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Fundamental propositionsin the statics of elastic bodies

By. M. GEBBIA
Translated by D H. Delphenich

It is an honor for me to communicate some propwmstito the Circolo, while
reserving the publication of their proofs for a paper tlmtge to send to press soon.

1. In a homogeneous, elastic body that is indefinitdlidiections, and in which the
elastic force admits a potential, consider the thodewing deformations, which | call
typical deformations

1. A deformation that is subjected to the following dbods:

a) The components, v, w of the displacement of an arbitrary point are firatel
continuous, monodromic functions of its coordinatesy eme annulled at infinity and the
nine products of them with the coordinates do not divergeiattynf

b) The nine components of the surface tensi&nsyy, Z; X, Yz Zx (Kirchhoff's
notations) are all finite and continuous, are annudigidfinity, and the nine products:

X VY Z.Z, X%, XY, .V Yo7, ¥, L7

do not diverge at infinity.

c) The second derivatives of thev, w satisfy the equations:

oX, 0X, oz
+ +

X :X,
ox o0y 0z
X, N oY, N oY, _ v
ox o0y 0z
0Z, 0dY, 0Z
X + V4 + Z e Z,
ox 0y 0z

whereX, Y, Z are three finite functions that are defined on aetfthenensional portios
of the body and are zero outside of that portion.

This deformation can be regarded as being provoked in théniteldody by the
force whose components Y, Z act upon the portio8of it. | call it adeformation due to
cubic effect®r deformation of the first type.
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2) A deformation that satisfies the following conuiits:

a) The components, v, w of the displacement of a point answer to conditipof
the deformation of the first type.

b) The nine components of surface tension are all farig continuous, except that
upon crossing a surface that is denotedpthey present discontinuities that satisfy the
equations:

D Xea+X, B+7Z ) =L,
DX, a+Y,B+Y, ) =M,
D(Zca+Y,B+Z ) =N,

where the symbaD(f) means the difference between the values that a farfctakes at

points that are infinitely close to a point of thefaoe g; first, on the positive normal and
secondly on the negative one, S, yare the direction cosines of the positive normal.
M, N are three finite functions that are defined for alinp®of . In addition, the nine
components of the tensions are annulled at infinity amadhite products of them with the
squares of the coordinates, as well as the productsstiadiones, do not diverge at
infinity.

c) The second derivatives of the v, w satisfy the equations of the preceding

conditionc), except thak, Y, Z are zero in all of the indefinite body.

This deformation can be regarded as being provoked imdedinite body by a force
with componentd,, M, N that acts upon the surface | call it adeformation due to a
surface effecbr deformation of the second type.

3. A deformation that is endowed with the following proipst
a) The components, v, w of the displacement of a point are finite and camtus

monodromic functions of its coordinates, except that upossing a surface that is
denoted byrthey will present the discontinuities:

Du=u, Dv=v, Dw=w,

whereu, Vv, w are three finite functions that are defined for all poof o. In addition,
these components are annulled at infinity, and the nioeugts of them with the
coordinates do not diverge at infinity.

b) The nine components of the tensions satisfy comdijaf the deformation of the
first type.

¢) The second derivatives of thev, w satisfy conditiorc) of the deformation of the
second type.
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| call this adeformation of the third type.

Assuming the existence of the three indicated deformations, the cosditat define
each of them are determined uniquely.

These three deformations play the same role intdtes of elastic bodies that the
three-dimensionalolume single-layer and double-layerpotential functions do in the
theory of Newtonian forces.

II. Consider a homogeneous, elastic body such that Hsticeforce admits a
potential, and suppose that it occupies a sgabat is bounded by a surface A force
with componentsX, Y, Z acts upon all o6 and a force with components M, N acts
upon the surfaces, which both determine a deformation uniqueBlefosch’sTheorem)
for whichu, v, wwill denote the components of the displacementpodiat andt, v, W
will distinguish the values af, v, w relative to the points af.

Imagine that the bod$ has been extended indefinitely in all directions and titat
extension also affects its elastic behaviorJetenote the indefinite body thus obtained.

The deformatiorfu, v, w) of S can be decomposed into three typical deformations of
S. : The deformations of the first type that are provoked by the {tC€ Z) act upon
the portion S, the deformations of the second type that are provoked loycén@_f M,
N) that acts uporg, and the deformations of the third type, for which the components of
the displacement present the discontinuiiie¥ , W upon crossing.

This theorem is analogous to thatGreenon the decomposition of a function that is
finite and continuous, although it is defined within a fieldp a sum of three potential
functions.

[I1. In a homogeneous, elastic body that is indefinite idliadictions, for which the
elastic force admits a potential, consider two defoionatof the first or second type that
are provoked by the forces that act upon two bounded exte$iS’ that are three or
two-dimensional.

The work that is the product of the force that acts in S with the dafiomthat is
provoked by the force that acts ini§equal to the work that is the product of the force
that acts in Swith the deformation that is provoked by the force that acts in S.

This theorem is analogous to tBauss’sreciprocity theorem for Newtonian force.




