SCREW THEORY AND NULL SYSTEMS

INVITED PAPER

WITH THE
APPROVAL OF THE HIGHER PHILOSOPHICAL FACULTY
AT
UNITED FRIEDRICH UNIVERSITY HALLE-WITTENBERG

AN

INAUGURAL LECTURE:
ON THE
CENTRAL AXIS OF A FORCE SYSTEM

TO BE HELD ON
WEDNESDAY, 2 AUGUST, 12 A.M.

IN THE GREAT AUDITORIUM OF THE UNIVERSITY
BY THE HUMBLE INVITATION OF

HERMANN GRASSMANN, Jr.

DR. PHIL

Translated by D. H. Delphenich

HALLE A. S.
BOOK PRINTERY OF THE ORPHANAGE
1899.



Section One
The reduction and decomposition of geometric structures into two components.

The method of reduction that was represented in merfatAusdehnungslehna the
year 18627) yields an analytical expression for the decompositiba point and a plate,
a rod and a screw inttwvo components with certain properties, and thus a repedgeEnt
that is more preferable for many purposes than the decdmposf that structure into
four or six components that is usually given in the applications afitppiane, and line
coordinates. In particular, the decomposition of thenggaoc structure into two
components is of use for the calculations with screwnd,thus, likewise for the treatment
of null systems, whose properties can be developedsimpler way by means of the
theory of screws.

If A andB are rods % in space whose lines do not intersect — i.e., twereat
products of any two points of those lineshen every multiple point x in space can be
represented as the sum of two multiple points y and z that belonglioethef the rods
A and B, respectivelfct., Fig. 1).

In fact, if one sets:

1) X=y+z

and progressively multiplies this equation
by B then, sincez lies onB, the product
[zB] will vanish, and that will yield the
equation:

(2) [AxBl=[AL/B

However, fromA,, no. 108, the right-hand
side here can be replaced by the product:

y[AB

when the poiny lies on the line of the rod
A, and the sum of the ranks AfandB is
equal to 4. Equation (2) is then converted into:

() Cf., Hermann Grassmann'&esammelte mathematische und physikalische Werke. Volimee
part two. In conjunction withd. Grassmann, Jr.and issued by FEngel Leipzig, Teubner, 1896, no.
127-133, and my remarks on pp. 419-424. In the sequel, that bghkleicited briefly byA,,” as usual.

(® On the meaning of the new terminology, one mustesolf. pp. 437.et seq.rem. on no. 346 and
347; on the introduction of the concepts of rod, field, anteptee also the author’s bod*unktrechnung
und projektive Geometrie. Erster Teil: Punktrechnur@pntribution to the Festschrift of the Latin High
School on the two-hundred year Jubilee of the Unityekalle-Wittenberg (Halle, 1894), pp. 8ét seq.
separate copy, pp. &t seq.
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[ADkB] =y [A B,

and since the producA[B] # 0 (because by assumption, the lines of the PodadB do
not intersect), that will yield the following represediga for the pointy:

3 -AXE
[AB]

One likewise proves that:

(4) zZ= @ )
[BA

With that, we have expressed the two summandghetdesired decomposition (1) in
terms of the poink and the two rodé andB. Moreover, if one introduces these values
(3) and (4) into equation (1) and considers thettaat B Al = [A B] then one will obtain
thedecomposition formula:

« = [ACKE +[ BOXA

(5) [AB]
or also:
(6) [A Bl = [AXB] + [B [XA].

The two pointsy and z that are represented by the expressions (3) andvfch
simultaneously define the components of the pwimt formulas (1) and (5), are called
thereduction of the point x to the rods A and B, ®éxclusion of the rods B and A.

If onesecondlyposes the dualistically-
corresponding problem afecomposing a
plate £ into two componentg and ¢, the
first of which — i.e., the plang — contains
a given rod A, while the second one —
namely, the plat& — goes through a rod B
that crosses Acf., Fig. 2), then one can
proceed in a precisely corresponding way,
except that one must replace progressive
multiplication with regressive
Figure 2 multiplication, and vice versa.

One then regressively multiplies the equation:

A

(7 s=n+{

by B, and since the ro# lies in the plate, so the productd B] will vanish, one will get
the equation:

[$B]=[78],

and it will follow by progressively multiplying bg that:
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(8) ALK B] = [AT7B].

However (fromA;, no. 108 and the accompanying remark on pp. 416), the right-hand
side of this can be replaced with the product:

n [A B.

The plane of the platg then contains the ro#l, and the sum of the ranks AfandB is
equal to 4. Equation (8) thus converts into:

[AL¥B] =77 [ALB]

and sinceA B]is > 0 or < 0, it will give the following value foy:

©) _[AEE
[AB]
One likewise proves that:
[BIA
10 = :
(10) 4 BA

This then yields thdecomposition formuléor the platef:

_[AZB+{ BE A

(11) '3 [AB]
in which, one can also write:
(12) A Bl {=[ALKB] +[BLXA]

Therefore, the platg is
again calledthe reduction
of the plateé to the rod A,
to the exclusion of the rod
B, and the plated is the
reduction of the platef to
the rod B, to the exclusion
of the rod A.

Thirdly, should a rodX
be decomposed into two
components Y and Z, the
first of which — i.e., the rod
Y — lies in a given plate,
while the second one -
namely, the rod Z — lies on Figure 3.
a line with a given point b
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that does not belong to the plane of the plat@gig. 3) then one will again multiply the
equation:
(13) X=Y+Z

progressively byb, and sinceb lies on the line of the rod, so the productZb] will
vanish, one will get the equation:

[X B =[YAh,
and it will follow from this upon regressive multiplicati by the plater that:
(14) [ OXb] = [a OYD.
However (fromA;, no. 108), the right-hand side here can be replacedtatproduct:
Y [ab).
The rodY lies in the plane of the plate and the sum of the ranks afandb is equal to
4. Equation (14) then converts to:

[a IXb] = Y [a D],

and since, by assumption, the pdintloes not belong to the plane of the plateso the
product jab] # 0, this equation will yield the following representation the rody:

[ab]
One likewise proves that:
(16) - [bXa]
[ba]

The desiredlecomposition formulthe reads:

_ [a[Xp N [bXa]

17
. [ab] [ba]

Here, the productblp] = — [a b], so the platar is equal to the product dfiree points,
and permuting it with the poirtt is then admissible onlyith a change of signFormula
(17) then assumes the form:
(18) x = laXb - bixa]

[ab]

or finally:
(29) [ab] X =[a Xb] — [b Xa].



H. Grassmann, The theory of screws and null systems. 5

Section two
Application to the screw.

Since formulas (17), (18), and (19) are homogeneous and imZalone can also carry
them over to a sum of rods. As is known, such a satTmat be reduced to a single rod,
in general, so it can, in the same way, be convertedalikece system that acts upon a
rigid body. In particular, it can bepresented as the sum of a rod and a field that is
perpendicular to itassuming that one understands a field to mean theogxpesduct of
two segments; that is, the geometric structure of@foouple {).

This is further connected with the fact that a sumods is especially suitable for the
analytical treatment of screwing motior(?), andHydehas therefore proposed to follow
a terminology oBall by using the expressiatrewfor a sum of rods.

With the help of formula (17), a sum of rods:

(20) S= X,

or as we, with Hyde, would now like to says@ew $can now be represented as a sum
of two rodsA andB, one of which — the rod — belongs to an arbitrarily given plane
while the other rodB goes through a fixed poibtthat cannot lie in the plane of the plate
a.

In fact, if one forms the two reductiolfsandZ that belong tar andb for any rodX;
in the sum (20) using the prescription of formulas (15)(a69, with which, one will get:

_ [aX;h

(21) Y, ot i=1,2,...n,
(22) 7, = [bal =12 ..,
[ba]

and then sums from 1 tothen, due to (20), that will produce the formulas:

() On this, cf.,A; no. 346 and 347, and furthermoke,W. Hyde“The directional theory of screws,”
Annals of Mathematics, v. IV, no. 5, October 1888, pp. #8%eqis an important paper for, above all, the
formulation of the theory of screws. There is alle self-sufficient book of the same authdhe
directional calculus, based upon the methods of Hermann Grassiasion, 1890. Both works are also
useful for the following presentation. The same is d@ise of the two papers of E. Miller: “Die
Liniengeometrie nach der Prinzipien der Grassmannschen Ausdelamwagsin the Monatsheften fir
Mathematik und Physik, 1l. Jahrg. Wien 1891, and “Neue Metlzodé\bleitung der statischen Gesetze,”
in the Mitteilungen des K. K. technologischen Gewerbemusenrii¢ien, Neue Folge, Il Jahrg., Wien
1893, and finally, the great work of Whitehe&dtreatise on Universal Algebra with applicationsl. I,
Cambridge, 1898.

() Cf., J. Luroth, “Die Bewegung eines starren KérpeFitschrift fir Mathematik und Physik, 43
Jahrg., 1898.

() Cf., the two aforementioned papers of Hyde.
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n _ n _[b@]
(23) iZ:l:Yi = ot and ;Zi = pa]

The sums on the left-hand side of them can be eztite a single rod. The rodsthen

all belong to the plane af, so their sumZYi will likewise be a rod in that plane. The
i=1

lines of the rodg; all go through the poirtt, so their sumz Z. must likewise be a rod

i=1
whose line contains the point If one sets these sums of rods equal to:

(24) ZY =A and > Z =B

i=1 i=1
the equations (23) will be converted into:

A= [a 05 and B= [bEsa] .

(&) [ab] ~ [ba]

However, the fact that the screSvis actually thesum of two rodsA and B, thus
obtained, is deduced immediately from equation.(1Xamely, if one forms equation

(17) for all rodsX; in the suntS = ZXi and sums the resulting equations then one will
i=1

find the corresponding equation for the sPmX; :

i=1

Lot o2 5]

26 n X, = ;
(20) 21: ' [ab] [ ba]
or, from (20):
(27) - [at50 , [btEa]
[ab] [ba]

or finally, from (25):
(28) S=A+B.
One then has the theorem:

Any screw — that is, any arbitrary sum of rods in space — carfresented as the
sum of two rods, one of which belongs to the plane of a givenglatkile the line of
the other one will go through a given point b that does not lie in the platmatoplate

).

() One finds another proof of this theoremAin no. 285.
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Moreover, one can give equation (27), and also equatid8s dnd (19), the
corresponding forms:
oo [ams o O3

(29) [ab]
and
(30) [ab] S=[a Y - [b 54].

The representation of a scr&mas the sum of two rods andB likewise produces an
analytic criterion for deciding whether a screve.(i.a force system) can or cannot be
reduced to a single rod (i.e., a single force) diel (i.e., a force-couple). Namely,
while every rod and every field yields a vanishprgduct under exterior multiplication
with itself, a non-reducible scre® always produces a non-zero product under exterior
multiplication with itself. Since a rod is always representable as the exterior product of
two pointsa andb, and a fieldF, as the exterior product of two segmehtndg, the
products will be:

[A Al =[ab[hb] = [abad =0
and
[F FI = [fg Og] [fgfd = O,

because a product of points or segments with twalefgctors will vanish. By contrast,
for a screwS as a result of its representability by the sunwaf rodsA andB — that s,
with hindsight of the equation:
(31) S=A+B,
the product will be:

[S 3 =[(A+B)(A+B)]

=[BA[AH
=2[AB,

so the one-half the product will be:

(32) % =[AB].

However, the exterior producA[B] will vanish if and only if the two rod#&\ and B
belong tothe samelane. In this case, and only in this case, hewasan the rod suia

= A + B be reduced to a single rod or a single field. &keerior product of two roda
andB, as whose sum a screw can be representedwhat amounts to the same thing,
from equation (32), one-half the exterior produé€ttlee screwS with itself — is a
characteristic number for the nature of the sc&and might be callethe characteristic
of the screw.If we denote it by, and thus set:

(33) c:%:[AB],
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then result that we obtained can be summarized ithdorem:

A screw S degenerates into a rod or a field if and only if its charsiter = [SS] / 2
vanishes.

Section three
The point-plate conversion of the null system and its inversion.

A screw:
(34) S=A+B

proves to be especially suitable for the analyticaregsentation of a special kind of
reciprocity, namely, for the treatment of the relaship that is defined byraull system

One obtains the point-plate association of a ndtesy when one associates every
point p in space with the structurethat is represented by the exterior prodpcg§[ One
likewise recognizes that this structurgs a plate in space whose plane goes through the
pointp. Namely, if one introduces the product:

(35) m=[p 9

into the rod sunmA + B, which is equal td5, then the product will decompose into the
sum:

(36) P3=[pA+[pH,

whose summand® [A] and [p B] will be the exterior products of the poiptand the rods
A andB, resp., and thus represent two plates whose plankesonthin the poinp to be
mapped and one of the rodsandB. However, the addition of two plates will again
yield a plate whose plane goes through the edge of intenseof the two summand-
planes, and since this edge of intersection also bekontie pointp that is common to
the two planes, the producp [ will actually represent a plater whose plane will
contain the poinp, as was asserted above.

Each poinp will then be associated by the scr8with a certain platerwhose plane
will go through the poinp.

However, one also easily convinces oneself éligtlates in the same plane will also
be associated with the same poiitten, if:

(37) m=[py and 7mBm=[p29Y

are two plates that correspond to the pogmtandp, and themselvelselong to the same
plang so they will differ by at most a numerical factgisuch that one has:

(38) THE=g 75,
or, due to (37):
(39) P9 =g[p9,
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then it can be shown that the numerical relationshap tbrresponds to equation (38),
namely:

(40) P2=9P1
must also exist between the poiptsand pz, such that the two points and p, must

coincide in a single point.
Thus, one multiplies equation (39) regressivel\Slaynd obtains the new equation:

(41) > SH =g [p. STH.
However, one has, in general:
[PSIH =[p(A+B)(A+B)]=[pBIA] +[p ALB],

and since the second-rank factdrandB can be permuted with the third-rank factqrs [
B] and p A] with no change of sign, this will be:

[p SCH = [A[pB] + [B [pA.

However, from the decomposition formula (6), the Hgahd side of the equation is
precisely the expression for the produktd] p, and one thus obtains the formula:

(42) PSH=[AHDp,
or, with hindsight of (33):
(43) pSH=cp.

As a result of this formula, equation (41) can thea b&swritten in the form:
(44) cp2=gcpr.

Therefore, ifc # 0 — that is, ifSis an actual (i.e., non-degenerate) screw — therwdhe
also have:
(45) P2=9 P,

which was stated abovelherefore, all plates in a plane will actually correspond to one
and the same point in that plane under our relationship

One calls the plane of the plate= [p § that is associated with the poiptby the
screwSthenull plane of the point,pand the poinp, thenull point of the planez and the
relationship between the pointsand their null planes[g is calledthe null system of
the screw Srelative to that scre®

One easily convinces oneself that the relationshipehull system is onlg special
case of a general reciprocal relationship.

Then,first of all, the null system will be explained by tAssignment of each point of
space to a plane.
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However,secondlythe points of a fixed plane will always correspond to planes that
go through one and the same point.
In fact, any poinp of the plane of the plate:

(46) 0= [p1p2p3

can be represented as a sum of the form:
P=gip1+gap2t g3ps,

in which theg; are numerical quantities. However, the null plgn§ [of this pointp will
be:
[PS=g1[PrF+g2[P2F + g3[ps S,

and will then be the corresponding multiple sum ofttivee platesgh S, [p2 S, [ps S,
which will be assigned to the three poimis p., ps of the platep by the null system.
They will therefore certainly go through the point otirsection:

(47) t=[p S SOx Y
of the planes of those three plates.

However, with that, we have actually proved thatrb# planes of the points of a
fixed plane all go through a fixed point, and a relationshgt aissigns points of space
with planes will be characterized as a reciprocatimiahip by this property.

The special peculiarity of the null systems, as cosgato other reciprocal
relationships, then consists in just the fact @t point p of space will itself belong to
the plane of the plate that is associated withwitich is a property that can be expressed
analytically by the equation:

(48) P =0,

which will be satisfied by every poiptin space.

This equation can thus serve to derive a further propéttye null system, by which,
it can be related to a polar system. Namely,ahdz are two entirely arbitrary points in
space then the poipt=y + z that is represented by their sum will also satisfy ggna
(48); that is, one will have the equation:

[+ Oy+2 9=0,

Oy 9+[yx =0,
or finally, the equation:
(49) Ey9=-[yx§

which can, moreover, also be developed very easily aedtly from the properties of
the exterior product.
If follows, in particular, from equation (49) that tkquation:

or, from (48):
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(50) Ey9=0
will always imply the equation:
(51) bz g=0,

and one will then have the theorem:

If z lies on the null plane of the point y then y will also lie onnihié plane of the
point z.

This theorem already shows that the null systenal@stain connection withgolar
systemwhich indeed likewise possess a corresponding property, laiotl ¥8, moreover,
just like the null system, a special case of a recifyoc

In fact, the two relationships of the null system aragolar system have yet another
important property in common with each other that caddseved from the first property:
Namely, the two relationships aresolutory.

As was shown above on pp. 10, by way of the null sysbairnbelongs to the screSy
the points that lie in a plane with the plate:

(46) 0= [p1p2p3

will be assigned to the planes of a bundle of plands the vertex:

(47) t=[p. SOp2 SO 9.

However, that plateowill likewise be assigned to the poittin that way, if only
indirectly. The relationship of the null system themtains, along with the originally
developedpoint-plate associatignlikewise aplate-point associationand it shall be
shown that:

If one subjects an arbitrary poiptto first the point-plate association of the null
system, and thus derives its null plane:

(52) m=[p 9

from it, then represents the plateas the product of three poings p., ps — that is, in the
form:

(53) m=1[p 9 = [p1 P2 psl,

and finally invokes the plate-point relationship of thd saystem on this platepf p2 p,
when one again takes it to a point by means of the equati

(47) t=[p. SOp2Shs 9,
then the point will differ from the original poin{p by at most a numerical factor.

Since the point is the point of intersection of the three planegef, [p2 9, [ps S,
as a result of equation (47), it will satisfy the theg@ations:

(54) Ep1§ =0, [tpJ=0, [tlpsY=0.
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However, as was shown above, these three equatiphgtine equations:

(55) P.03=0, [p0J=0, [psJ=0,

which say that the plane of the plate goes through the three poims pz, ps, So the
plate t § will coincide with the platerh p2 ps], up to a numerical factgy; that is, that
one will have:

(56) tS=glppz2ps .

Due to (53), one will thus also have:

(57) ES=glp 9,

and it will again follow from this, as on pp. & seq. that the corresponding numerical
relation will arise between the poirittandp, so one will have:

(58) t=gp.

However, with that, we have actually proved that tleeppoint relationship of a null
system will once more assign the null plane of any gowith precisely its null point, so
the relationship igmvolutory.

This reciprocity in the relations between null pointd aull planes, with hindsight of
equation (45), makes it possible to give a simpler repragantaf the plate-point
relationship of the null system. The equation:

(43) pPSH =cp

shows, in fact, that one can obtain the null ppitd the plane of the plate § by simple
multiplication with the screv, so in precisely the same way by which one derived the
null plane from the poinp.

One then gets the formula:

(59) r=[py.
If one recalls the values &f
(34) S=A+B

then one will obtain the representation:

(60) r=[pA +[pB]

for the pointr, and since the productg Al and [o B] are the points of intersection of the
plane ofp with the lines of the rod& andB, one will then have the theorem:
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The null point r of a plat@ relative to a screw S lies on the connecting line of the two
points that the plane of the plate r cuts out of any two rods A and B whosexpresses
the screw S.

If one then knowswo such representations of the scrévas a sum then one can
construct the null point of a platep linearly.

To complete the analogy between the analytic reptasem of the point-plate and
plate-point relationship of the null system, one mighimately develop the dualistic
counterpart to formula (43) — that is, a formula forpheduct pS[H. It is:

[/S[H =[p(A+B) IA+B)] = [0B [A] + [PA[B],

or since the point factorgiB] and [pA] can be placed after the rod factérs&indB with
no change of sign:

[0STH = [ADpB] + [B OpA|.
However, from the decomposition formula (12), the Highthd side of the equation is

precisely the expression for the produetd] o, and one then obtains the formula:

[(SIH=[AB p,
or finally, recalling (33):
(61) SH =cr,

which is a formula that once more says that thesysllem is an involutory relationship.

Section four
The rod relationship of the null system.

It is clear that a null system will assign the powits line to the planes of a pencil of
planes. Every poin of the line of the rod:

(62) X=[p1pe]

can be represented as a multiple sum of the ppiraadp, that determine the line — that
is, in the form:

(63) P=gipL+g2p2.

The null planep g of this point will then be:

(64) PI=gi[prJ+g2[p29,
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and will thus be theorrespondingmultiple sum of the two platep S and [p; § that is
associated with the two poinps andp, that determine the rod by the null system. In
particular, it will then go to the edge of intersection

(65) Y=[p1 S 9

of the planes of each plate.

The point sequence of the line X will then be associated with icd peplanes with
the axis Y and indeed this association will Ipeojective due to the equality of the
coefficients of both multiple sums (63) and (64). Indeed perspectivesince every
plane p § of the pencil of planes will go through the correspagdpointp of the point
sequence, from the basic property of the null system.

In addition to this association between gments of the line Xand theplanes of the
pencil with the axis Ynhowever, there is also a relation that is worthyntdrest that the
null system establishé®tween the lines X and Y

Corresponding to the terminology above, the Mmight be referred to as tmaill
line of the line of the roK, the rodyY itself, as thenull rod of the rodX, and finally, the
relationship between the two rodsandY, as thaod relationship of the null system S

However, up to now, the relation between the two XdsdY was mediated by the
two equations (62) and (65) in a seemingly indirect way. In otdeiormulate the
analytical relationship between the two rods more rigdypase poses the problem of
representing the roW directly as a function of the rad, and — if possible — similar to
what one did for the point-plate and plate-point refahip of the null system, to give a
transformation factos, by which, one must multiply the ro¢lin order to obtain its null

rod, and thus satisfy the equation:
(66) Y=X6.

For such a facta®, its dimensiorwill agree with that of a numerical quantity, insofar

as it takes a rod to another rod under multiplicatiomweler,apart from that it seems
to be arextensive quantitthat is essentially different from a numerical qitgnsince it
converts a ro into a rodY that (generally)ies on another line.

Now, in order to ascertain an analytical expressmrttis conversion facta®, one

introduces a brief symbol for the first factor, namehe platep; S in the productgy, SO
p2 §, which, from (65), represents the expression for tilerad Y of the rodX = [p1 p2],
SO one sets, say:

(67) prS=7.

Every product then assumes the form:

(68) P S99 =[S,

in which the main thing is that it agrees with the fiestit on the right-hand side of the
decomposition formula (30). In order to complete this exgent, one changes the order
of factors in both terms of the right-hand side oftfarmula, and thus obtains the
equation:

[ab] S=[abY - [b [0S,
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in which, the first term on the right-hand side witiva correspond to the right-hand side
of (68) precisely, and from which, the value of that terithfollow:

[ab] =[ab] S+ [b T .

Correspondingly, this will then yield the following ergsion for the product on the
right-hand side of (68):
[72 0P = [7ap2] S+ [p2E Y,

and if one again replacgs with its value p1§ in (67) then one will get the following
representation for the produgi 5, §, whose conversion we wish to arrive at:

PSS = [PSp2] S+ [p200nS S
or, with hindsight of (43):

PSP Y = [P1Sp2] S+ [p2 [ pdl,
or also:

(69) PSP = [prp2J S+ [p1 P2
Finally, if one replaces the products:

SO and  [p1p]

with their valuesy andX, respectively, then that will yield the final formula:
(70) Y=[XgS-cX

Therefore, thdirst of the two demands that were posed above will be kdfihen
one, in fact, has represented the Yoel[p; S, § as a function of the rod = [p1 p2].

However,secondlyin order to convert the expression thus-obtainedh®rodY as a
product one of whose factors is the rédio be mapped, one extracts the factdrom
the difference on the right-hand side of (70) and mdrksplace at which the factdt
stood in the first term of the difference before thé&rartion (since it indeed does not
mean the same thing as the original expression) widrlaitrary symbol — perhaps with
the charactek — which should be interpreted as saying thg&@has been created by the
extraction of the factoX; likewise, the choice of an uppercase Latin chareatial say
that the factor that enters into that gap — viz. fithieg in the gap — must be a rod (or also
a sum of rods).

Equation (70) will assume the following form after tloaeersion that was described:

(71) Y=X{[L S S-¢

If one then letsS denote theexpression for the fillingby which the rodX will be

multiplied, and thus sets:
(72) 6=[L3S-—q
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then one will actually have:
(73) Y=XG6

as required, and with that, the second of the demarmdisMére imposed above can be
fulfiled, as well. One has then found a transformation fact®drthat mediates the

relationship between the rods X and Y — or, as we would like to say;rdtie
relationship” of the null system of the screw S.

However, one can give the relationship fac®ryet another form, when one
performs a corresponding conversion on the differeapessentation (70) of the rod
whose original product representation was (65), and thogecs it into a product of the
form X &, at the same time. For this, one needs a concepét@tnination of the
combinatorial multiplication of a product of points or plates with a mg®xpression
that contains just as many point or plate gaps as the number of factors thabthest

possesses.
It is self-explanatory that the expressions:

plls and p[19,
in which the symbols:
p andp, | andA,

refer to a point and a plate and a point and the lackptdte and a point, respectively,
mean nothing else but the products:

[PSand oS

By contrast, expressions of the form:

[p1p2 (1 S OS], (oL o2 (A S NS,

for example, or the general expressions:

PPz ... o (1 S OS; ... 1S))], (o102 ... 00 (A S NS ... AS)],

require further clarification.
One understands the combinatorial product:

[P1p2 ... Pn Al

to mean a product of quantitiesp; p2 ... pn Of arbitrary, but equal, rank with a missing
expressiorA with just as many gaps of that rank as the arithmegiamof all quantities
that emerge when one lets the factors of the proghgi;|[... pn] enter into the gaps of
the missing expressioh in all possible sequences and prefixes the resulting estpnss
with a + or — sign according to whether the sequentgaantitiesp; that enters into the
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gaps in the expressioh experience an even or odd number of inversions relatitleeto
original sequence of these quantities, respectivily (

In the following development, this concept will generdléymade use of only for the
case in which the missing express®ras the formlE OS] or [ASOAY ; that is, it has
the form of acombinatoric squarefor which we would also like to write the briefer
symbols [ S)? and ¢ 9. The formulas of the general explanation simpdifyoreciably
for such combinatorial squares of expressions with gaps,rendeis:

[PSOp $-1 p §I pI*

[pep2 (197 = 5

and since

[P1 SO Y =-[p2S T,

the above expression will simplify to:

(74) PP (1 97 =[P S 9,
and one will likewise get:
(75) Lo (A9 =[p SO S .

If one again sets:
[Pap] =X and PSSO Y=Y

then equation (74) can also be written in the form:
(76) Y=[X(197,

and when one again excises the rod fagt@and sets an equivalent gapn its place, it
can be written in the form:
(77) Y=X[L(97F.

If one compares this expression fOwith the expression (73) and considers that the two
formulas (73) and (77) are true for an arbitrary Xothen it will follow that the factor of
X in equation (77) represents a second form for the saktip factorS; that is, that one

will have the equation:

(78) S=[L197.

Finally, one will find athird expression for the relationship fact®rthat is dualistic
to (78) when one starts with the plate-point asswoeiaif the null system, not the point-
plate one that we started with up to now. In fdobnie considers the rad that will be
converted by the null system, not as the progressivéugt of two pointg; andp,, as
above, but as the regressive product of two platesdp,, and thus sets:

() Cf., A, no. 504t seq. In particular, it is shown there what is necessargriter to complete the
concept above, namely, that every alteration of the digmy; for which the productd; p; ... p,] remains
the same will also leave the prodygt p, ... p, A] invariant.
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(79) X=[o o),

and denotes the points that are associated with thesplaéind o, by the screws by r;
andr,, resp., such that one has:

(80) rn=[m9, r:=[e2 9,
then it can be shows that the rod that is repreddayt¢he product of these two points:
(81) Fir] =[oS0O2 Y

is also identical in its length and sensgth the null rodY that is associated with the rod
X by each of formulas (65), (71), (73), (77).
One thus produces the formula:

(82) [0S0 9 = [p22 § S—c [o10]

that corresponds dualistically to formula (69) in precigbly same way as on pp. 14.
One replaces the produgh p,] in its right-hand side with its value from (79), and thus
obtains the formula:

(83) [0SO J=[Xg S—cX

and in fact when one compares this with (70), it wilbadsnerge that the length and
sense of the producp| S o, § is equal to that of the rod that is defined by equation
(65); that is, that:

(84) Y=[o S0 3,
or due to (75):
Y=[o 2197
=X(197
or
(85) Y=X[L (497,

from which it will, in fact, follow that there is third value for&:

(86) S=[L(19Y.

On the basis of the three representations (72), (8)(&6) for the relationship factor
&, the rod relationship of the null system that it raées can now be examined more

closely.
It next follows that, according to whether the X:

a progressive product of two poitandx, and thus takes the forxh= [p X
or
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a regressive product of two plajeandr, and thus takes the forxh= [p 1,

and whether one employs (78) or (86), resp., for theeseptation of5, one will have
the equations:

(87) X&=pAS=pPAILI9T=[px(197=[pSK] =[]
or
(88) X&=[pd6=[pALUA|=[pT(A ] =[pSTrg=Irt,

resp., in which the null planes pfandx are denoted byrand ¢, resp., while the null
points ofp andr are denotedly r andt, resp., so one sets:

(89) P9=7 [x9=4 and pJ-=r, [r9=t.

Formulas (87) and (88), the first of which only summarittes results that were
scattered above, includes the theorem:

If one represents a rod X as a product of two points then its null &dwKl be the

product of any points of the plates that are associated with those two pyitits screw
S; that is, a piece of their edge of intersection. Moreover, ifrepeesents a rod X as a
product of two plates then its null rod & will be the product of any points that are

associated with those plates by the screw S; that is, a pielceio€onnecting line.

Furthermore, iX andY are twointersectingrods, and is their point of intersection,
while pis their plane, then the two rods can be representdet iforms:

(90) X=[pA, Y=[pW 91) X=[od, Y=[p4l.
Therefore, if one again sets:

92) PI=mx3=<ly3=n (93) pb=r[rg=t[pI=f
then, from (87) and (88), one will have:

(94) X&=[7d, Y& =[m, (95) X&=[rt], Y&=[f].
These equations say that:

The two null rodsX & andY & of the intersecting rod® andY both belong to the
null planesrof the point of intersectiop of X andY.

and
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The two null rodsK & andY & of the intersecting rods andY have the null point
of the planep that connects the rodsandY in common.

One then has the theorem:

If two rods X and Y intersect then their null rod&>ndY & will also intersect.
Furthermore, in order to answer the question of whéekigeequation:

(96) ZOV&S] =0

is invariantly coupled with the equation:

(97) [y Z&] =0

by the rod relationshi® of the null system, similarly to its plate-pointatgonship [cf.,

egs. (50) and (51)], when the line of the ibduts the null line off, and conversely, the
line of the rodY cuts the null line oF, one defines the two bilinear forms:

[ZOYG] and [Y[EZG].
Due to (72), one will have:

Y&=[YgS-cV, and Z6=[29S-cZ
SO
[ZOV&]=[YS[29-c[zY] and [YZS]=[ZI[YS-c[YZ

However, since two rod facto¥sandZ commute with each other with no change of sign,
the right-hand sides of these two equations will be leiquaach other. Therefore, the
relation:

(98) EO¥el=[YZ O]

will exist between the bilinear forms in question, fraunich, it will, in fact, follow that
the two equations (96) and (97) are invariantly coupled with ether.
That then yields the theorem:

If the line of the rod Z cuts the null line of the rod Y then aselethe line of the rod
Y will cut the null line of the rod.Z

It can now be suspected that the relationshigs alsoinvolutory, so the two-fold
application of the transformatio® to an arbitrary ro will again take it to that rod
except for possibly a numerical factor.
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In order to prove this property, one again employsfiis¢ representation of the
relationships:

(72) G=[L9S-c.

A single multiplication of an arbitrary ro&X by the expressio® will convert that rod

into the rod:
(99) XS=K9gS-cX

However, if oneonce moresubjects the roX & thus-obtained to the transformation (72)
then one will get the expression:

X666 = [X6 [H S—¢ X6
for the null rodX&6 of the null rodX& of X that is, due to (99):

X666 =[{[X9S—cX} §S—c{{XgS—cX}
=([X9[S$S-c[XIS—-c[XFIS+*X

However, since the produc® [§ = 2¢, from (33), this expression will simplify to:

(100) X666 = %X,
and one will have the theorem:

The rod relationshigb is involutory; that is, when it is applied twice to any rod X on
an arbitrary line, it will convert that rod into a rodn the saméne.

One can give this theorem yet another statemenmelNa if one sets, as above:
(101) X&=Y
then equation (100) can also be written in the form:
(102) Y S =X

However, from the simultaneous validity of equati¢h@1) and (102), one can give the
theorem above the new form:

If the line of the rod Y is the null line of the rod X then, caelgr the line of the rod
X will be the null line of the rod .

Due to the reciprocality in the relation between the lines of the rodX andY, one
calls two lines in space, one of which is the nuk lof the other relative to a null system,
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conjugate to each other relative to the null system also refers to two such linestas
conjugatef the null system.
If one can describe the radof a pencil of rays by:

(103) X=[p (g1 X1+ g2X)] = [0 (n1 $1 + n2 @))]

then one will obtain the following expressions for ritsll rod X&, with consideration
given to (87) and (88):

(104) X&=[p(grx+g2x%)] 6 =[p S(g1 [X J + g2 [% J) = [77(g1 &1 + g2 &)]
and

(105) YE=[p(m g1+ @) G =[pS(1[@1] +n2[@2T) =[r (n1f1 +n2f)].

Here, however, the product:
X6 =[m(g1é1+g2 &)

in equation (104) represents the pencil of rays that isoaut(from pp. 13) of the
perspective pencil of plangs & + g» & that are null planes to the point sequegoe +

g2 X2 by the null plane7to the pointp. This pencil of rays is then itself perspective to the
point sequencg: X1 + g2 X2 , and thus, from (103), also projective to the pencibgérp

(g1 X1 + g2 X2)] that is described by the rofi Moreover, the planp of the pencil of rays

X &, as the null plane of the poipt goes through the vertgxof the original pencil of

linesX.
On the other hand, the product:

X6 = [r (I‘ll f]_ +no fz)]

in equation (105) represents the pencil of rays that is wuby the null planer of the
pointr from the pencil of planes;, ¢1 + n, @,, which is perspective to the point sequence

ng f1 + ny f2 that consists of the null points of its planes. isTencil of rays is itself
perspective to the pencil of planas ¢ + n, ¢, and therefore, from (103), also
projective to the pencil of rayso[(n1 @1 + n2 ¢)] that is described by the rox.
Moreover, the vertex of the pencil of rayX &, as the null point of the plane lies in

the planeo of the original pencil of rayX.
One then obtains the theorem:

Any pencil of rays will be taken to a projective pencil of rayshbyrod relationship
& whose plane goes through the vertex of the latter pencil of rays and vértese lies

in its plane.
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The connecting line of the verticpsandr of these two pencils of rays thus coincides
with the edge of intersection of their planes, andesitte planes of each of the two
pencils of rays is the null plane of the vertex @& tther pencil of rays, the connecting
line of the two vertices will likewise be the edge densection of their two null planes,
and thusits proper null ling or as one says, @uble lineor guiding line of the null
system. In this, lies the theorem:

Two conjugate pencils of rays of a null system are projectiebdyed to each other
in such a way that the connecting line of their vertices is aceglésponding ray.

Furthermore, iX is an arbitrary ray of the pencil of rays, so:
(106) X=[p (g1 % + g2 X2 + g3 X3)],
andY is an arbitrary ray of a planar system of rays, idat

(107) Y=[p(ni @1 +n2¢@2+n3@3)],
then one will have:

(108) X6 =[p(grXa+g2Xe+g3xs)] & =[p S(g1[X J+g2[%F + g3 [x )],
=[m(g1 éL+ 922+ g3 €3)]

and

(109) Y& =[p(mpr+tn2@o+n3¢3)] S =[0S(n1[p1 T +nz[¢2F +n3[@3T)]

=[r (nafy+npfy +ngfy)],

in which lies the theorem:

A pencil of rays will go to a projective planar system of rays wipdaee goes
through the vertex of the pencil of rays by the rod relation&hgd a null system

A planar system of rays will go to a projective pencil of rays whiedex lies in the
plane of the system of rays by the rod relationghipf a null system

One might further seek the condition for the lineaofod X to have a point in
common with the line of its null rod &.

This immediately yields the equation:
(110) K X&] = 0.

Now, from the first formula for the relationship fact, namely, the formula:
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(72) 6=[L3S-—q
the product will become:
(111) X&=[X9gS-cX

Equation (110) will then be converted into:

(112) K{[X3S-cX}]=0,
or, since the product:

(113) KX =0

for any rodX, into:

(114) K3[Xg=0,

or finally into the equation:

(115) X g=0.

Thus, if a rodX satisfies equation (110) — that is, if it lines in a plarnth its null rod
X& —then it will also satisfy equation (115).

Conversely, however, wheK is a rod (and not a screw), so equation (113) is
fulfilled, equation (112), as well as equation (110), wilbdisllow from equation (115).
However, if the roX satisfies equation (115) then equation (111) will simplify to

(116) X&=-cX;

that is, the relationshi® will take the line of the roX to itself.

The names ofiouble lineor guiding line of the null systemere already introduced
above for such a lin¥ that is mapped to itself by the rod relationship of &sydtem.
The results that were obtained can then be summdanzée theorem:

If a line has a point in common with its null line then it will cadlecwith itself, so it
will be a double line of the null system

Equation (115) is especially suitable for giving a presmmtaof the spatial
distribution of the double lines of a null system.

Namely, if one asks what the double lines of a nudteasy would be that go through a
given pointp or lie in a given plane then one will set:

(117) X=[xpl
in the former case, or:
(118) X=[rpo

in the latter. Equation (115) will then assume the fovmns:

xp3=0 and FrpS =0,
or also

(119) K(pbg=0 and (120) fpS =0.
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However, equation (119) is satisfied by all poktkat lie in the null planego[g of p,
and equation (120), by all platesvhose planes go through the null pointy of p. It
follows from this that:

All double lines X= [x p] of the null system that go through a fixed point p will lie in
a plane, namely, the null plafp § of the point pand converselyall rays of a pencil of
rays that has an arbitrary point p in space for its vertex and whose platsenigll plane
will belong to the double line of the null system.

Furthermore:

All double lines X= [ o] of the null system that lie in a fixed plango through one
and the same point, namely, through the null pgin§ of the planeo, and conversely,
all lines of a pencil of rays that belongs to an arbitrary planand whose vertex is its
null point will belong to the double lines of the null system

The double lines of the null system thus defitiee@ar complex.

Finally, in order to ascertaithe connection between the double lines and the
conjugates of a null systenve consider two conjugat&sandYS, and ask what it would
mean for a rodX to have a line that cuts both conjugates. For that, might only
assume that the two conjugates do not coincide in oneslinéis not, perhaps, a double
line of the null system. One will then have thatpheduct satisfies:

(121) ¥ 3 =0,

and since the line of the rotishould cut the two conjugat¥sandYS, one will have the
equations:

(122) KY=0

and

(123) XOvS] = 0.

However, if one recalls the value &f from (72) then equation (123) can also be written
in the form:

[X{{Y3S-c¥]=0,
and due to (122), it will go to:

(124) K3[Yg=0,
or, due to (121), to the equation:
(125) K3=0,

which, from the above, says that the line of theXasla double line of the null system
One has then proved the theorem:

Any line that cuts two conjugates of a null system is a double Ithe alull system.

Obviously, the converse is also true:
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If a double line of a null system cuts an arbitrary line Y thesilitalso cut its null
line Y&.
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