“Questioni di compatibilita per i continui di Cosseratyngosia Mathematica, v. 1, Academic Press,
London, 1969, pp. 271-287.

Questions of compatibility for Cosserat continua ()
GIUSEPPE GRIOLI

Translated by D. H. Delphenich

In their publications during 1907-1909, E and F. Cosselht [R] defined a
continuum to be a set of points and tri-rectangulaethia with their origins &’ More
precisely, consider such a three-dimensional continuumgiven configuratiorC, and
associate each of its poirfeswith a tri-rectangular triad. The deformation that takes
the configurationC to another on€’ is characterized by the displacem®m’ and the
rotation that changes into its correspondind@’in C’, with its origin at the poinP’ that
correspond®.

The displacement = PP’and the rotatioir that changes the orientationTointo that
of T’ are independera priori.

Suppose that there is a potential energy from whiehdanives the state of internal
stress. In the Cosserat theory, it will depend subatgnupon 18 variables: Six
characteristics of the deformation, three paramébatscharacterize the orientationof
with respect tol, and their nine derivatives with respect to the coordinatdés oThe
stress variableare definedoy means of the 18 partial derivatives of potential gnerith
respect to those variables, nine of which correspond toléissical stress tensor (which
is asymmetric now), and the others to the contact ceuple

In the Cosserat theory, one must take into accouat edrrently goes by the name of
the principle of material indifferengewvhich imparts a certain type of dependency of the
potential energy upon its dependent variables.

In the case of the three-dimensional Cosseratireann, the theory had been
developed very little until a few years ago. In theeca$ small deformations, the
renascence was due to E. L. Aero and E. KuvshifgkitHowever, in the case of finite
deformations, it was only in 1960 that the study of comtimuth contact couples that
were characterized by asymmetric stresses was taken up ddsit reprise was initiated
by the work of G. Grioli 4-8], Toupin [9], [11], Mindlin and Tiersten 10], which was
followed by the work of other authors.

Nonetheless, one must observe that the work theicwed above was concerned with
one particular type of Cosserat continuum, in which suygposes that the rotation that
takes the triad to T’is not independent of the field of displacemantbut will properly
coincide with the local rotation that is subordinttehat field. By now, however, many
studies regarding Cosserat continua, especially in tlearized case, and without the
restrictions above, suppose that the rotation that teke3 ’is, in fact, free.

() The results in this article, which came about witliie scope of activities of the mathematical
research group of the C. N. R, were presented at sis@aehat was held on 5 April 1968.
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Recently, the theory ahicrostructureshas developed in the linear case of small
deformations by the work of Mindlirlg].

In that theory, any point of the continuum is esséptissociated with a deformable
molecule. In effect, one is treating a generalizatbthe Cosserat case, which one will
return to when one supposes that the molecule is rigid.other words, a Cosserat
continuum is a microstructure with rigid molecules.

One should observe that in both the case of a stitrcture and that of a Cosserat
continuum, the stress (in the broad sense of the wehBfined by the gradients of the
potential energy with respect to the variables upon whidepends, which are variables
that depend upon the kinematical-geometrical model that cthrinuum defines.
Moreover, well-known variational principles will allo one to establish the field
equations that the stress must satisfy.

Nevertheless, one can observe that once one tetsigfsed what the variables are
that the potential energy depends upon, the theory witireg in effect, the kinematical
model that it has moved away from: Known variatigmaiciples will determine both the
field equations and the stress variables. The inconvenieauwe certainly present itself
that not all of the stress variables do work. Thait Isgan happen that one can postulate a
certain type of potential energy for which the dynainezpuations are not the only ones
that are compatible with it, and which can include stresss that do no work.

Certainly, inconveniences of this type will not presentnig@ves if, while
establishing the geometrico-kinematic behavior of theiconm and the stress variables
to which it is subject, one places the theory uporbtss of the fundamental equations
of mechanics or (if one prefers) the differential egumst of the field, except for the
verification of the compatibility of the conclusiorswhich one arrives. In that way, one
will always be dealing with physically-meaningful variables

This is the path that one follows in the only casat th considered for Cosserat
continua: The fundamental variables that one consatergsaturally the ones that will be
established shortly and coincide with the ones that wersidered by the Cosserats
themselves and other authors, namely, the displaceraedtsotations by which one
regards the kinematical aspect, and the stress chasticterand contact couples by
which one regards the internal stresses.

By definition, the kinematical behavior of the comtim is characterized by two
fields: viz., those of the displacements: PP”and those of the rotatiom® which area
priori independent ofu, while the mechanical behavior is characterized by two
asymmetric matrices, namely, the matrix of streskthat of contact couples.

The choice of variables upon which the thermodynamic piatetepends cannot be
postulated, but must be derived from the general equatiansafanics.

It is important to observe that if one would likertake a deeper study of Cosserat
continua then it would be convenient to keep in mind thaffigld of displacements is
subordinate to a field of local rotations that onadsised to exhibit explicitly. One can
assume, as is certainly legitimate, that the globtdtionR is the product of a certain
number of local rotations that are due to the dispiecgu with a second rotation that is
completely free.

If one develops the theory of Cosserat continuaahway then one will be surprised
to find that there will generally be incompatibilitiesthe case of free rotations. By that,
we mean to say that if the system is assumed toeeeof internal constraints and has
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reversible transformations then free energy must fgatis system of differential
conditions — some which will translate into the pite of material indifference — that
are generally incompatible.

That signifies, at least, that a Cosserat continuutim free rotations cannot generally
constitute a system with reversible transformations.

The incompatibility will cease to exist in the lineadzcase, since it originates in the
nonlinear terms. Nevertheless, if one interpretsitigat theory as a first approximation
to the complete theory then one will remain perplexenlaibs significance.

A very special case of compatibility exists in the cadree rotation. In it, the
contact couples prove to be zero, while the stresactaaistics are still asymmetric.

However, no incompatibility will be present in a thean which the local rotations
are not free, but coincide with the ones that are sliate to the field of displacements,
which is what happened in the work that was developed in 1960.

1. Some observations on rotational displacements.

Some facts of a geometric character will prove uséfulparticular, it will be useful
to exhibit a certain property of composite rotationapticements that will prove to have
fundamental importance for the study of Cosserat coatin

Let T andT’be two left-handed tri-rectangular triads that havestdmae origin and let
R be the rotation that takdsto T". Letes, € be the respective unit vectors, so one will

have € = Re, and it will follow immediately that the operatBrwill be represented by

the matrix:
(1) R=|Rs]|,

if Rs denotes the cosine of the angle betweemd €, .

It is well-known that the new quantitRs can be expressed by means of the
parameter$):, Q2, Qs (which are calledotational parameters and they might be the
three Euler angles at’ with respect tdl, the three components of the rotation vector, or
the Rodriguez parameters. One therefore says thaipdatorR is a function of the
three parameterg, .

The rotationR can always be imagined to be the product of two success®#ons
that are characterized by the valgess; of the rotation parameters. Therefore, it is like
saying that one can always write:

(2) R(Q =R(q) R(n),

or, given the general invertibility of the rotation operatone can fix any two of the
rotations that appear in (2) and determine the third one ugiquel

One now considers a third trial” that is left-handed and tri-rectangular, has the
same origin a3, T, and isclose toT”. By the locutiorclose tg we mean to say that the
rotation ¢) Rx that takesT’to T” is evaluated by taking into account only the linear

() One must be careful to note that the rotaignis not obtained by simply substituti@d®, for Q in
R(Q).
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terms in the variation8Q; of the parameter®;, or also that the displacementTofto T”
is of the infinitesimal rotational displacement type.
The rotation that takeBto T ”is obviously given by:

(3) R(Q+ Q) =Rx R(Q),
from which, it follows that
(4) Ro=R(Q+ &) R (Q).

Suppose that (2) is valid, the displacement fronio T” is subordinate to (not
independent) variation&; , & , dn; of the of the paramete€d , g, 77, and along with
(3), one has the equalities:

(5) R(q+ &) =Ry R(0), R(n7+dn) =R R(1n),
as well as:
(6) R(Q+ &) =R(q+da)R(n+a),

which gives one a link between the variations of the imtat parameters.

If one keeps in mind that the inverse of the product of tetations is equal to the
product of the inverse rotations, in the opposite orden tthwill follow from (4), (5), (6)
that:

) Ro=R@+ X R+ IR (MR @
=Ry R (@) Ry R(7) R™ (7)) R™ (0) =Ry R (a) Ry R™ (0.

SinceRy , Ry, represent infinitesimal rotations, there will exiabtvectorsow o
for which it will result that:
(8) Ry =1+dw x, Rs =1 +dd X,

in which the vector®w, daJ depend upoidy; , d7; , respectively.
If one takes only the first-order terms into accountthewill follow from (7), (8)
that:
9) R = (1 +3wx) R(0) (1 +du x) R™ (0)
=1+dwx+R(Q) o x R™ (q).

Furthermore, if one keeps in mind the known propertyhefrbtation operators then
one will observe that even though it is not essentialill follow that (9) simplifies to:

(10) Ry =1+dwx + (R(Q) o) x .

Obviously, the vectorew, o) depend upordy , dr linearly. By definition, one
can then assert that if one sets:
(11) qu =1 +5&)X,

as is certainly legitimate, then there will exist@eratorB (qg) that depends upon only
the parameterg , and another on€ (g, /) for which one has, however, that when one is
givenq ands;, it will result that:
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(12) 0w =B () o +Cy (9, 77) o -

It is worth observing that, together with (11), theéindependency @iy on &, I,
will be predictable, buit will certainly not be predictablghat the matrix |By | is
independent of thg, , which is a fact that will prove important in whatldavs.

The lack of formal symmetry in (12) with respect to paeametersy , /2 should not
be surprising. Obviously, it is due to the non-commutalulitthe factors in the product
of matrices.

2. On thelocal rotations of Cosserat continua.

What was said in the preceding section is applicableegaase of deformations of a
Cosserat continuum that passes from a reference caatfgu€ to the present ong’in
regard to the rotations that change the orientatidheofriadT that is associated with the
generic elemenP of C to that of the corresponding tridd that is associated with the
elementP’that corresponds t®in C’.

Naturally, one letsR denote that global (and free) rotation a@d denotes the
parameters upon which it depends.

The vectorial fieldu = PP’ is subordinate to a local rotation, that is assuteete
characterized by the parametegrs That rotation will therefore b (7).

The rotationsR (Q), R (/) will define a third rotationR (g) uniquely, that is
characterized by the parametgraind the three aforementioned rotations that were given
already. One can, in fact, state that any chosamagiotationR (Q) can be realized by
associating it with an opportune choice of paramegersin such a way that one will
realize a rotation that will givR (Q) when it is multiplied by the one that is subordenat
to the displacement

By definition, one can believe that the geometkoematic behavior of a Cosserat
continuum is characterized completely by knowing thetorga field u and thefree
parametersj, rather than the paramet€)s.

The passage from a current configuratiBhto a neighboringof C’ + AC’ is
consequently characterized by a field of displacemantend a triad of variation&g; of
the parameters .

Let ys, Xs denote the coordinates Bf P’, respectively, with respect to the same left-
handed, tri-rectangular, reference triad. It is knowat tthe local rotation that is
subordinate to the vectau is characterized by the vector whose components are:

(13) oo, :% Espt (ow), p

S

in which espt is the Ricci indicator, and the stroke denotes the demvavith respect to
Xp-

Since the second term on the right-hand side of (12gsepts the global rotation
vector in the case odg = 0, one will deduce that it must coincide with the rigand
side of (13). Therefore, one has, by definition, theression:
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(14) oa =By (Q) O +2 espe (A p

for the vector that characterizes the global rotdorthe passage fro@’to C'+ &C”.

Do not be surprised that one sees no trace of the pteesm; in (13) and in the last
term in (14), while they do enter into last term of (1R).reality, the identification of the
right-hand side of (13) with the last term in (12) setteedistinguish the; as functions
of theq;, 7, au , and those;; are not arbitrary when one has assigned the vectiil
.

3. Lagrangian form of the work done by internal forces.
Let | Xis | denote the Eulerian matrix of (Cauchy) forces, an¢i¢et | denote that of
the contact couples, always with reference to theetttiangular triad to which one refers

the continuum. Along with those matrices, consitierRiola-Kirchhoff matrix Y¥.s | and
the matrix As |. The link between those matrices is expressedebgdghalities:

1 1
(15) Krs = BYIm X1 X, ms s :B An Xs1 s

in whichD is the Jacobian determinant:

(16) D=|x.|>o0.

In (15), (16), and in what follows, the comma will denttte derivation with respect
toys.

The fundamental equations of the statics of Cosserdinca, in Eulerian form, are
presented in the form of)(

(17) Pors (inc")
In )
wrs/s :erptxpt+ Ivlr’

xrsns: fr’ :
(18) { Uon=m, (ino’),

s’ ’s
in which F,, M, denote the body forces and moments per unit volumesadutrent state,
o’ is the contour oC, f, , m are the surface forces and moments per unit areaeof th
current state, and is the interior normal t@”.
The Eulerian expression for the work done by intecoatact forces that correspond
to an arbitrary displacement fro@ito C’+ JdC’follows from (17), (18). It is:

() See, e.g.4. ltisnot at all essential in what follows to siter the equations for dynamics, instead
of those of statics.
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(19) O1D = Xis (A)rs + ths (O)ss + €im Xim O

per unit volume in the current state.

In (19), dw represents the vector that characterizes the glaation and can be
considered to be expressed by (14).

If one separates the symmetric pégty of Xis from the antisymmetric paiX;s and
keeps (14) in mind then the expression (19)J? can be put into the form:

(20) 5|(i) = X(rs) (d.lr)/s + ¢/rs{[ B (Q) d:{l]/s +% €tm (dJm)/ts} + &im X[Im] Brt (Q) dilt,

in which one confirms the independence&bﬁ‘) from antisymmetric part of stress when
the rotations of the elements are not frés £ 0).

It will be useful to observe that if one léig denote the algebraic complementxof
in the determinant (16) then one will have:

_: A
(22) fri=f, 5
for any functiorf of x; .
(21) permits one to express the derivatives with respexs that appear in (20) in
terms of derivatives with respect ypo. In particular, with some development, one will
find that:

(22) (&J;)/S: %ertm (AUm)its = % [O + BrImp AU, p],
in which one means that:
1
(23) M :5 €im Atp Um, pi ,
uv ol
(24) Brimp = ﬁ [&iv Ap Ao~ €tm Ao Avgl

The Lagrangian expressimﬁl(i) for the work done by internal forces per unit volume
of the reference state is coupled®d by the relation:

(25) 510 = 510 9C _p 510
dC
If one takes (15), (21), (22), (25) into account, along \thi permutability of the
operatorowith derivation with respect tg;, then one can deduce from (20) that:

(26) o1 = [Yeon Xm 1 + Brimp An] O (Um,p) + An [t + Bri (d,1)]
+ [An Brit O 1 + €pt Yoim] Xp,1 %, m Bri] i,

in which By;x denotes the derivative B8f; (g) with respect tay, .
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It is necessary to observe thatverifies the equality:

(27) An i =0,

from which, it follows that:

(28) ANt + Aq i = 0,

which can be written:

(29) A {Jun —%up %J} =0.

4. Constitutive equations.
Let U denote the internal energ§, the absolute temperatukg,the entropy, and let:
(30) F=U-Ef

be the free energy of the continuum, all referreghéounit volume in the reference state.

From now on, suppose that the continuum is free @rnal constraints and has
reversible transformations. It will then follow thi®r any infinitesimal transformation
from C’to C’+ A&, the work that is done by internal forces, with tippasite sign, is
equal to the corresponding variation of the free energgmented b¥e d6. If one takes
equation (29) into account then that can be translatedha equation:

A

(31) o1V =—aF—ET-1A {5;1” _F””’d“mv'} :

in which 7 is a parameter, and that equation is considered to loefeakny choice of the
variationsdum p, O, &, &, -

If one compares (26) with (31) then one will see thatftee energy must depend
upon the variablesm, p, 4, 0, 0,1, 6 and that the constitutive equation, in its initial
form, will take on the appearance of:

r 0F
32 Y + Brimp An — — =- %
( ) (pl) Xm, | rimp Arl D Ami Arp Hrl axm )

0
(33) A Brit Gt + €pt Xo.1 X, p Bri Yiimj = = % |
A TTA = _6_.7-_,
alurl
&9 0F
AB =

rt =i __ﬁ'
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On the basis of (34.1), one has the relation:

0F
(35) BrImp /]rl _% Aml Arp Hi =~ BrImp a_ - TArI BrImp _% Aml Arp .

rl

If one keeps (23), (24) in mind then one will deduce that:

(36) A Brlmp + %Aml Arp y2q
Anl Ap

- ZASZ Uy, of [€rtm At Avp — €v Ap Amd] + 5D? &t Ao U, ol
1
2erg2 W, ol &t A ApAmg + D W, 10 Etv Ap Ama A

:O,

if one takes into account that the first term ie thst expression is zero, from the
antisymmetry of the Ricci indicator.

It follows from (32), (35), (36) that the dependgmf Y,y on the parameteris only
apparent. In reality, one has:

Ahm 0F 0F
37 Y, —B —.
( ) () = 9 rimp 9 \

(87) coincides formally with what one finds in thase of Cosserat continua with
rotations that are not free, but coincide with ¢imes that are subordinate to the field of
displacements.

5. General incompatibility of Cosserat continuawith free rotations.

If one formally sets:
(38) F=F—1A1
then it will follow from (34) that:

6 o0F'
(39) An = f An B = _i.
a,Un 0q,,

(39) implies the compatibility equations:

(40) oF" B, _9F _,.
[oJ7h aq J
Set:

(41) &s = s Zs = hs + B Qs .
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Given the general invertibility of the matriB| |, one can replace the variabjgs,
g, s with the variabless, zs on the basis of (41) and think of the functidhsF’as being

functions ofés, zs , instead ofus, Q. s, in addition tox;, s, ¢, & As a consequence of
the system of equations (40), one will have:

0F' _

(42) shows clearly, when one takes (41) into accouat thie functions”, 7’ depend
upongss, i1 only by way of thezs :

(43) F'=FX,s:Zs, G, O .

*

* %

The condition that is expressed by (43) is not the amiglition that7" must satisfy.
In fact, (37) imposes the symmetry condition upon ghtrhand side that:

Al 0F 0F |_
44 e =B, -—1=0
( ) Spt D a,U rimp a)ﬂnp

rl

If one replaces the system of equations (44) witkethigely-equivalent ones:

(45) Spt A\/sA\nt a_f Brlmp_a—f = O
D a:url aan
then after some calculation, one will see that ey be presented in the form:
0F 0F |_
(46) espt|:xp1|m+,uplﬂ:|— 0.

In reality, the symmetry conditions (44) and their ggleint ones (46) express (as one
can provekhe principle of material indifferencer if one prefers, the condition that the
free energy does not vary under any rigid, isothernsglacement, but is deduced as a
simple consequence of (37).

With some calculation, one will find that the express A, my satisfies (46). That

signifies that one can substitutgfor 7 in (46) and write it in the form:
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oF' oF'
47 e. .| x,—+u,—|=0.
( ) spt|: pl aX” ,upl a,Uﬂ :I

(46), (47) are formally identical to the equations thatamditions on the free energy
in the case of non-free rotationd.( The most general solution of (47) is an arbitrary
function of the quantity’}:

(48) brs =X, r %, s, les =X ¢ Lhs

along withq;, g, , 6, it is understood.
If one takes (41.2), (43) into account then one willtba¢ 7" can only be a function

of bis, g , @and the quantity:
(49) Lis =X, r Zs .

That gives rise to an incompatibility: In fact, thespible dependency ¢’ uponL,s

implies thatF” will depend uporx;, » , as well as the quantities ; B, qs , which,

however, cannot be expressed as functions abtheas is required, given that tBg do
not depend upon the;% , due to the fact that, on the basis of what wasqatow no. 1,
they do not depend upaime characteristic parameters of the local rotatioat is
subordinate to the field of displacemeuts

Moreover, the incompatibility will obviously come abadata different way if one
takes (41.2) into account and writes (47) in the form:

0F' 0F'
p,IK-i_(ZpI Bpi ql)a_%

(50) e

'Spt

X 0,

which will reduce to the form:

OF
(51) espt Bpi q, a =0,

sinceF’ depends upon the ,, z, only by way oftys, Lis, while theBy, do not depend
upon thex; ..

(51) implies the independence Bf from thez, etc., due to the arbitrariness of the
quantity B, q, .

From that, one deduces that Cosserat systems freigh rotations are generally
incompatible systems. An exception is the casadwis very special indeed) in which

() See, e.q. 4.
(*) Seel4].
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F’ does not depend upon the. As a consequence of that, it does not depend upon the
variablestss, gs, and one will have:

(52) F=F (brs, Gy 6 — T As s,

which will imply the constitutive equations:

oF'
Yoy =25—» A4 =0,
6bpt
(53) )
_ O0F
erpt )S)J )f,m Bi Ym] - _ﬁ'

pt

One sees immediately that in the particular casquiestion, there are no contact
couples, but the stress can still be asymmetric.

More precisely, it is enough to consider equations (17)(a8din order to see that
the stress will be not symmetric in the static caben and only when body moments are
present, just as in the case of non-free rotatidtswever, unlike what happens in this
case, the global local rotations do not coincide wh#hones that are subordinate to the
displacements, due to the presence of the parameders

On the contrary, in the dynamical case, one can hewraraetry in the stress, even in
the absence of body moments, as long as one tat@sdacount the moment of the
quantity of motion of the individual system elemenjs (

*

* %

It is worth pointing out that if one has constructedeotip of Cosserat continua that
supposes that the rotations are exclusively the onésatbasubordinate to the field of
displacements then the incompatibility will cease.

In fact, in that case, if one must consider g in (14) to be zero then the
expression (20) will lack corresponding terms, and sityilr (26). In addition, (33),
(34.2) will cease to exist, while (34.1), (37) will remainidgal

The unique differential system for compatibility is thestem (46), which expresses
the principle of material indifference, and (38) will waid with 7" as a function of the

variablesbys, s, 6.
Obviously, that recalls the case that has been stublesttig since 1960.

*

* %

It is worth pointing out that if one linearizes the gerl theory of Cosserat continua
with free rotations then (46) will lack terms that depemul tbe 4 explicitly.

() SeeTl.
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Incompatibility will cease to exist as a consequenca. fatt, in that case, (46) will
express the idea th&t depends upor s only by way of linearizeths :

(54) brs=1+U s+ Us;,
while s , Brs reduce to:
(55) Hrs = €pt U, ps , Bis = s,

in which gs is the Kronecker symbol.
On the basis of (40), (43), it will follow th&t’ depends upon the linearizbd andzs

= ls * Qr, s Without there being incompatibility any longer.
Correspondingly, one has:

oF' €y OF'
Yoy =25 =1 Yo ="

ab,, 2 0dq

(56)

1 :_6]-"' __ oF' :_6]-“'

" ou, 0q, Oz

pt

One then recovers the known formulas of the litlkeory with free rotationg)

Manuscript received on 17 June 1968.
Written draft on 14 November 1968.
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