33

one can replace @in it with the single term h R". The other terms (of lower and higher order) will

give no contribution to the derivatives of order n. Therefore, from (10) and (15.a), that will imply:

um= 3 e(n,n,,ny) E'(n;,n,,n;)

nimemen NN INT n/Inling ! [z N M g, 1] (16)
n+n;+nz=n
with:
[n1!n2ln3;n1,ln£’né] = { m anl n [R2n+l (?’ (ll'R) ’J} . (163)
o' Ox* O oxoxttox )

The cited representation for the energy (U= U@ +U® —...) initially has the advantage over the
previous one that the dependency of the energy upon the configuration of the system S, i.e., the
center of the sphere that encloses it, does not need to be expressed. In the event that the system in
question can be displaced as a whole inside of that sphere (i.e., without colliding with the external
system), that dependency can be determined as follows: One imagines that S is enclosed by a
sphere K that is as small as possible. Now, let the center of that sphere be P, and let the center of
the larger sphere that includes it be O. If one refers the coordinates of the external charges to O, as
before, and those of the internal ones to P then the parameters E'(n/,n;, n;) will remain unchanged,

while the quantities:

Se(x + 51)nl (%, +§2)n2 (X + 53)r13

must be introduced in place of the constant parameters e(n;,n,,n;). Those functions are

polynomials of degree # in x1, x2, x3 (viz., the coordinates of P relative to O) whose coefficients
are equal to the new (constant) values of the electric moments of S, except for numerical factors.
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As we saw above, we can replace an “internal system” of electric charges with a number of
multipoles at the center of the sphere. It is correspondingly possible to replace the conjugate
external system S’ (relative to the field that it generates inside of the sphere) with a number of
infinitely-distant charges that are harmonically conjugate to the ordinary multipoles. In that way,
a multipole of order » that creates the field:

r n 1 n n Yn
9= p”(alv)(azv)---(unv)ﬁ = (=) IO“W

outside of the sphere K will correspond to a system of infinitely-distant charges that create the
field:

: 7o Yo R
¢ = (_1) p() a2n+1

inside of K.
For example, a mathematical dipole corresponds to two opposite charges that lie along the
same diameter (in opposite directions) and require the potential:

p= e

inside of the sphere. In that expression, p means the electric moment of the dipole, as usual. Note

that this potential will correspond to a homogeneous field of strength & = — p /a°.

§ 5. — Equivalent surface charge.

From the results of the last two sections, one should now observe the following fact: A certain
electric field can be created inside or outside of a closed surface by different charge distributions
outside (inside, resp.) that surface.

That theorem is true in general for entirely-arbitrary closed (or infinite) surfaces (*) and is a
direct consequence of Coulomb’s law or the Laplace equation, which is equivalent to it. One can
further prove that for any (real) distribution of electric charges on one side of the surface K in
question (i.e., it creates the same field on the other side), a distribution of electricity will exist on
that surface itself. The mutual energy of two electric systems S and S’ that are separated from
each other by K can then be always calculated to be the mutual energy of two charged surfaces
that coincide with K.

That theorem is quite simple to prove in the special case of a spherical surface. Let S and S’
be two harmonically-conjugate systems (internal and external). The potentials that they create (¢’

externally and ¢ internally) will then coincide on the spherical surface itself. One can then say that
those potentials will go over to each other continuously when one crosses the surface. It is therefore

() An infinite surface, e.g., a plane, can be treated as a surface that is closed at infinity.
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possible to regard them as the external and internal values of the potential of one and the same
system of electric charges X. Moreover, since one has the equation V?¢’ = 0 outside of the sphere

and V?p = 0 inside of it, those charges can lie on only the boundary surface K. Their presence
must express itself as a jump in the normal (i.e., radial) component of the electric field when one
crosses K. By applying the general formula C_[)En dS = 47 e to an infinitely-small cylinder that

includes the element dS of the spherical surface and whose lateral surface is perpendicular to it
(Fig. 28), for a fixed dS and a vanishing height of the cylinder, we will get:

E,-E,=4zn, (17)

in which 77 = de / dS means the surface density of electricity on the

element dS, €' and € are the electric field strengths on the external and n
internal surface of dS, and n is the normal that points from inside to ¢’
outside, i.e., in the direction of the radius vector JR (}). Since &' = —
V'p' and € = — V@, one can write formula (17) as follows: ds
¢
SEYRIA |
A7\ R OR' Jz_p.a Figure 28.

Upon substituting the series (14) for ¢ and the corresponding series for @', we will get:

2n+1
~ A a"?

n= H. . (17.2)

That is the desired equivalent surface distribution of electric charge, and indeed for each of the two
conjugate systems S and S’ in the corresponding spatial regions. In particular, for n = 0, Ho = e

(viz., a zero-order pole), that will give n= e/ (4x a%), i.e., a uniform distribution of charge e. We
then get the known result that a uniformly-charged spherical surface will exert the same action
externally as if all of the charge were concentrated at its center (?). For n =1 and H, = p cos 8 (viz.,
a dipole with the moment p, where is the angle between p and $R), one will likewise have:

_ 3 pcosd
Ar a®

(17.b)

The total charge an dS is therefore equal to zero.

() Cf., formula (12), Chap. II1, for the electric field strengths inside of a double layer.
(®>) The external potential ¢’ = e/ R’ will then correspond to the internal one @ = e/ a = const.
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We now assume that the systems S and S’ are not conjugate, but completely independent of
each other, so the internal one is characterized by the spherical functions H,, and the external one
is characterized by H!. One can represent their mutual energy in the form:

U= pnas,

in which the integral extends over the spherical surface.

Moreover, by means of the formulas (17.a) and ¢ = Z

ZZZzﬂiﬂﬁHnH;rds. (18)

47ra

That representation of energy must obviously be identical to the representation that was cited in
the last section [see formula (16)]. However, it follows from this that the double series (18) can be
reduced to the simple series:

2n+1
4” a2 Z 2n+1

<J5Hn H,dS, (18.2)

i.e., that one has:
$H, H ds =0 (18.b)

for n" # n. That relation, which can be easily verified directly, expresses the “orthogonality
property” of the spherical functions of different order.

If one chooses an arbitrary sequence of spherical functions Ho, H1, H>, ... that are normalized
in such a way that:

4ajH ds =1 (19)
T

then one can develop an arbitrary given distribution of electricity on the sphere 7 into those
functions, i.e., one can represent it in the form:

n= iCan, (19.a)

n=0

in which the coefficients C, can be calculated from the formula:

o0 Cn
N Z 4ra’

n=0

1e.:
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1
47 a?

Cn= [nH,ds. (19.b)

We shall now go on to the proof of the general theorem that was formulated at the beginning
of this section.
Let S be a closed surface, and let @' be the potential that an internal system of charges creates

outside of S. Let the value of ¢’ on the surface itself be denoted by ¢ .
In order for ¢' to be regarded as the potential of a distribution of electricity on S with the
surface density 77, a function ¢ (v) must exist that represents the potential of that same charge

distribution inside of S. Obviously, that function must satisfy the following conditions:

1. Inside of S, it will remain continuous, along with its first derivative (V ¢ = minus the electric
field strength), while second derivative vanishes (VZp=0).

2. On the surface S, @ assumes the given value ¢ (i.e., the corresponding value of ¢' on the
surface).

Now, one can prove that such a function can always be found (for an arbitrary form of S and
arbitrary values of @ ), and indeed uniquely (viz., Dirichlet s principle).

If one substitutes § = 7 Vi in the general formula 4} F.dS =] div & dV then one will have:

Cﬁy/VngodS = vazwdv +IV!//-V§0dV. (20)
In the special case of = @, we will get the formula (5), Chap. III, that we already used before:
[(Vo) av =+ [pV pds - $pV? pds, (20.a)
which will imply that:
=0

in the entire volume V, since V2p=0and @ = 0.
We shall initially overlook the condition that V> = 0 and consider the charge AJ that the
integral J = J (Vo)*dV will experience when the function ¢ is replaced with ¢+ 5¢.

It will follow from the identity:

[V (¢p+ 60))> = (V@) +2 V- Vp+ (Vp)
that

AT=2[Vp-VpdV +$(Vp) V.,
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or from (20), with = ¢ :
AT=[(Vop) dV —2[8pV2pdV +2 pSpV, pdS . (20.b)

If one now sets V2 = 0 inside of the surface S and compares ¢ with only those functions ¢ +
op that assume the same value @ as pon S, i.e., ones for which one has 6¢p =0, then one will get
an essentially-positive value for AJ. The condition V?¢ = 0, which defined the desired potential
function above, is then completely equivalent to the following one: The function ¢ shall make the
integral J a minimum. The fact that such a function will exist at all among all functions that assume
the given boundary value @ on S can be regarded as a very illuminating fact. The fact that there
is only one such function can be seen as follows: If @ + d¢p were another function of the same type
then one would need to have 5p = 0 and V2 (5¢) = 0. However, from (20.a), it would follow from
this (when ¢ is replaced with 6¢) that V(d¢) and 6¢ would have to vanish in the entire volume V.

If the function ¢ has been found then one can define the desired surface density of the
electricity on S by the formula (17), just as one did in the case of the spherical surface that was
considered above. However, the actual determination of that function in general (i.e., for an
arbitrary form of S and an arbitrary boundary value ¢ ) defines a very complicated problem

analytically.

§ 6. — Green’s function.

However, that problem can be reduced to a simpler one, namely, determining an auxiliary
function that depends upon only the form of the surface S, but not on the boundary values ¢ . The

potential ¢ can be represented in the form of a surface integral over S by means of that function.

Let P* be any point inside of S and let ¥ be a very small surface that enclosed that point.
If one extends the volume integration that was suggested in formula (20), not over the total

volume ¥, but only over the part V" that lies between S and X then that will give the difference:
Py V,0ds -y V,pdx

on the left-hand side of (20), where v means the external normal to X.
If one switches the functions ¢ and  in (20) and further assumes that both of them remain
finite inside of V *, along with their gradients and second derivatives, then one will get:

W V,0-pV )z = Py V,p- oV ) dS— [y Vie—pVip)dv'  (21)

upon subtracting them. In the special case in which V2@ and V2 vanish inside of V", that will
then imply that:
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W V,o-pVp)dE = Py V,p-pVp)ds. (21.a)

Obviously, that equation is also valid when the auxiliary function v becomes infinite inside of the
surface %, just like Vy and V?y. For example, we can set =1/ R, where R means the distance
from the point P* to any point P of the volume V*. In fact, if we consider  to be a function of
the radius vector v of P then it will remain finite inside of V", along with its gradient V i, while

V2= 0. We shall now go on to the case in which the surface ¥ contracts to the point P*. We will
then have:

lim § v V,pds =0
since X will then decrease quadratically in R, and furthermore:
lim @ eV ydZ = @ -lim gS VvidZ =—4rg’,
R

since 1 / R can be considered to be the potential of a unit charge at P*(*). From (21), we will then
get:

W=¢;Zfs ¢¢v-4s (21.b)

The first term on the right-hand side of that formula represents the potential of a surface charge of

..V : .
density af , and the second one represents the potential of a double layer whose electric moment
T

per unit area amounts to ¢/ 4 (see Chap. 111, § 9). It is easy to see that such a system would create
a zero potential in the external space (i.e., no electric field). That is because if one replaces P*
with a point P’ that lies externally to S then the function =1/ R (R = distance P'P ) must remain
finite and continuous in all of the volume V that S encloses. However, in that case, the left-hand

and right-hand sides of (21) would vanish since the integrals Cf) w V. @dS and Cf) @V wdS would

be two equivalent transformations of the volume integral J. (Ve-Vw)dV . One can also interpret

that fact physically by saying: When one crosses the double layer with the moment x (per unit
area), the potential will jump by an amount 47 k. Now, if:

_ 7]
= and K= —
=@ 4

on the inner side of S then one must have ¢’ = 0 on the outer side.

() ¢ means the value of ¢ at the point P".
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The formula (21.a) is not entirely suitable for representing the potential ¢ inside of S, on the
grounds that it must include not only the boundary values of ¢ (which must be equal to the
corresponding boundary values of the external potential ¢"), but also the boundary values of the

gradient V ¢ inside of S, while those boundary values can be regarded as known only outside of S.
In order to free oneself from those unknown boundary values, one replaces 1 / R in (21) with
another function y of the two arguments v (radius vector of the point P) and ¢*, which will become

identical to 1 / R when the distance PP* becomes infinitely small (up to terms that will remain
finite, and are thus irrelevant), satisfies the Laplace equation V2= 0 for all ¢, just like 1 / R, and

vanishes for those v that belong to the points on the surface S. In place of (21.a), one will then get

the formula:

* :_i - *
() == —§ pV, v (r,e)ds, @21.o)

which can serve to calculate the potential inside of S from its boundary values (}). The function
w (r,v") is called the Green function of the surface S. One can easily prove that it is symmetric in

both arguments v and t*, just like 1 / R. In order to prove that we consider the integral:

[V () Vi (ex)dv,

in which v, v, mean two points that lie inside of S, and V" is the volume that is bounded by S,

on the one hand, and the small surfaces X; and X that enclose that point, on the other. By means
of the transformation (20), instead of (21), that will give the equation:

WV, v, Vo) dZ + §Wn Vo w, —v, Y, w) dS, = $u, Vo, —w, V,p,) dS

() In the simplest case where the external potential ¢’ is replaced with a point-charge e that is found at the point

P (v) inside of S, we will have ¢ = @' =e¢/R (R=PP") such that the formula (21) will reduce to:

e r1l .
() == P=Vow (v, e)ds.

That corresponds to a surface distribution of electricity with a density of:

e

\Y4 v,v).
yy v ()

77:

Therefore, the total value of the equivalent surface charge:

s =—%q‘>vny/(t,t*)ds

will be equal to e, as is easy to see.
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in which we have set y1 = w (v,v,) and y» = w (v,v,), to abbreviate. The integral on the right-
hand side vanishes due to the boundary condition y;, = ¥, = 0, and the one on the left reduces to
the difference:

dryns -4z yio=Arnly (q,¢) -y (v, )]
in the limits of £; — 0 and 2> — 0. One will then have:
y (2, 1) = y(v1, 12) . (21.d)
In the special case of the spherical surface, the Green function will have the following form:

ey L2l
iR T R T R

in which a@ means the radius of the sphere v1 means the radius vector that points from the center of
the sphere to the point P1, R means the distance P1 P2, and R' means the distance B/P,. Therefore,
P, denotes the point that is conjugate to P; and lies outside of the spherical surface. In fact, P> lies

on S, so ¥ (r1, r2) must vanish, from (12.a) (since Q4 = P1 P>, Q'A = B/P,, and p=r). Moreover,

w satisfies the Laplace equation (V= 0) as a function of v, and coincides with 1 / R as t2 — vi,

2
in practice. With the use of the relation v/ = a—ztl [cf., (12.b)], one can easily convince oneself of
h

the symmetry relative to v1 and v2.

In the general case of an arbitrary surface S, the determination of the Green function in the
form of a closed, analytical expression is impossible. However, if it is known then one can calculate
the effective charge density on S by means of the formula (§ 17):

1
(47)°

1 ’ —_— * * 1 !
n=—V.,p-V,0)=- <j§(anVnt//(t,t)dS——Vngo.
4 Ar

Therefore, the potentials ¢’ and ¢ can be represented by the same surface integral 4}(77/ R)dS.

In the foregoing, we have assumed that the external potential was known and sought to replace
internal system of charges that created it with a surface charge. In the opposite case, when the
potential ¢ is given inside of S and the external charges that create it are to be replaced with an
equivalent surface charge, we must initially look for a potential function ¢’ in the external space
that satisfies the equation V¢’ = 0 and is identical to ¢ on S. In that way, that problem can be
reduced to the one that was considered before, in which one imagines that .S is enclosed within a
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very large external surface S’ that will later be shifted to infinity, while the surface X contracts to
the (external) point P* in question. However, we cannot go further into those questions here.

§ 7. — Equivalent surface currents.

In the previous sections, we spoke of electric charges and electric fields. However, the results
obtained will also remain true for magnetic fields when we imagine that the latter are created by
fictitious magnetic poles. However, it is easy to rid ourselves of that fiction and replace the
magnetic poles with equivalent electric currents.

In the case of a multipole, it suffices to, e.g., exclude “zero-order” poles and treat “first-order”
poles, i.e., mathematical dipoles, as the elementary currents. In that way, one can replace the scalar

potential of an n"-order multipole ¢ with an equivalent vector potential A™. If ¢™ can be

2 _(n-1) _

represented in the form ¢™ = (a V) @, where V¢ 0, then that will give simply:

AN = q xVe" P, (22)

since one will then have rot A" = — V "™ (cf,, § 8, Chap. III).

However, the introduction of the vector potential in place of the scalar potential is usually
inappropriate.

When considering the magnetic field outside (inside, resp.) a closed surface S that is created
by an internal (or external) system of currents, one can introduce an equivalent surface current
instead of the equivalent surface distributions of “magnetic charges.” The surface density of that
current can be determined in the same way as the density of surface current. If one applies the
general formula:

$rnxHds = [rotHdv = 4z [jdv

to an infinitely-small cylinder that includes the element dS of the surface in question and whose
base surfaces are parallel and equal to that element then one will get:

dre=nx(H -9 (23)

in the limiting case of vanishing height of the cylinder. In that equation, € means the surface density
of the electric current (according to _[E ds = I jdV ). $' and $) are the magnetic field strengths on

the outer and inner sides of dS.
Note that relationship between $)’ and $) that is at the basis for formula (23) is completely

different from the corresponding relationship between the electric field strengths €" and €. In fact,
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since the magnetic field satisfies the equation div $3 = 0 in all of space, the inner product must

satisfy:
n-(H-95=0, (23.2)

i.e., the normal components of the magnetic field strengths cannot make a jump upon crossing the
surface S. By contrast, equation (17) will be valid for the electric field strength in that case, which
we can also write in the form:

n- (¢ -&)=4rn, (23.b)
as well as the equation:
nx (€ -&)=4rn, (23.0)

which corresponds to the vanishing of the rotation of the vector € in all of space and expresses the

fact that the tangential component of the electric field strength can possess no discontinuity on S.
If one would then like to interpret the given external field $3’ that is created by an unknown

internal system of currents as the field of a surface current that is distributed on § then the field
inside of S must be determined in such a way that the condition (23.a) is fulfilled.
When the external field can be represented by means of a scalar potential ¢’ (%), one can also

derive the corresponding “conjugate” internal field $ from a scalar potential ¢. In that way, ¢ must

satisfy the Laplace equation (V2@ = 0) inside of S and the condition that:
Vap=V, ¢ (24)

on the surface itself, which now replaces the previous condition that ¢ = ¢’ . Since the magnetic

field is source-free, moreover, the integral must be:
(JSVngo dS =0. (24.2)

As far as the condition ¢ = @' is concerned, it cannot exist in the case considered, i.e., the
potential must suffer a jump (Chap. III, § 9):

7 — =47 in (24.)

on the surface S. That corresponds to a magnetic double layer with a density (i.e., moment per unit
area) of i,. If that quantity were known then one could represent the two potentials ¢ and ¢’ by

the integral:

i, v, (%) ds . (24.c)

(Y) That is always the case when the magnetic lines of force do not close outside of S.
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Here, we would like to treat only the simplest case in which S is a spherical surface. We can
then represent ¢’ in the form:

H
DI ©3)

n

in which the coefficients H, are regarded as known. If we correspondingly set:

[ A
P= Z a2n21 R (25.2)

then the initially-unknown coefficients H, can be obtained from the relation:

nH! .. (n+)H, ;o
ZWR ——Zwa RI=R=a,

which follows from (24), i.e.:

HY=— Dy (25.b)
n

2n+1
From (24.b), that corresponds to the formula 47 i, = —Z ?Jn:l H, . If (25) reduces to the first-

order term (so @® must always be equal to zero), i.e., if one has:

,  mR
B RIS

@
then from (25.b) and (25.a), one will have:

2mR
-

It will follow from this that a homogeneous magnetic field $) = 2m / a® prevails inside of the ball,

while one has:

1,3 [-m+ 397 (m )]

=1

outside of it. From (22), the scalar potentials ¢’ and ¢ correspond to the vector potentials:

1 1

A = R,amxm', = —mxR,
a
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resp. We get the surface density € of the current at a point on the sphere with the radius vector a
from (23):

3
t= smxa.
4ra

That formula shows that the field in question can be generated by rotating the spherical surface, in
the event that the latter is uniformly charged. In fact, if we denote the angular velocity by o and

the (constant) surface density of electric charge by 7 then the current density at the point a must

be expressed by the formula:

= ona

c

(since o x a is the linear velocity of the corresponding surface element). A comparison of that

formula with the foregoing one will give the relation:

which says nothing but the fact that m is the resultant magnetic moment of the rotating charged

sphere. Indeed, by definition, one will have:

m= %(j} axtdS,
which is identical to the cited formula since € = Loxa and axt = Q{azo—(u o)a}.
C C

§ 8. — Induced electric and magnetic moments.

To conclude this chapter, we must briefly consider the question of what sort of changes the real
electric (magnetic, resp.) system will suffer under the action of external fields. We understand a
“real system” to be one that consists of any material bodies or bodies that are composed of a
number of positive and negative electrons. As we have seen above, such a system can always be
replaced with a set of multipoles of varying order. Up to now, we have treated those multipoles as
having been “given,” i.e., unchanging, or fixed. However, just as the real fixed body is not
absolutely fixed in a mechanical context but will suffer small deformations under the influence of
external forces, they are also not absolutely fixed in an electric (and magnetic) context. If one
introduces any body into an external electric field then the opposite charges that are stuck in that
body must experience oppositely-directed forces. Those forces must produce small displacements
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of the charged particles up to the point that the internal electric forces that they would require (in
analogy with elastic stresses) attain equilibrium with the external forces.

One cares to call the “electric deformation” of a body that was just suggested polarization.
Phenomenologically, one can characterize it by the change in the electric moment of the body
e(n,n,,n;) or by the additional multipoles of various orders that must be added in order to produce
the altered, “deformed” multipole.

Ordinarily, one considers only the change in the first-order moment (or multipole). In that way,
one assumes that the additional or “induced” electric moment is proportional to the electric field
strength & (of the external field), in analogy with Hooke’s law for elastic deformations.

Since the first-order electric moments ei, ez, e3 are nothing but the components of the dipole
moment, which corresponds to a first-order multipole, one can consider the aforementioned
additional moments, which we will denote by mi, m2, m3, to be the components of the induced
dipole moment p that measures the electric polarization of the body in question. The simplest

linear relation between p and € is expressed by the formula:
p=a€. (26)

That formula says that p has the same direction as the vector & and is proportional to it. Therefore,

it will be assumed that the “polarization coefficient” « is an essentially-positive quantity. That
means that the positive and negative charges will be shifted in the direction of the external force
that acts upon them.

Formula (26) corresponds to Hooke’s law for ordinary isotropic bodies. A body for which that
formula is valid is called “electrically isotropic.” In the general case of an electrically-anisotropic
body, one must replace (26) with the formula:

pi= 2 aE, (i, k=1,2,3), (26.2)

where the o represent the components of the so-called “polarization tensor” %« relative to the
coordinate system in question. For a coordinate system that is fixed in the body, those components
are regarded as constant parameters that characterize the body.

The polarization tensor can generally be treated as symmetric. Correspondingly, the coordinate
system can always be chosen in such a way that the non-diagonal components of >a will all vanish
(cf., Introduction). In that way, (26.a) will reduce to:

pi=anEr, pp=onkE, pi=aikE;. (26.b)

The potential energy of a fixed dipole with a moment of p relative to the system that creates
the field € is known to be equal to — p €. If the moment p is induced by the field itself then one

must also consider the work that is done by the internal forces. Since those internal forces increase
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linearly with p and compensate for the field &, the aforementioned work is expressed by the

formula ():
U =1p¢.

One can interpret the quantity U’ as the internal energy of the polarized body. It corresponds to
the internal elastic energy of a mechanically-deformed body. If one would like to calculate the
additional mechanical effect that originates in the polarization then the energy function will not be
— p &, as with fixed dipoles, but the sum —p & + U’ i.e.:

U=-ipe€&=-U". (27)

That can also be seen directly when one starts from the expressions for the torque p x €& or force
(pgrad) &€, which are also valid here, and defines the corresponding energy function in the usual
way while considering the proportionality between p and &. If one sets p = o €, for the sake of

simplicity, then one will have:
(pgrad)€ = o (€ grad) € = Lagrad E*=—grad U,

from which it will follow that;
U=-1aFE’. (27.a)

Note that the torque vanishes in this special case (viz., electric isotropy). In the general case, when
the principal components of the polarization tensor ai1, a2z, o33 are different from each other, from
(26.b), the components of the rotational moment can be expressed by:

PxE€n=(on—a3)E2E5, etc.

As an example, we shall imagine that a small spherical particle whose normal electric moments
are all equal to zero is found at a distance R from another charged particle. If the charge of the

latter is equal to & then one will have E = &/R?, and as a result:

2
ac

C2RY

U:

That energy function corresponds to a force of attraction:

() We imagine that p is the length of a dipole that consists of a fixed negative charge — 1 and a displaceable

positive charge + 1. The internal electric force & that acts on the latter is proportional to the displacement p. We will

then get | & dp = %(’Ep for the work done by polarization.
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20 &2

f:_ R5

>

which is inversely proportional to the fifth power of distance. One has to deal with such forces in
the elementary experiments regarding the attraction that a charged body exerts on a neighboring
neutral body. If the field € is created by a body that possesses no charge, but a natural dipole

moment m, then from (26.a) and (26.b), Chap. II:

2

E?= %(1+3cos2 0),

from which it will follow that;

am? )
U=- 1+3cos° 69),
ZRG( )

and since:
m?cos® @ = (mM)?*/ R? = (m NRo)’,

one will have:
3a
f=- ?[mz R, +4(mR)R, - (Rm)m] ,
or ultimately:

f=— i—?[mx(%oxm)—ﬂmﬂ‘{o)zmo] .

In this case, which can be realized, e.g., by the action of an elementary current (or magnet) on iron
filings, we then have a force of attraction that is inversely proportional to the seventh power of
distance.

Note that, no matter what the nature of the system that creates the field, the force § =

grad (%a Ez)must always correspond to an attraction, and indeed in the direction of the most-

rapid increase in E” (assuming that o > 0). That direction does not generally coincide with the
direction of the radius vector R.

Formula (26) can be written in the form:

op
i =— O —.
P OX;

It seems natural to generalize that relation to induced moments of higher order as follows:

om0 (28)

n,n,n3)=—«o .
Pl ) OX,* OXy? OXg°
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The derivative of the potential on the right-hand side is calculated for the point P of the body
considered relative to which the moments e (n1, n2, n3) and p (n1, n2, n3) were determined.
However, that Ansatz is hardly permissible since the induced moments of various orders (just
like the natural ones) must be coupled with each other by certain relations that depend upon the
structure of the system in question. Those relations can be taken into consideration by the general
Ansatz:
"
OX™ X2 OX°

p(m,ma,m3)== > a(n,n,n;n;,n,n)

vy
n,Nz.Ng

(28.a)

in which the coefficients a(n,,n,,n,;n;,n,,n;) define a polarization tensor of rank n + n"=n1 + n2
+ n3 +n/+n, +n; . Both expressions (28) and (28.a) for the components of the “polarization of

order »”” must correspond to an energy:

an
U= Z %p(nl’nZ'nBS) 4

—_—. 28.b
M +Ny+Nz=n axlnl 8X22 0X§3 ( )

However, we cannot go further into that topic at this point.
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