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On the concept of the class of a differential equation ()
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Translated by D. H. Delphenich

We shall base our investigation upon a differential equation for two functions y and z of one
variable x. It possesses the form:

1) F d yOI—ny%zx =0,
dx" dx = dx" dx

and we would like to assume that this differential equation cannot be obtained by differentiating a
differential equation of the same form and lower order one or more times and linearly combining
the differential equations that arise in that way.

We now set:
dy d"y dz d"z
= X1 A EERS] ’ !Zl_! 1T q ’
g qo( Y ax dx  dx" j
dy d"y dz d"z
2 = Y e ey Ly — e, veer |
@ 7 W(X Y e ST J
B L,y d"y dz d"z
g”_;((x,y,dx,...,dxn ,...,z,dx,...,—dxn,...j,

in which the variable x and the functions y, z appear as arguments on the right, along with their
derivatives up to a certain order, and express:

(") Reproduced from the Festschrift Heinrich Weber (Leipzig, Teubner, 1912).
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dy dpd’y dy d’p
dp _ dx 9’7 _ dx dx®  dx dx?
d¢  de’ d& (d(pT L
dx dx
dy dpd®y dyd’p
d¢ _ dx 9% _ dx dx’  dx dx?
de  do' & (dgof o
dx dx

in terms of x and y, z, along with their derivatives with respect to x. Therefore, in general (i.e.,
when the functions ¢, y, y do not satisfy any special condition equations), the quantities x, y, z can
be expressed in terms of £and 7, ¢, along with their derivatives with respect to &, as follows:

gl gy dn 95 dg di¢
x—g[g,n,dg,dgz,..., ’dg’dgz'mj’

(e 0 @ dC d'c
3) y—h(f,n,dg,dgz,...,(,dg,déz,..),

z:k(f;n,S—Z,j—;,m,g,g—?%,mj.

In that way, (1) will go to a differential equation for 7, ¢ as functions of & that has the form:

@ q)(d”n dp d%  d¢

d(:‘/ ,...,E, 1d§2 ,1E’§’§J =0.

We say of the transformation (2) [(3), resp.] that it transforms the differential equations (1) and (4)
into each other invertibly without integration. We shall classify all differential equations like (4)
that can be converted into (1) invertibly without integration in the same class of differential
equations.

In the theory of differential relations between two functions y (x) and z (x), the concepts of an
invertible transformation without integration and that of class that were just introduced are
analogous to the concepts in the theory of algebraic functions of one variable that are known as an
invertible single-valued (viz., birational) transformation in the Riemannian picture and the
Riemannian concept of the class of an algebraic function, respectively.

On the other hand, we shall now set:
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X=@(t,wW,W,...,w,),

(5) y=y(tww,...,w),
z=y(t,w,w,...,w,),

where the functions ¢, v, y are not precisely of the special type that all of them depend upon only
one coupling of their arguments t, w, wy, ..., wr, and we further understand w to mean an arbitrary

function of the variable t, while:
dw d'w

Wi = —, ey Wr =
dt Tt

mean its derivatives with respect to t, and define:

!

ﬂzﬂ dzy:¢’l//”—l//,¢” .
dX r!? dXZ 13 ! !
(6) (pl 2 ’ ﬂ(p ron
e _y dz_ox-xe
dX (0" dX2 {0'3 ! !
in which one sets:
, _d
@ = d_gto = Q+W1 ¢‘N+ W2¢w1+'“+wr+lgpwr’
,_ Ay _
v = ———= M+Wl w-l- Wzl//mxl+"'+wr+ll//w,’

while here, in turn, the lower indices t, w, wa, ..., wr mean partial derivatives with respect to those
quantities. Therefore, if the differential equation (1) is fulfilled by any arbitrary function w (t) (i.e.,
identically in t, w, w1, Wy, ...), after taking (5), (6) into account, then we will say that the differential
equation (1) possesses the solution without integration (5). That shows that the following theorem
is valid:

All differential equations that can be solved without integration define one and the same class
of differential equations.

According to Monge, the first-order differential equations of the form (1) (i.e., n =1, m = 1)
can be solved without integration. As a result of our general assertion, all first-order differential
equations must then be capable of being transformed into each other invertibly without integration.

In fact, according to Monge, for any given first-order differential equation:

dy dz
7 F y Yo &y T T T =0!
() (X e dxj
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one can find a function J (x, y, z, &) of the variables x, y, z, and one parameter &£ such that one will
once more arrive at the differential equation (7) by eliminating the parameter £ from the equations:

(8) Q.{_@J dy+Q% :O’
ox oy dx oz dx

"3 ) dy &) dz _

®) oxo& oyoé dx 0L0& ax
If we now set:

(10) JX Y.z, 8=mn,
(1) BY2E) -,

o5

and calculate the quantities &, #, as functions of X, y, z, dy / dx, dz / dx using (8), (10), (11) then
we will have:

dp _d) _ (03 a)dy oddz)dx o) _ e
dé  dé |oax aydx azdx)dE o 7

and we will have then obtained a transformation of the differential equation (7) into the special
form:

Furthermore, that transformation is invertible without integration, because when one recalls (9), it
will follow from (11) by differentiation that:

03 (X, Y, 1, d
(12 oI y.ne) -
o0& dé
and it will follow from (10), (11), (12) that x, y, z can then be expressed as functions of &, n, ¢, dJ

/dé
The differential equation:

will serve as an example. One has:



Hilbert — On the concept of the class of a differential equation. 5

for it, and one will get the following equations for determining the transformation without

integration above and its inverse:
n=&Tx+25y+z,
{=2&EX+ 2y,
do _ 2X,

dg
dy dz
2y2e L4 —=
d é:dx dx

dy
+ = =
d dx

In the theory of algebraic functions, the differential equations that can be solved without
integration correspond to the class of rationally-soluble equations in two variables, i.e., the
algebraic objects of genus zero.

In what follows, | would like to prove that there are, in any event, already second-order
differential equations that do not belong to the class of differential equations that can be solved
without integration.

To that end, we shall first examine the special differential equation:

dx?

and assume (in contrast to our assertion) that it possesses the solution without integration:
X=o(t w,wig ..., W),

(14) y=wtw,wi, ..., wr),
z=y(t,w, W, ..., W),

in which, as in (5), w means the arbitrary function of the variable t, and we have set:

dw d'w
W1 = —, . Wy = .
dt dt'

Moreover, as before, we shall use lower indices t, w, w1, Wy, ... to denote the partial derivatives
with respect to those quantities, and if « means any function of t, w, wi, wz, ... then we shall
generally set:

[

E = KI+W1KW+W2KW1+'“’
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to abbreviate. Since the case in which one of the functions ¢, w, y is constant has obviously been
overlooked, none of the expressions ¢', ', ' will be equal to zero identically in all arguments.

From now on, let w; be the highest derivative of the arbitrary function w that actually occurs
in the right-hand side of the solution without integration (14), and accordingly let the expressions
Po+ W+ Xy, bENOtall zero identically in all arguments.

We find from (14) that:

(15) % L’ _ o tW Yyt W 2, ’

dx ¢ W+ tW 0,
(16) d_y ﬂ _ Wit Wy, AW Y, ’

dx ¢ AW P, + W, O
and if we set:

u=".
2

to abbreviate, then:
(17) d_zy _ i’ _ M W Ly + ot W iy W My

dx? ¢’ GAW, @+t Wy @

Equation (13) must be fulfilled identically in the quantities t, w, wy, ..., Wr+2 after substituting (15)
and (17). However, since the quantity wr+2 does not enter into the left-hand in '/ ¢’, the right-

hand side, i.e., &'/ ¢, must also be free of wr+2, so it will then follow identically that:

H,, =0,

T+l

i.e., u is independent of wr+1. As a result, due to (17), '/ ¢’ will take the form of an entire or

fractional linear function of w1, and with our substitution the right-hand side of (13) will then
take the form of a fractional quadratic function of wr.1, while the function (15) that is linear in Wr+1
will appear on the left-hand side. Both sides can then prove to be identical to each other only when
each of the two expressions:

! !

L,andﬂ,
4 ¢

proves to be independent of wr+1 . It will then follow immediately from (15), (17) that:

(Dwrl, = Zwr’
®»

gowr ﬂ, = Iuwr’
®»

and since w is also independent of w1, from the above, due to (16), we will also have:
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¢wr /J = lr//w, "

Now, if one of the quantities ¢, , v, , z, is zero identically then each of them must vanish

identically as a result of those relations, i.e., ¢, w, y must all be independent of wr, which
contradicts our original assumption.
We can write the relations that we just found in the form:

(18) p= o=l
o o,

(19) ﬁ, - ﬂ,
o o,

(20) Lf = A
() Dy,

If the functions ¢, w, y include only the arguments t, w then (18), (20) would imply the
equations:
vt ow—yw =0,
2t Ppu—Juw =0,

and since ¢w # 0, the functions ¢, v, ¥ would then be of the special type that is such that they
depend upon only one coupling of the arguments t, w, which is a case that was excluded from the

outset.
Due to that argument, we can assume that the highest order of the differential quotients that

occurin (14)isr> 1.
We shall now calculate the quantity wy in terms of t, w, wy, ..., Wr1, X by means of:

X=o(t, w,wi ..., W)
and introduce the expression for wy thus-obtained into yand y. We denote the functions that arise
in that way by:

f(t,w, wi, ..., Wr, X), g (t, w, wy, ..., Wr-1, X), resp.

Furthermore, in what follows, the symbol = will always mean that both sides will become identical
to each other in t, w, w, ..., wr as soon as we introduce x = ¢. We will certainly have:

(1) =t

and
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(22) Z=9
then. Finally, if k is any function of t, w, wy, ..., W1, X then we shall set:
K" =ke+wi ke + WK, +---+W Kk, ,
to abbreviate.
Upon differentiating (21) with respect to t, we will get:
l//' = f'+ fx (0',
and upon differentiating with respect to wy, we will get:

l/lwr = fx q)wr )

By means of (18), it follows from this that:

(23) =T
and
(24) f'=0.

It likewise follows from (23), by means of (19), that:

(25) i, = fxx
o

and

(26) (f) =0,

and finally, it follows from (22), by means of (20), that:

(27) £ —g,
v

and

(28) g'=0.

We will now differentiate (24) with respect to wy, which will then give:
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(fx)lwwr + fWr—l = O !

and due to (26), it will follow from this that:

However, since f, and as a result f, , as well, do not contain the quantity wr explicitly, it will
follow from this that one also has:

identically in t, w, wy, ..., Wr1, X, i.e., f does not include the quantity wr-1 explicitly, either. As a
result of the latter situation, f' will not, in turn, include the quantity w; explicitly, and due to (24),

it will follow from this that one has:

f'=0
identically in t, w, wy, ..., W1, X, ..
f+w f,+w, f, +-+wf, =0.
We infer from that equation, in succession, that:
f. ., =0, f, . =0, ,  fu=0, f=0,

and ultimately recognize that f cannot include any of the quantities t, w, wa, ..., wr—1 explicitly, but
it can depend upon only x.
We infer from (17) and (25) that:

d’y _

dx? oo
and from (15) and (27) that:

dz _

ax

As a result, the given differential equation (13) will go to:
Ox = fxi .
That shows that gx is always just a function of x alone, and it follows from this that:

g=X+W,
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in which X depends upon only x, and W depends upon only t, w, wi, ..., wr-1 . It follows from (28)
that:

i.e., W is a constant. Hence, g also depends upon only x.

With that, we see that in any case, ¢, w, y depend upon only one coupling of the quantities t,
W, W1, ..., Wr-1, Which is an eventuality that was excluded from the outset. Our original assumption
is then impossible, and we have then proved the following theorem:

The second-order differential equation:
dz _(dyY
dx dx’

possesses no solution without integration.

The line of reasoning that was just applied to the special differential equation (13) is valid in
precisely the same way for the more general differential equation:

dz d’y dy
29 — =F| —,—=,V,,X |,
@) dx (dx2 ax'” )

when F is not exactly an entire or fractional linear function of d®y/dx*.

If F is a fractional linear function of d?y/dx* then the differential equation can be put into the

form:
2

y
a—+pf
(30) 2ot T
dx d<y
ax2

where ¢, S, y mean functions of x, y, z, dy / dx, and g cannot be equal to «y identically. Moreover,
it is also permissible to assume that £ is not identically zero, since one must certainly have that «
= 0 in the case of =0, and if we then replace the function y withy + x* in:

d?y

& _ P
dx d’y

a7

then we will get a differential equation of the same form as (30) with one non-zero term g.
We now apply the special (Legendre) transformation to (30):
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7 )
dx d&
dy dr
31 =X—— , — ——n,
31) n=xg. 7Y y édg 7
=1, 2=¢.
We will then get a differential equation of the form:
d’n
d_( ) dzﬂa+ﬂd§2
- 2 2 '
dé d& 1+7d rZ
dg

in which a, g, yare functions of &, n, £, dn/d<. Since S+ 0, the right-hand side of this is certainly
quadratic in d®z/d&? in the numerator, and we conclude from this, while recalling our previous

argument, that the differential equation (30) also possesses no solution without integration.
Therefore, the differential equation (29) can certainly possess a solution without integration only

in the case when F is an entire linear function of d*;/dé&?.

Formulas (31) serve as an example of a transformation that admits an inversion without
integration without having to refer to a well-defined basic differential equation. To distinguish
them from the transformations that are invertible without integration that were treated up to now,
transformations that can be inverted without integration that can, like (31), be applied to y (x), z(x),
[7 (&), ¢ (&), resp.] will be called unrestricted transformations that can be inverted without
integration. They define the analogues of the everywhere-invertible rational (i.e., Cremona)
transformations of two variables that are known in algebra.

When we previously proved the existence of differential equations that are not soluble without
integration, we showed that in in addition to the class of differential equations that can be solved
without integration, there is, in any event, yet another class of differential equations that is different
from the latter. The fact that there are actually infinitely-many distinct classes of differential
equations can be understood in a different way that is analogous to the one above that was used to
prove the existence of differential equation that cannot be solved without integration and which 1
would like to briefly characterize here.

Consider the two special differential equations:

(32) % . (dZTZJ ,
d¢ | d¢

and

- 6 (0]
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As was shown before, the first of these cannot be solved without integration, and when one regards
the dy / dx in the second differential equation as an unknown function, it will follow that it is not
soluble without integration either. We must then show that there is no transformation of the form:

X=@ (&7 my .o T 6),
Y=y (& mm, .o Q)
2=y (& mmy . G),

by means of which (32) will become the differential equation (33). We have set:

_dnp _d'np
771 dé:’ M) nr dfr

in the above, to abbreviate.
We now have, in general:
K= 2 S IR, I Ky e K, T K
We will then get:
(34) — =

o
N

[
RS

1]
=

(35) -5 =

o
x
S| =S ®, *s‘|§ %\|N

After substituting (34) and (35), in the event that the transformation (32) should go to (33),
equation (33) will be fulfilled identically in:

gv 771 7711 ey 77|'+31 ;

We easily conclude from this that for r > 3 the expressions:

! !

L,v,lfla Va V_'
% @

must be independent of 7r+1, 7r+2, Mr+3, and that the identities must therefore exist:
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’

X

@y, g = Xn
P K =Y,
@V = Hy
® Voo V.
I (0' s

We can conclude the impossibility of our assumption from those identities in a manner that is
entirely analogous to the argument above. In the cases r = 1, r = 2, we will require a specialized,
but very simple, argument to arrive at the same conclusion. With that, the existence of three
different classes is guaranteed, and at the same time it will become clear how the process can be
continued so that one could prove the existence of arbitrarily-many classes of differential
equations.

A deeper and more systematic study of differential equations of the form (1) and the concept
of class would require one to add the methods of the calculus of variations, and indeed it then
seems to me that the following definitions and conceptual picture would mainly be required.

Any pair of functions y (x), z (x) that satisfy the differential equation (1) identically in X is
called a solution to (1). Now, if the differential equation (1) can be converted into the differential
equation (4) by a transformation that is invertible without integration then (3) will imply that in
general any solution of the transformed differential equation (4) will correspond to a solution of
the original differential equation (1). However, there can be special solutions of (1) that cannot be
represented by means of (3) in that way, i.e., as we would like to say, they are omitted. On the
other hand, we call those special solutions of (1) for which the variation vanishes the
discriminating solutions of (1). The discriminating solutions will become, in turn, all or part of the
discriminating solutions under a transformation that is invertible without integration.

We already recognize the fundamental significance of this general concept from the example
of the first-order (Monge) differential equation. Namely, it shows that all of the discriminating
solutions of the Monge differential equations are omitted solutions, and essentially only them (7).

We would like to prove the assertion that was just made in regard to discriminating solutions
of the Monge differential equation, and indeed for the sake of brevity, in the example of the special
Monge differential equation:

dz _(dy)
(36) dx (dxj '

Upon setting the first variation of the integral:

(") Cf., the following paper of W. Gross that came about at my suggestion.
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equal to zero, we will get the differential equation:

and as a result, the discriminating solutions of (36) will read:

y=ax+bh,
(37) ,
z=a"'x+c,

in which a, b, ¢ are understood to mean constants.
The solution without integration of (36) reads:

X = 2w, —2tw, +2w,
(38) y =1 Wg— W,
Z =Wy .
Now let:
y=1(x), =9 (x)

be a system of solutions of the differential equation (36). In order to represent it by means of the
formulas (38), it is necessary and sufficient for one to find a function w (t) that satisfies the two
differential equations:

(39) T Wi — Wt
(40) Wit

f(t* w, —2tw, +2w),

g(t® w, —2tw +2w),

and for which the expression:
X = tPw, —2tw, +2w
does not prove to be constant, so:

dx _ .,
— =tw, %0,
dt «

ie.
(41) w, #0.
Upon differentiating (39), (40) with respect to t, one will get:

(42) tw, =tw, f’,
(43) Wy = W g,
or, due to (41):
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(44) 1=tf’,
(45) 1=t?g’.

Now, if f, g is not one of the discriminating solutions (37) then f’ will not prove to be constant,
and we can then bring (44) into the form:

(46) t*w, —2tw, +2w = h Gj

by inversion, in which h is a function of 1 / t that does not prove to be constant. That differential
equation for w is certainly always soluble. Let w° be a particular solution of it.
Due to the fact that:

g' = ()%,

it will follow from (44) that (45) is likewise fulfilled when we replace w with w° in it. Therefore,

(42), (43) will also be fulfilled for w = w°, and since those equations arise from (39), (40) upon
differentiation, we can infer the existence of two constants A, B from this such that:

(47) tw) —w +A = f (W —2tw +2w°),
(48) W +B = gt®w) —2tw) +2w).
If we set:

w=w’+1Bt> - At

then due to (47), (48), that function will satisfy the differential equations (39), (40), and due to
(46), the expression:

t*w, —2tw, +2w = t?w) —2twf +2w°

will not prove to be equal to a constant. With that, it is show that our solution can, in fact, be
represented by (38).

On the other hand, let f, g be a discriminating solution, as one might get from (37). (39) will
then go to:

tw, —w, = a(t®w, —2tw, +2w)+b.
Upon differentiating that with respect to t, we will get:
(t-at®’)w, =0,

and as a result;
Wit =0,
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i.e., our solution cannot be represented by (38), and with that, the theorem that | posed that the
discriminating solutions are omitted solutions, and only them, is proved completely.

In conclusion, let it be mentioned that the Monge differential equation likewise serves as an
example of how the discriminating solutions will not, in any case, possess an invariant character
with respect to the transformations that are invertible without integration, but we saw above that
any Monge differential equation (7) can be transformed into the special form:

invertibly without integration, and the latter differential equation obviously possesses no
discriminating solution at all. The situation that was highlighted here has an intimate connection
then with the previous theorem that all discriminating solutions are, at the same time, omitted
solutions in the case of the Monge differential equation.



