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On adjoint variational problems and adjoint extremal surfaces
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Translated by D. H. Delphenich

The paradigm for the development of the part of the calculus of variations in which the
unknown functions depend upon one variable was always the theory of geodetic lines on curved
surfaces, which was founded by Gauss and built up by Darboux, in particular. Not only are the
investigations of Jacobi and Kneser (whose influence on the theory of geodetic lines is well-
known) based upon that theory (1), but also the direct method of treating the variational problem,
for which one has Hilbert to thank.

Now, as far as that part of the calculus of variations in which the unknown function depends
upon two independent variables is concerned, one finds that a special case of it has been treated
with great thoroughness in surface theory, namely, minimal surfaces, whose theory was developed
in a series of classical works. In that problem, we do not think in terms of the existence questions
that are connected with those surfaces (i.e., Plateau’s problem), but mainly in terms of theorems
that address minimal surface “in the small,” so ones that are implied by the vanishing of the first
variation.

Now, that suggests the idea of making that part of surface theory useful for the purposes of the
calculus of variations, that is, of adapting the results that are obtained in the theory of minimal
surfaces to more general variational problems, resp., in analogy with what was already
implemented in the theory of geodetic lines. In fact, one can achieve that for variational problems
of the form:

& 5[[ (@ @jd dy=0

(in which the integral includes only the derivatives of the unknown functions). Naturally, in so
doing, one will require a new conceptual picture, in analogy with the way that the concept of
transversality must be introduced in order to be able to adapt the theory of geodetic lines to the
calculus of variations. In the following investigations, it is the concepts of the adjoint variational

() Hilbert employed, above all, the example of the geodetic line in order to present his method. (“Uber das
Dirichletsche Prinzip,” Jahresbericht d. deutschen Math. Ver., Bd. 8, pp. 184.)
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problem and the adjoint extremal surface that will make it possible to adapt the theorems on
minimal surfaces to variational problems of the form above.

In fact, the concept of an adjoint minimal surface that Bonnet introduced plays a fundamental
role in the aforementioned theory of minimal surfaces. Of course, that association, by which any
minimal surface is adjoint to another minimal surface, is ordinarily presented and studied in such
a way that in the known Weierstrass representation of minimal surfaces (which assigns an analytic
function to each minimal surface in a well-defined way), one replaces the function of a complex
variable that appears in it with the i power of that function, which is a way of treating things that
can hardly be useful for purpose of generalization (). However, when one liberates the concept of
an adjoint minimal surface from the Weierstrass representation, i.e., when one examines the adjoint
surface in general Gaussian coordinates, one will easily arrive at a form that is capable of being
generalized to variational problems of the aforementioned type.

When one associates an adjoint surface to any extremal surface of the variational problem (1)
in that way, one will arrive at the jumping-off point for the following investigations: Namely, that
adjoint surface is not an extremal surface of the variational problem (1) in the general case, but
probably a different variational problem — viz., the adjoint variational problem — that can be
derived from the original one in a simple way. In that way, one will obtain an association that
associates every variational problem of the form (1) with a problem of the same form. That
relationship is involutory, and the problem of the minimal surface is even distinguished by the fact
that it is a self-adjoint problem (§ 1).

If one now examines the map of an extremal surface of (10) to its adjoint surface (8 2) then
one will arrive at the generalizations of the aforementioned classical theorems of the theory of
minimal surfaces. Among the results that one obtains, we would like to emphasize the following
ones:

In the theory of minimal surfaces, one has the theorem that any minimal surface can be bent
into its adjoint. In our more general sphere of ideas, we have the theorem that one can introduce a
non-Euclidian metric on the extremal surfaces and their adjoints that depends upon only the
corresponding variational problem in such a way that the map in question is a bending in that
sense. One gets the result from this that any variational problem determines a metric on its extremal
surfaces in a well-defined way (which coincides with the usual arc-length only in the case of
minimal surfaces). That variational integral itself will be the surface area when one bases its
definition upon arc-length. When one introduces isothermal parameters into that metric, one will
get a system of differential equations for the coordinates of the extremal surface of an especially
simple type that is well-suited to the study of those surfaces. Those theorems are the
generalizations of the known theorems in the representation of minimal surfaces by potential
functions, and (it seems to me) those differential equations also are of great service in the further
theory of the variational problem (1).

(®» Bonnet’s original definition of the adjoint minimal surface also employs an entirely-specialized coordinate
system on the surface (Comptes rendus, 1853, pp. 532).
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Concept and main properties of the adjoint extremal surface
and the adjoint variational problem.

1. Notations and conventions. — We shall base our investigations upon a variational problem
of the form:

1) 5”f(zx,zy)dxdy =0
and consider any extremal surface z = z (x, y) of it. We set (%):

ZX:p1 Zy:qa

to abbreviate. In order to arrive at an elegant form, we write the equation of the extremal surface
by introducing two parameters u, v in the form:

x=¢uv), y=n@v), z=4uv)

and set:
(2) pl = 77u é/u , p2 = é,u fu ’ p3 = éu 77u .
g é/v é/\, 5" gv n,
One then has:
g(U,V):Z(f(U,V),n(wv)) and p:_&’ q:_&’
p3 p3
and when one introduces the further notation:
®) F (p1, p2, p3) = p, f (—ﬂ,_&j 1
3 Ps

the given variational problem will go to the following problem:
(1 5ij(p1, P, p;)dudv =0.

We assume that the integrands f (p, q) and F (pz1, p2, ps) are sufficiently-often differentiable
functions for all values of the arguments that come under consideration. In addition, the latter is
homogeneous of degree one. As a result:

plel_'_pzI:pz-i_pBFp3 :F’
and one will have the relations:

(® In what follows, we shall denote the derivatives of a function by adding corresponding indices.
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(3') Fplz—fp, szz—fq, Fpng—pfp—qfq,

as one easily convinces oneself. Those formulas show that the derivatives F,. F,, F, are

p, !
homogeneous functions of degree 0 in the ps1, p2, ps, and are therefore independent of the choice
of the parameters u, v.

2. Definition of the adjoint extremal surface. — The Euler-Lagrange differential equations of
the variational problem 1) read:

O oF 90F _ 0 0F 00F g O oF 0ok _
ou o0&, ov o<, ’ ou on, ovon, ’ ou og, ovaodg,
When one recalls the easily-verified relations:
oF _|m 6| oF _|& & oF _|a 7
g, F P - on, F, Fo o, Py Fo |’
OF _ |Mm Su| OF _ 6 &| OF _ &
ae, F, Fo - on, F, Fo 1o, F, F,
and introduces three auxiliary functions:
g (uv), i7(u,v), £ uv)

(which are determined uniquely up to an additive constant), one can replace those Euler-Lagrange
differential equations with the following first-order system of differential equations (*):

= 1, gu — u u = gu .
é:u F F 77LI = F F ! é/u F F
P2 Ps Ps Py Py P2
(1
N/ _ |4 & = _l& m
Sl N N O
P2 Ps Ps Py Py P2

(¥ That is the form of the Euler-Lagrange differential equation that one can derive from the vanishing of the first
variation without assuming the existence of second derivatives of the extremal function. Cf., my paper “Uber die
Variation der Doppelintegrale,” Journal fiir die reine u. angew. Math., Bd. 149, pp. 1-18. Since | exhibited those
differential equations for the case of minimal surfaces, | recognize that the auxiliary functions that appear in them
coincide with the coordinates of Bonnet’s adjoint minimal surface, and that fact led me to the conceptual picture of
the present investigations.
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If one writes those equations in the following form:
(111 d¢ = F,dp-F, d{, di =F df-F,d&, dJ =F, dé-F,dy

F are

then one will see immediately (keeping in mind that the expressions for F , F,, F,

independent of choice of parameters u, v) that the surface:

x=g@v), y=n@Uyv), z=7(uv)

is defined uniquely, up to a parallel translation, and in particular, it is independent of the choice of
the parameters u, v. We call that surface the adjoint surface to the extremal surface in question
relative to the given variational problem (°).

Not only is the adjoint surface itself defined by equations (I11), but also a map of that surface
onto the original extremal surface by which we let points with the same parameter values u, v
correspond to each other.

Finally, for the sake of symmetry, we introduce the following notations:

5 —_|m < —_|4 & __1& @
(2) =" =12 Z|. =z
' 77V \ ’ \2 §V ’ §V 77V
When one recalls equations (I1), one will get:
— Fpl é’U - FP3 5“ sz é:U - Fp1 77” — FZ Un é,u F F gu é:u F F ‘fu Un
T E £ _F = M Py, P P,
pl (V p3 gv p2 gv pl 77V 77V é/V é,v §V §V 77V

(®) Itis not difficult to see that in the case of minimal surfaces:

F=pi+pi+p?,

so this definition coincides with the usual convention on the adjoint minimal surface. Namely, if one introduces
isothermal coordinates on the minimal surface:

EanP =84l +8l A&+ mm+&GG=0

then equations (I1) will go to the following ones:

=-4&, ﬁuz—ﬂv,
:§u, 77\,:77u|

| Ol

_é’v,

g,
g, =

<

ie, £and &, 5 and 77, ¢and £ are conjugate potential functions. That is just the usual definition of the adjoint
minimal surfaces.
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= Fpl(plel+p2 Fp2+p3 Fp3) = FFpl’

and in the same way, one has the equations:

4) p,=FF,, P,=FF,
which lead to the proportion:
(5) PP P = F, iR, IR,

3. Definition of the adjoint variational problem. — The fact that the adjoint surfaces to the
extremal surfaces of the given variational problem that were just defined are the extremal surfaces
of a new variational problem that is completely determined by the original variational problem
and is independent of the choice of the extremal surface will be a great importance in what follows.
We will characterize that variational problem — viz., the adjoint variational problem to the origin
one — quite simply and prove the involutory character of that relationship by showing that the
adjoint surfaces to the extremal surfaces that relate to the latter variational problem are the extremal
surfaces to the original problem.

In order to see that clearly, we would first like to take x, y to be independent variables and
assume that the equation of the surface that is adjoint to the extremal surface z=z (y, y) :

X=&5(xy), y=1nKxY), Z=71n(Yy)

can be converted into the form:
Z =Z(X,y) .

In other words, we consider a piece of the extremal surface for which the determinant:

_ & 7
=l _|=FF, =f(f-pfh-qfy)
Sy 1y
is non-zero. When we then introduce:
p= g q= g
ox oy’

to abbreviate, and recall equations (2), (3'), and (4), we will then have:

F, _ )

- P
Fp3 f—pfp—qfq

ol
Tl
|
-l |'o|
w =
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(6)

FS Fps_f_pfp_qfq'

Those equations exhibit the fact [which one can also infer from equations (5)] that the direction of
the surface normal (p,q) at a point of the adjoint surface depends upon only the direction of the
normal (p, q) at the corresponding point of the extremal surface. It is not difficult to verify the
formula:
o(p.7) f 2
= f_f. —f).
o(pa) (f-pf,—qf)’ Uor fo = 1)

If that expression is non-zero (which we would like to assume from now on) then we can solve
equations (6), which we can combine into the one equation:

df

(6) pdp+ddq = —————
f-pf,—qf,

for p and g. We can get a transparent solution formula that lets the symmetry in the two variable-
pairs p, g and p, @ emerge clearly in the following way: We imagine that p, q are expressed in

terms of p, @ and define the function f (p,J) by the following equation:

. 1
(7) fPa)=—F—.
f-pf,—qf,
In complete analogy with (6), we will then have:
_ f f,
(6) P=— % = +——F 5
f-pf,-qf; f-pf,-qf;

In fact, when one recalls (6), one can bring the defining equation (7) into the form:
(8) fdf + fdf = (pdp+qgdq)+(pdp+qdq),
and due to (6") and (7), one will have:

pdp+qdq = fdf = f(f dp+f, dq),

(9) p

1
—y
—y

ol
o)

1
—y
—y

Q
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If one introduces those expressions for p, g into the right-hand side of equation (8) then that will
give:

(7) f=

| =

_qf

—h

ol

f-p

Eel

One will get the stated equation (6) by substituting that expression for f in equations (9).
We can summarize our formulas as follows:

If one subjects the quantities p, g to the conditions:
(10) f;tO, f—pfp—qfqio, fppqu—fpzqfﬁo
and introduces the quantities p, g by means of the equations:

(6) p= L q-= h
f-pf,-qf,’ f-pf,-qf,’

but introduces the function f (P, ) by the equation:

T 1
(1) f(p.O) = —F—F,
f-pf, —qf,
or
(8) fp, o) F(P.T) =1+pP+qq
(which is equivalent to that) then one will have:
_ f f.
(6) p=—F—= 0= ————=
f-pf,-af; f-pf,-af;
and furthermore:
= 1
(7) fzo =
f-pf,-0f,
and
Fr_Pp r_0
® here T
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Therefore, that connection exists between the derivatives 0z / ox = p, 6z / dy = q of an extremal
surface of the variational problem:

(1) 5jjf(zx,zy)dxdy =0

and the derivatives Z, = p, Z, = g of its adjoint surface Z = Z(X,y). We will show that this
function is an extremal function of the variational problem:

(1) 5jj f(z,,z,)dxdy =0,

which we would like to refer to as the adjoint variational problem to (1).

4. Continuation. — One can geometrically characterize the connection between the integrands
f(p, ) and f(p,q) of the original and adjoint variational problem in an elegant way. To that end,
we consider the second-order surface:

Z7 = X*+Y?*+1

in a space whose rectangular coordinates are denoted by X, Y, Z , and imagine that the integrand
of the original variational problem is realized by the surface:

(11) Z=f(XY).

One infers immediately from the elementary formulas of analytic geometry that the pole of the
tangent plane that is drawn at the point X, Y, Z of the latter surface relative to the second-order
surface above possesses the following coordinates:

- f, _ f, 7 - 1
f-Xf, -Yf' f-Xf, -Yf' f-Xf, -Yf,~

Upon eliminating X, Y from those equations, we get:
(12) Z = f(X)Y),

in which f (X,Y) is just the integrand of the adjoint variational problem. That is, the surfaces

(11) and (12) that are defined by the integrands of the two variational problems (viz., the original
and adjoint ones) are polar-reciprocal surfaces relative to the second-order surface considered.
One sees the involutory character of adjointness from this immediately [which already follows

from the complete symmetry of formulas (6), (7), (6), (7), moreover]; i.e., when one defines the
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adjoint variational problem to the variational problem (1), one will get back to the original one

0)E).
Our formulas will become more elegant when we once more introduce general parameters u,
v as independent variables in place of the x, y that we have used up to now, which comes down to

the same thing (with the notations in 1.) as taking the function F (p1, p2, p3) = p, f (—&,—&J
Ps Ps

to be the integrand of the variational problem, instead of f (p, g). In a corresponding way, we set
the integrand of the adjoint problem equal to:

(3) If(pl’pz’p3) = P f_[—%,—%} -
P; P
The relations (6.), (7), and (6), (7) then take on the following simple form [when one recalls (3)]:

(13) p=FF_ , p,=FF,, p,=FF,,

13) p=FF,, p2= FF, p= FF,,

which one can naturally also establish independently of the foregoing as follows: Since Fo Fo,
F,, are, in fact, homogeneous functions or degree 0, one can express the quantities p1 / ps and p2
/ psinterms of P,/ P, and P,/ p, by means of the equations in the first row (the proportion p;:
p,: P;=F, : F, :F, , resp). Thus, say, the third equation, will imply F as a homogeneous
function of degree one in p,: P, : P, . (°) If one gives equations (13), which one can also write in

the form:
p,dp, + P, dp, + p;dp, = FdF,

the components p1, p2, ps, resp., then that will give:

PP+ P, P+ P P; = Flf,
and from that:

FdF+FdF = (P, dp, + P, dp, + P, dp,) + (p, dp, + p, dp, + p, dp;).

(®) The inequalities (10) are also constructed symmetrically, because one easily verifies the relation:
4
2\/¥f ¥ 2\ — 1
(fpp qu o qu)(f@ f@ - qu) B [ﬁ) '
such that [when one recalls (7)] those inequalities are equivalent to the statement that f (p, g) and f (p, ) are finite

and non-zero.
(") One should confer another simple calculation of F(p,, p,, p,) in 6.
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As a result, one will have:
FdF = p1dp1+ pzdﬁ2+ p3dﬁ3 )

and that is the basic content of equations (13).
If we then denote the sub-determinants of the matrix:

(Cf“ T g“j, or [5:“ TZU {]J resp.,
S M Gy S o &,

that is defined by the original extremal surface (its adjoint surface, resp.) by p1, p2, p3 (P,, P,

p;. resp.), as in 2., then from (5), we will have the proportion p, : p, : p; = F,: F, @ F . If

we then introduce the function F (B, B,, P,) in the way that was just given then, from (1_3), we
will have the analogous proportion:

(5) pl:pz:pgzlfm:lfm:lE

P’

Naturally, one assumes in this that one restricts oneself to a region on the original extremal
surface such that the determination of F from equations (13) is possible, i.e., that one can express
p1/ pzand p2 / psinterms of p,/ P, and P,/ p, by using the proportion that arises from it. The

conditions for that to be possible were given in (10) [the remark (°), resp.].

5. The adjoint surface as the extremal surface of the adjoint variational problem. — In
order to exhibit the connection between adjoint surface and adjoint variational problems, we return
to the defining equations for those surfaces, which we establish in the forms:

(ny d& =F, dyp-F, d¢, di7 = F, d¢—F, d&, df = F, d&-F, dy,

and calculate the analogously-constructed expressions:

When one recalls (111) and (1_3), a simple calculation will give the equations:

R, d7—F, dJ = = [py(F, d{ - F, d&)-p,(F, d&-F, dn)]
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[-(p F, +P,F, +psF,)dE+F, (p,dS+ p,dr+ p,dd)] =-d¢,

1
F

and in the same way:

(1) F, d —F, d& =—dp, F,, d&—F, dij =-d¢.

When written out in detail, those equations will read as follows:

se| 4 . T Ge & T,
—ou-— | = — ’ —ju—= | = — ’ —ouT | = — ’
Fﬁz P3 Fﬁz Fﬁ Fﬁl Fﬁz

(1
4 A &
— gv = _ - , -mw=| = _ , - 4, = | _ _
Fﬁz Fﬁa Fﬁz Fﬁ1 Fﬁi sz

olm 2| ola &|_o|Z E| 4|Z &

oulF, F| ov|F, K| auF, F | ovF, F
_2|é& ﬁv‘_gé ﬁu‘:o
ou Fﬁl sz ov Frll sz

which coincide with the Euler-Lagrange differential equations for the adjoint variational problems:
(M 5[[F (P, P, P;)dudv =0.

Therefore, the adjoint surfaces are, in fact, solutions to the adjoint variational problem.
However, equations (II) show that the adjoint surface to the extremal surface x = & (u,v) ,y =
77 (u,v),z= ¢ (u,v) relative to the variational problem that was just described is the surface whose

equations are:
x==¢&(u,v), y=-n(,v), z2=-¢(u,v),

i.e., the mirror image of the original extremal surface relative to the coordinate origin.
We then arrive at the following result:
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For any variational problem:
0] S[[F (P, Py py)dudv =0,

the adjoint surface to any extremal surface of that problem is an extremal surface to the adjoint
variational problem:

(1) S[[F (P, Ps)dudv =0,

If one defines the adjoint surface to that surface relative to the variational problem then one will
get the mirror image of the original extremal surface relative to the coordinate origin. Obviously,
that surface is likewise an extremal surface of the original variational problem.

§2.

On the map from an extremal surface to its adjoint surface.

6. Invariance of the variational integral. — As was remarked before in 2., the equations:

() d& = F, dp-F, dJ, d7 = F, d{—-F, d¢&, d¢ = F, d&-F, dn,

which serve as the definition of adjoint surfaces, simultaneously imply a map between those
surfaces that makes points of both surfaces that belong to the same parameter values correspond
to each other. We shall address that map in what follows.

In 2., we inferred the following relations from the definition of the adjoint surface above:

(4) P =F(py p2, p3)F, , P, =F (p1, p2, p3) F, P; = F(p1, p2, p3) F,, -

On the other hand, based upon the definition of the adjoint variational problem, we have the
equations:

(13) P, = F(P, 0, P:)F, . P, = F(P. P D) F,y,, P, = F(P. P, By)F, -
As a result, we have:
(14) F (p1, p2, p3) = F (P, P, P3).,

or:
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[[F (py. pyy p)dudv = [[F (P, B, Bs)duy

G G

(for any region G), i.e., the integral of the original variational problem, when extended over a
piece of an extremal surface for it, is equal to the integral of the adjoint variational problem, when
extended over the correspond piece of the adjoint surface.

Equation (14) gives a convenient means for representing the adjoint variational problem.
Namely, one gets the integrand F (P,, B,, P,) When one expresses p, pz, ps in terms of P, P,,

P, and substitutes those expressions for the arguments in the function F (pz, pz, ps) .

7. Corresponding directions. — The defining equation (111) for the adjoint surface immediately
implies the relation:

dédé +dndi+dgds =0,

i.e., any line element on an extremal surface corresponds to a line element that is perpendicular
to it.

8. Invariance of a non-Euclidian arc-length. — In order to arrive at an essentially-deeper
property of the map in question, we recall the known fact that any minimal surface can be bent
into its adjoint surface. Naturally, we would not expect that in general variational problems.
However, we can probably give a non-Euclidian metric on the extremal surface (the adjoint
surface, resp.) that depends upon only the corresponding variational problem and is such that our
map becomes a bending in the sense of that metric.

In order to arrive at that metric, we proceed as follows: We let a, b, c initially denote arbitrary
quantities to be determined later, and consider the matrix:

(adf bdzn cd;j
aF, bF, cF, |’

Upon applying the known Laplace identity, while recalling (111), we will get:
(@®d&*+b*dn* +c’dS*)(@° Fy +b* F) +c*F))—(a*F, d&+b*F, di+c®F, d¢)°

2 2 2

bdp cd¢
b sz C Fp3

cdd ad¢é
C Fp3 a Fpl

adé bdng
+
an1 pr2

+

= b?c?dE?+cta’diy? +a’b’ds .
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We make the quadratic term on the left-hand side vanish by choosing a*F, , b*F, , ¢*F, to be
equal to p1, p2, ps, resp., i.e., by choosing:

a2:ﬁ1 bzzﬁ CZ:&_
F F

Since we will have:
‘Fo+b’F, +c*F, = pF, +p,F, +p,F, =F

for that choice of a, b, c, the Laplace identity above will yield:

F, o, F F,o
F(& de? +L2 dpp+ Bo dgzj = PP By (—pl dE2+ 2 dif? +—2 dgzj .
Fpl sz FP3 Fp1 sz Fp3 pl p2 p3

However, the relations (13), (1_3), in conjunction with equation (14), imply the connection:

(13!) & - FZ Fﬁ & = F2 Fﬁz Ps _ F2 Fps .

We can then put the quadratic form on the right-hand side into the following form:

plpZ p3 FEsz P3 [&dgz"‘&dﬂ +_3 dé/ J
Fp1 sz Fp3 Py P2 Py FT’1 Fﬁz Fo

Ps

However, with that, we get the relation:

FF,F, F
/— B d§ + P2 dpr v Pagg
P, P, Ps sz o

lf F, F, F
P P2 pl dé: + 2 p2 dn + _3 déf
P, P, p3 F, P,

and that implies the desired conclusion.
Namely, we imagine a non-Euclidian metric has been introduced onto the original extremal
surface such that the differential of arc-length will be:

FE F F
ds? = /— P d§+ P2 g2y P g
PP, Py F, Fo,
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and in the same way, define the differential of arc-length on the adjoint surface to be:

FEF F
ds2= [ pm| Pogze, P ogpe, By
g“ {F §+F n+F §J

By P2 [

Those two definitions are completely symmetric, since the metric on the extremal surface is
constructed from the equation of that surface and the original variational problem in the same way
that the metric on the adjoint surface is constructed from that surface (the adjoint variational
problem, resp.). We have then arrived at the following theorem:

Based upon that non-Euclidian metric, the map of the extremal surface to the adjoint surface
is a bending.

9. The variational integral as a non-Euclidian surface area. — The two differential forms

ds® and ds? are simultaneously real (imaginary, resp.). That is because, with the help of the
equation:

which can be easily verified on the basis of the relations (13), (1_3) , and (14), it will follow that the

two roots that appear in ds* (ds?, resp.) are simultaneously real (imaginary, resp.). In the latter
case, we would like to take the definition of arc-length above, multiplied by i, to be our metric in
order to get real arc-lengths in any case. We correspondingly set:

/11:\/iFFp1FpZFp3& /12:\/iFFp1Fp2Fp3& /13:\/iFFp1szFp3&
PP Fy PP, Py F,

(15)

7= [tFRARR A ;_[[FRRAR B ;_[FRARA B
mpp R PP R PP P F

in which the positive (negative, resp.) sign is taken everywhere. We take the signs that give real
values to A1, A2, 43, 4, A,, A,. The quantities A1, A2, A3 are then determined uniquely, up to sign.

(We will add more to that later.) Furthermore, since (13’) implies that:

ho = dgdy = g = F?
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we would like to determine the signs of 4, 4,, 4, in such a way that:

(16) Moy =Xl = 2l =1.

Upon borrowing from the theory of surfaces if one now writes:

(17) E"= A&+ +24¢0, G = A& +4Lm+4E],
F'=A4&&+4Lnn+40,4,,

and correspondingly:

() B = A8 + 40 +AC0 G = AG AT AL/,

for the adjoint surface, then one can consider the integral:

M«/E*G*—F*z dudy . m«/E*G*—If*Z

when based upon the metric that was given above, to ne the non-Euclidian surface area of the
extremal surface (the adjoint surface, resp.). One gets a remarkable expression for the integrand.
In fact, when one applies the Laplace identity to the matrix:

[\/Zé‘u J% 0, \/ZQJ
Jaé Jan (x¢ )

|E'G —F*| = |44 s +4 4 00+ A4 ;| = F?,

dudv, resp.,

that will give:

and one will get the following result:

NEa

i.e., the given variational integral, when extended over a piece of the extremal surface, is equal to
the non-Euclidian surface area of that surface patch, when it is based upon the metric that was
given above.

We now point out that one can write the quantities A1, A2, 43 in the following forms:

ﬂ,l:\/i pl : ﬁl ﬂz=\/i‘ p2 : ﬁZ /13=\/i p3 : ﬁs
p2 p3 ﬁZ ﬁ3 p3 pl ﬁ3 ﬁl pl p2 ﬁl 52

dudv :I F dudv,
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with corresponding expressions for the quantities 4, 4,, A,, which points to the symmetric
character of those formulas.

10. Isothermal parameters. — A glimpse at formulas (15) will show that the quantities A1, A2,
Az are homogeneous functions of degree zero in the p1, p2, ps. Since the ratios of the functional
determinants p1, p2, p3 will remain unchanged with the introduction of new variables for the u, v,
this has the consequence that A1, A2, A3 will mean functions on the given extremal surface that are
independent of the parameters u, v.

We would now like to introduce new parameters «, S

a=a(u,Vv), g=£(u,V),

in such a way that the two relations:

VRSN Y NS REV N PRy Ny
AE, Syt n, Ny +246,6,=0

will be true. That is always possible, because a classical theorem from the theory of differential
forms says that when « (u, v) and £ (u, v) mean solutions to the systems of differential equations:

_ Fo,-FEq, _ Gg,-Fq,

the quadratic differential form:

A4 dE + 4, dn® +4,dg? = E'du® + 2F " dudv + G dv?
will go to:

0(a, p)(da” +dp%),

in which @ («, f) means a function of ¢, £. If we introduce such «, £ as new parameters then will
have:

We refer to such parameters as isothermal parameters with our non-Euclidian metric on the
given extremal surface and refer to the curves a = const. (£ = const., resp.) as isothermal curves.

The differential equations of our variational problem assume an especially simple form in
isothermal parameters (in that sense) that greatly simplifies the study of those surfaces. In that
way, we are dealing with an analogue of the theorem by Weierstrass that the equations of a minimal
surface are potential functions in isothermal parameters (in the ordinary sense).

If we set:
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X=JAE+i&), Y=J4w,+in), 2= A4, +is,),

to abbreviate, then we can combine the equations E* = G*, F* = 0, which are characteristic of
the choice of parameters «, g, into the one equation:

(18) X24+Y?+7%2=0.

Furthermore, since we also have, at the same time, E* = G*, E* =0, due to the invariance of our
arc-length, when we introduce the corresponding abbreviations:

X =% +ig), Y =% @, +i7,), Z =%+,
we will have, in the same way:
(18) X*+Y?+2%=0.

Finally, the equation in no. 7:
dédé +dndi+dsds =0,

in conjunction with the relations 4, 4, = 4, 4, = 4, 4, = 1, will imply the equation:

(20) XX+YY+ZZ =0.

However, it follows from equations (18), (19), (20) with no difficulty that the quantities X, Y, Z

are proportional to the quantities X , Y, Z, i.e., when t means the proportionality factor, one will
have:

=tX, Y=tVY, Z=tZ.

|

In order to determine the factor t, we add equations (1) to that, which we will write in the following
form:

%—t\/_X—

Y _, g £ ¢ X
S VR R R

That homogeneous system of equations in X, Y, Z implies the vanishing of the determinant:
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F F,
‘tﬁr r
Ny
F

rt@

[ Lme [ )
2 Zl 3

However, the two coefficients in the equation for t that was just obtained (5):

NER [

ﬂlﬁzﬂgt2+(/ll F2+ 4L, F2+ 4 sza) =

are equal to each other, since one finds with no effort that:

, ) . FF Fsza
AR IR AR = e B (R B Pyt 0 Fy) = e
1 M2 M3

One then has:
t?+1=0, e, t==i,
and
X =+iX, Y =#iY, Z=+iZ.
The equations:
é?a+ifﬁ:iill(§a+i§ﬁ), n,+in, =i (na+inp,

C, i, =4ia(atidn),

which are equivalent to (16), then show that with a suitable choice of sign for A1, A2, 43 (since one
is free to do that), one can arrange that the upper sign is valid in those equations. Since A1, A2, 43
are real, one will then have:

So= A&, Ty= Al $5= A6,

(V) s o i
ga:_ﬂlé:ﬁw 7705:—37775, C:a:_ﬂSé/ﬁ'

One will then arrive at the following analogue of the aforementioned theorem by Weierstrass:

(8) Obviously, t must be non-zero, since the assumption that t = 0 leads to & = const., 7 = const., { = const.
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If «, [ are isothermal parameters that are based upon the non-Euclidian metric then the
differential equations of our variational problem will assume the simple form (I1V), in which A1,
A2, A3 are the expressions that are given in (15).

11. Converse of the foregoing theorem. — If we understand A1, A2, A3 to mean the expressions
that were given in (15), so that F (p1, p2, p3) means a homogeneous function of degree one, but p1,
p2, p3 mean the sub-determinants of the matrix:

(é 7, Q}
éﬁ s é,ﬂ ’

and if those function &, n, ¢ are solutions of the system of differential equations:

Eﬂ: Aé, ﬁﬁ: ANy 47,3: A&y

(V) d d ,
Sa ==hSs M ==hily, G, =~4Gy,

for which:

(21) W&+ A+ 2y = &g+ 2+ A5,

A& lp+ A,y + A8, 0,=0

thenx=&(a, P,y = n(a P), 2= ¢ (e, P) will be an extremal surface of the variational problem
5 [[F(p. by ps)dadp =0.

In fact, if one sets:

P, = m%, P, = m%, Ps= m%,
for the moment, then one will see immediately that the following equations are true:
PVAE AP L, +P2 ¢, =0,
P A&+ P Ay + B2 ¢, =0,

£ (R +PA4PY) =1

The vectorial meaning of those equations consists of saying that the vector of unit magnitude

(£ Py, & P2, £Ps), where £ = 1 or £ =i, is perpendicular to the vectors (4 &,y 4 7,4/ A& &)
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and (\/Zgﬂ,\/znﬁ,ﬂgﬂ), which have equal length and are mutually perpendicular, from

(21). However, it follows from this that the vector product of the unit vector above with each of
the latter vectors will coincide with the other of the latter vectors, up to sign, i.e.:

Jaé =+ePn,~P A &) Ja& =Fe(Rhn, -P%k &),
Jan, =tePJAs,-PIAE), Jhn =Fe®RyALE-PJA L),
JAa&, =xePyAé-Bdhn), Jas, =FeBJAE -PJ4 m),

in which either the upper sign is chosen everywhere or the lower one. However, if one observes

the relations:
Pl\/ 2’22‘3 = inl’ P2 \lﬂ'jﬂl = inz’ P?,\lﬂlﬂ‘z = in3’

which are easy to verify on the basis of (15), then when the last equations are multiplied by \/Z
(J 4, . /4 , resp.), in conjunction with basic system of differential equations, that will give:

sp = Te(Fym,—F, &),
i, = *e(F, ¢ —F, &),
g

=te(F, n,-F, &),
i‘c“(Fpl é/a_F% fa)’
ig(sz é:ﬂ_Fpl nﬁ)’ a = i‘S‘(I:pz ga_Fpl na)'

SR

However, (from the results of 1.) those equations say that the functions &, 7, {'do in fact represent
an extremal surface of the variational problem in question. Moreover, from the reality of the

functions that appear, it will follow that & = 1. Therefore, &, 77, ¢ are the coordinates of the
adjoint surface or the mirror image of that surface, relative to the coordinate origin.

12. Analogue of a theorem by Darboux. — It is known that Darboux proved the beautiful
theorem that if two surfaces can be bent into each other in such a way that the corresponding line
elements are mutually perpendicular then those surfaces will be adjoint minimal surfaces. In our
sphere of ideas, that theorem possesses the following analogue:

Let F (p1, p2, p3s) and F (P, P,, P;) be the integrands in adjoint variational problems. We
introduce non-Euclidian metrics on the given surfaces:

x=&uv), y=nuv), z=4Uv),
and

x=gUv), y=7v), z=¢(uv),
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resp., by defining the arc-lengths using the quadratic differential forms:

ds? = 4, d&+ A, dn° +4,dS?

and

ds? = 4 d&%+ 4, dp% + A, dL?,

resp., in which A1, A2, 43 (4, 4,, 4, resp.) are the expressions that were given in (15) (4 4, =
A, A, = A, A, = 1). If the given map between two surfaces is a bending, based upon those metrics,

and if the corresponding line elements on both surfaces are always orthogonal to each other,
moreover, then the given surfaces will be extremal surfaces for the corresponding variational
problems, and one of the surfaces will be either the adjoint surface to the other one or its mirror
image relative to the coordinate origin.

In fact, if we introduce isothermal parameters «, £ for the first of the given surfaces (as in 9.)
relative to the established metric, such that:

E = A&+ A+ =A &+, + 46, =G,

F*:ﬂ'lé:agﬁ_'_ﬂ?nanﬁ—i_ﬂsga;ﬂ:o’

then, as a result of our assumptions, we will also have, at the same time:

B = A&+ A0, + 5l =M & + A+ 15 C; =G,

If we, in turn, set:
JA & +ig)=X, (%@, +in)=Y, A4, +i)=2,
JEE+iE)= X, & @, +in)=Y, (L +)=2,
to abbreviate, then the equations above will read simply:
X24Y?24+272%2=0, X*+Y*+Z%?=0.
In addition, as a result of the assumed orthogonality of the corresponding line element:

XX+YY+Z2Z =0.



Haar — On adjoint variational problems and adjoint extremal surfaces. 24

It follows from this, in turn (as in 9.), that:

(22) X =tX, Y =tY, Z=tZ,

in which the proportionality factor t is yet-to-be-determined. It next follows from the last relations
upon squaring them and adding that:

E'+G" = |[t?|(E"+G") .
Therefore:
[t]=1, t=cos r+isin 7,

in which zis real. When one recalls the reality of A1, 42, 43, equations (22) will then imply the
relations:

= A1 (&acOs 7— &p5Sin 7) ,

S

= A2 (naCOS 7— npsin 7),

=)
]

= A3 (aCOS 7— ¢pSin 7) .

If one contracts those equations with &, n«, ¢, resp., then due to the orthogonality of the
corresponding line elements, the left-hand sides will give zero, so:

0=E"cost—F"sinzt = E*cos 7,

i.e.,one hascos 7=0,sot=+1i, and we will arrive from (22) at the following system of equations:

g
|

=t M&a, ;=% 2 Na, $=% A3 6a,
=¥, 0, =F 2 {,=F .

Iwe
|

Furthermore, since E*= G™ and F* =0, the theorem that was proved in 11. says that the surface

that is represented by the functions & («, f), 1 (e, B), ¢ («, P) will be an extremal surface of the
variational problem:

S[[F (py p,upy)dedp =0,

and the surface that is represented & , 77, ¢ will be either its adjoint surface or the mirror image

of the latter relative to the origin.

In the foregoing, we adapted the theorems from the theory of minimal surfaces to our basic
variational problem, in which only the first derivatives of the extremal surfaces appear. In fact, our
theorems did not require the existence of the second derivatives of the extremal function, as was
emphasized in the remark (*). However, it would also be interesting to adapt those properties of
minimal surfaces in which the second derivatives do appear. For example, we might investigate
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how the generalization of the known theorem of Bonnet that says that the adjoint map takes lines
of curvature on a minimal surface to the asymptotic curves on the adjoint surface would read in
our sphere of ideas.

(Received on 14/12/1927)



