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Stressfields of a screw didocation and an edge didocation
in a Cosserat continuum

By S. Kessel

Translated by D. H. Delphenich

The force- and couple-stresses of a screw dislocatidraa edge dislocation in an infinitely extended,
linear elastic-isotropic Cosserat continuum are caledlay means of stress functions.

Notations and conventions

We calculate in Cartesian coordinates and employ thenstion convention that Greek
indices are summed from 1 to 8y is the permutation symbol that is skew-symmetric in
all indices.

Statement of the problem and path of solution

We imagine that a singular VOLTERRA distortion of typehas been produced in an
infinitely-extended, isotropically elastic COSSERAThtauum by the following cutting
process: The continuum is cut in tkehalf plane that is bounded by tkexis of a
Cartesian coordinate system, and the negative lip ottids rigidly displaced with
respect to the positive one through an infinitesimal BHERS vectob. If b lies in the
cut plane then we can weld the two lips of the cut tagedifier the displacement and
thus generate a singular screw displacement in théhaom wherb = be, and a singular
edge displacemeilt = be, . As was shown inl], the deformation state of the continuum
may be described by continuous deformation tensor f&ldsd ki . In the continuum
minus thez-axis, they satisfy the conditions:

€ap0a Kac = 0, €ap0a Ea + € apay Kgy= 0, (1)
and for every closed integration curve that goes ardwemdxis once, one has:
cﬁkakdsa =0, <J5(£ak ~&5,SK,5)0S, = b (2)
The equations (1) and (2) can be summarized ifig¢lteequations:
€ap0a Ko = 0, €ap0a Ea t+ €ap Eay Kay= A3 bk AX) AY), ©))

in which dx) dly) is the DIRAC delta function that is singular fory = 0.



Kessel — Stress fields of a screw dislocation and andidigeation 2

We can calculate the force-stresggs and moment-stressg®, that correspond to

these deformations for the material law of the igutally elastic COSSERAT
continuum BJ:

Oy = 2G (£+&j£ik+(é_&j£ki +L5|k£aa ,
2 4 2 4 - %

(9)
i, = 2GL* K% +C—jj/qk + (—;—C—Zj K + %dkkm} :
In order to fulfill the equilibrium conditions:
0a Ok = — X, O Mok + &ap Tap =~ Yk, (10)
the continuum must be loaded with volume forces:
X, =-0,0, (11a)
and volume moments:
Yo == 0.l —€up0p- (11b)

We now begin the second part of the solution procebghwis essentially more
difficult. The stress field®s,, and &z, must be overlaid with compatible stress fietgs
and 7z, that arise from volume loadsX, and-Y, such that the continuum becomes free
of the undesired volume loads, and the stress fields:

Ok = Oy + Oy, M=y + My (12)

are ultimately the desired stress fields of the singiifdocations.
In order to determing, and fZ, , we employ the method of stress functions that was

described in4] and B].
The equilibrium conditions and the compatibility comdis are fulfilled when we set:

O, =0i0qFa—AFik +0i &,
(13)

in which:
Fik =Fg + @ka Fa= Ak f +eaFo, Gik=Gg + ke Go= Ak g + €ka Go , (14)
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1+c, 1
Fi=— —20,g--T +6,0,A,,
2(\3 |g 2| Qka aAﬂ
_ 2-¢ 2+c, 1 j
G=2A+1"—25-"—2| M\ +=e,0,T, |+0,0, 15
LS CRERARY. (15)

and the following differential equations are vdt the stress functions:

AS =X, ATi=Y; (16)
2
a=-" a5, ag-—g=-—So1, =¥
1-v [ 1+c, (o}

2- 1
DA =BA) =8 = 5 HIAS +6,,(0,T, +1309,T,),

2 - L@ro)@rc)
1 801 1

(18)
Ap=f—-0,A,+ LZMGHAA,+LZMGHSH. (19)

We now carry out the calculations for the screwodsstion and the edge dislocation
separately.

The stress fields of a screw didocation
The BURGERS vectdr has the three components:
b1:0, b2:0, b3:b.

It then follows from (8) and (9) that:

[lik = 0’ 6-11 = 6-12 = 6-21 = 6-22 = 6-33 = 0’
- c\b . ¢ )b
O, =- G(1+Ej2—ﬂay Inr, 0,,= —G(l—zjz—ﬂay Inr, (20)
0,,=G 1+4 iax Inr, g, :G(l—&jiax Inr,
2)2mr 2)2mr

and from (11a, b):
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X =0,
(21)
5 _ 5 ) _ Gcpb
Y, =-BocInr, Y, =-Bd,Inr, V,=-Lynr, _2_(;11'
Equations (16) then have the following solutions:
S=0, le—gxln r, Tzz—gyln r, T3 =0. (22)

Because boundary conditions for the stresses haveeratgnsed, we concern ourselves
with only the particular solutions of the inhomogeneoudigdadifferential equations.
For that reason, we fulfill equation (17) with:

f=0, (23)

and for equation (17%)

_GB
Ag - |2g » C3(Inr+2j (24)

we make the solution Ansatz:
9= au- %—ﬁ“[lnr 2 j (25)
+C 2

which leads to the equation:

1 L2
Adwy — 7 9w = & (26)
13 c
which is solved by:
L r
Ju) =~ F Ko[—j ) (27)
G l,

in whichKg is a modified BESSEL functior®], [7]. The particular solution of (24) then

reads:

2

g=- CflL {K{I j+|nr+ﬂ (28)
2
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With the solutions that we already obtained, the figdinid side of the differential
equations foA; andp become zero, which is why we set:

A =0, (29)
and
p=0. (30)
With (14), (15), and (13), we obtain:
_ 1+ 1 _ 1
Oi= €k [Z—C?aaAg +EATHJ ) Hy = _g 0i 0kg — Ak Ag. (31)

The tensor field of force-stresses for a screwoddaion in an infinitely-extended
continuum ultimately reads, in Cartesian coordisiate

O11= 0= a3 = 012 = 01 = 0,

Gby| - ¢fr r Gby| . ¢cfr r
=2 12— K, | — ], = = 142 —|K, | —
- ZNr{ Z(Izj 1[I2H - 2ﬂr{ 2 2\

2 2

_Gb x| cfr r _Gb x| cfr al
= —= |2 — K| —|], =—=|1-=2— K| —
oz 2ﬂr{+2(lzj 1(I2H 2 ZNr{ Z(Ij 1(Ij

2 2

, (32)

| |

in which the terms that are marked with a * descthe stress field of a screw dislocation
in a classical, isotropically elastic continuum.

Due to the rotational symmetry, it is appropriédealso express the stress field in
cylindrical coordinates. An elementary intermeeliedbmputation delivers:

O = Opp = Oz = Orp = Opr = r2 = Ox = 0,

St hi] =S
2Ty 201, l, 2Ty 2

Ka(& = - d%Ko(E) - K.

with

For the moment stresses, we obtain, in Cartesiardomtes:

M3 = a1 = b3 = B2 =0,



Kessel — Stress fields of a screw dislocation and andidigeation 6

2
Gb ,| Yy -x* Yy +cxX*(r r) x-vy?
=—|? + — | K |— |+
= on r re °L, r

|\>_|q

N
N

~
£

7\

1\3_|q

N

Jef]

Ho1 = [ho2,

and in cylindrical coordinates:

Mo = Hpr = g = Hpz = hz = Uz = 0,

oG

The force stresses and the moment stresses ofréhe dislocation will be singular along
the dislocation axisz{axis), and decay quite rapidly as» «. In fact, the terms with the

modified BESSEL functions vanish exponentially withreasing.
The stressfield of an edge didocation
The BURGERS vector has the following components in #Sian coordinate system:

blzb, b2:0, b3:0.
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From (8) and (9), we thus obtain:

4= 0; 013 = 0y4= 0= 05, =0,
g =-S21V 5 0y 6,=6.=-2_Y 5 Inr
1 77-1_2/ y ! 22 33 T 1- y y
0"-12:G_b E_& ax|nl’, 6-21:G—b E'}‘& axlnr,
m\2 4 m\2 4
and from (11a, b):
X, =B18cdyInr,  X,=—B1d,dx Inr +By 277X AY), X,= 0,
Y, =Y,=0, Y, =BoInr,
with the abbreviations:
Gbf 1 Gb Gb
Bl:_——& , B,=— v , ﬁ:—cl
2m\1-2v 2 T1-% 2

The equations (16) then have the following soligion

S.I.:%Bl (xoyInr+yadyInr),

&:—%Bl(xaxlnr—yaylnHZ|nr), S =0,
1
T1:T2—0, T3:§,[>’xlnr.
Due to:

aaSa:B]_ay In I’, aaTa: 0,

the solution of (17) reads:

2(-v)

Bxyinr,

and from (17y:

g=0.

(37)

(38)

(39)

(40)

(41)

(42)
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The right-hand side of equation (18) will be zeroifer3, so we set:
Az =0. (43)

We consider these results in (13), and find, after someecsions, that in order calculate
the compatible stresses, and i, = ti one needs only to determidg Ay, 01 A2 — 0

A1, AAq, andAA; from (18).
The differential equation fat, A,:

AaaAa_IfMaaAa:aaSa_;—CllleaaSa (44)
G

may, on account of the fact that:
1
00 S =BxdyInr = A(E B,yln rj, (45)

be brought into the form:

AaaAa - IlzaaAa :_?12 Bzy|n r+ 2

1 1

_Cl
BooyInr.
2+c, 20yInr

The equation:
lo- I
AD —I—ZCD =ylinr,

will, with the solution Ansatz:
d==1Pylnr+dgy,
be converted into:

AD —Iizqn(l) =279y Inr.

If we set:
®q) = 2170y Dy,
with

1
ACD(z) _|_2 CD(Z) =In r,

then we obtain:



Kessel — Stress fields of a screw dislocation and andidigeation 9

D) =- Iz[lnr+K0(|£D’
) :—Izylnr—246y[lnr+K0GD.

The solution of (46) then reads:

SO:

1 2 r
0, A, = EBzylnr+zTClCl lefay(lnr+K{l—D. (47)

1
Since:

62A1 - 61A2 = (B]_ — Bz) ax Inr = A% (Bl — Bz) xIn r, (48)

the differential equation fa®s; = 0,A; — d:A, that is derived from (18) will be:

—i :—i - ﬁ 2—Cl B _ﬁ
AQs~17 Qs ZIf(Bl Bﬁzjxmr{%q(& B,) 2}axlnr. (49)

The solution process for it corresponds to thefonequation (46), and we obtain:

g _gB 2 g - 2 r
Qs—z(Bl BZ+2ijnr+{2+q(Bl BZ)+ﬁ}I16X(Inr+KO(IlD. (50)

The differential equations fadxA; andAA; will be solved similarly to the equations (46)
and (49). We obtain the following results:

_ e B 26 2 r
AA = 4(Bﬁ zj(xaylnr+yaxlnr)+(z+cl Bl+ﬁjllaxay(lnr+K°(I1D’ (51)

AA]_:
_ g, B cvonn 25 5+ B0 - r
= 4(Bl+2j(x6ylnr yo, Inr) (2+clBl+ 2jll(axaX ayay)(lnr+Ko[l D

1

_[Ei-szjmr-[& G g-_2% BZJKO[LJ—E. (52)
2 4 2 2+¢ 2+ l,) 8

We thus know all of the stress functions that ageessary for the representation (13).
With (12) and (37), we find that the force strastdfof an edge dislocation is:
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Oi3=31= O3 =032=0,

|

B |
Gb 1 (vy Xy " c, r
= —|——|S*t2— | tL|1+= 1000, | Inr+K,| —
B on 1—|/[r2 r“j ( 2) Y L,
o _Gb_ 1 Y XY e(16% 000 [ nr ek [
2T o 1vl\r? 4 Xy °L
o Gb v y”
T omi-vi?
=80 1 (X D+L2(1+ijaaa Inr+K,| -
Y EEI N 2) VX °L
67 =G—b_i i—zﬁ D—L2 1+%210.0,9,| Inr +K,| =
Y EEIN T 2) X )

10

(53)

The terms that are marked with * are the stres$esi@dge dislocation in a classical,

isotropically elastic continuum.
Due to the recursion formula:

K(&) = - Ko(d) —% Ka(&),

one has:
X x3 x3rd
Ox 0x Ox (InT + Ko) = 3r—4—4F IC_FFK“
1
x? X2y re
Ox 0y Oy (InT + Ko) = 14—4_2/ ’C‘—ey—st
r r re |l
ZX 2r3
3y 0,0, (Nt +Ko) = | = —aX X e - L
r r re
r2 r r r
K:_2+7K0(_j+2_K1(_ |
Il Il Il Il

The results become somewhat clearer when we cotoveytindrical coordinates:
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O7;=0x =0y =0y,=0,

. O .
g = P L sing +|_2(1+&j[— S"}’IC} ,
2r|! 1-v r 2 r

. 0 .
s :G_b{ 1 sing +|_2(1+C_§j S'm’;c]

27T 1-v 7t r3

Gb 1 sing"
o, =————_— 27 54
2 or1l-d (54)

For the moment stresses of an edge dislocatiombian, in Cartesian coordinates:

M1 = oo = 33 = Lho = L1 = 0,

Gb C 4
3= —{LZ (1+—22jayay(|nr + KO)—ZTclCl Ko} ,

21T
(55)
Gb C
,uzg:ZTLZ(1+—22jaxay(lnr+K0),
_2-¢ Lo = Z_Cz,u
H31 2+C2,u13’ 32 2+C2 231

and in cylindrical coordinates:

e = Hpp = Uz = [y = Hpr = 0,

Gb C, \Sing r r
,=— 12 1+-2 1-—K, | — ],
Hoz= o0 ( Zj r2 { I, l(llﬂ

(55)
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B 2
7 =G—bL2(1—ﬁjC°S¢ 1—|1K1 |L Dk -
- L 1

Some of the same things that were already statedhf® stress fields of a screw
dislocation are true here, as well. The stressesrbe singular at the dislocation and die
off with increasing distance from the dislocatianel The terms that include the

modified BESSEL functions go to zeroras. o« exponentially.
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