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On Dirac’s theory of the electron

lll. Consequences of the reality of the electromagnetigotentials.
By W. Kofink

Translated by D. H. Delphenich

Introduction and summary

Now that the mathematical tools have been obtainddfor carrying out the plan
that was described in the Introduction to II, all of tekations that follow from the reality
of the electromagnetic potential fDirac’s theory of the electron will be derived and put
into a form that can be interpreted. We will findttea vector relations (8 2, lI-1V, XI-
XIHIA, XI-XIIB, XVII-XIXA, XVII-XIXB, XXIIl to XXV B) andfour scalar relations
(8 2, 1, V, VIII, XA) arise from the reality of thegpentials.

In 8§ 1, after multiplying the Dirac equation by the 16 matriof theDirac matrix
ring, forming inner products, and separating the real and mmaagiparts, while
considering the reality of the potentials, we will gete&fuations (1a)-(8b), when one
counts components. In 8 2, the four potenti4sV will be eliminated from those

equations, whereby the Z#tential-free relations (8 2, I-XXVIII) will remain. When
one applies the mathematical tools of Parts | andhiy can be liberated of the
uninterpretable quantities and will lead back to the afontioveed six vector relations
and four scalar relations. In 8 3, we will put two of "talar relations and the six vector
relations into forms that correspond to their peculjyanrsetries.

Among the four scalar relations, one finds the cortymalations for charge density
and mass density (8 2, VII) and a similar relation lfiertemporal and spatial components
of the spin density (8 2, V). However, that stilhtamins a supplementary term, which is
why we shall occasionally refer to that relationtlaes “anti-continuity equation.” Both
relations have been derived before on the basis péeiad choice of the Dirac matrices
[1]. They are the two linear relations among all of thality relations, and for that
reason, they can be derived with no knowledgPanili’'s bilinear equations.All of the
remaining ones are bilinear relations. Among them, in turn, the two scalar relations (8§ 2,
| and XA) are the most important, since it can benshthat the six vector relations can
be constructed from them (Part V).

Whereas Hermiticity of the Dirac matrices was regjuired in | and II, from now on,
that will be assumed; however, the generality ofrdpresentation of the matrices that
will be obtained will then be lacking.

For the meaning of the symbols that occur here, confel |
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§ 1. Preliminary calculations
A. Thereality relationsin their original form

We split the terms in the Dirac equations that inveiheepotentials from the ones that
do not and write:

*) V¢'+ZAK0"‘“=R¢/,

in which the remainder operatBrhas the meaning:

3
R=-Slin% —inS a* 9 _meatl.
e| cot o OX,

We choose the following abbreviations for the inner products

Ro=W.RY =D W,RMW,, R=,a'Ry), j=1,2,..,5;

p,0=1
Reixz = (0, A’ RyY), Ra=, da*RyY), Rizs= (¥, d*a*a’Ry),
Reke1, 4= (@, d ' d*a* Ry) (k=1, 2,3k k+1,k+2mod 3).

If one left-multiplies eq. (*) successively by all ma&$ of theDirac matrix ring and
forms the inner products with the set of functighghen one will get:

1. Upon multiplying by the identity matrix
3
V- As=Ro.
k=1

2. Upon multiplying by the matrices* (k= 1, 2, 3):
_V3r<+/4k50_i A1 sﬁz'*'i A2 Sﬁlz Rq.

3. Upon multiplying bya*:
3
VQ+i Y AM,=Rs.
k=1

4. Upon multiplying by °:
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~ 3

VQ-i Z'AkMkﬂ,mz =Rs.

=i
5. Upon multiplying bya “* a**? (k= 1, 2, 3k, k + 1,k + 2 mod 3):
—iV§ +i A + Ac1 Se2 —Aw2 Se1 = Rtz -
6. Upon multiplication byr* a* (k= 1, 2, 3):
=1 VMo —AcQ +i Aw1 M1 =1 Akr2 M2k = Ria
7. Upon multiplication byr** a*? a* (k= 1, 2, 3):

=1V Misake2 =1 Arr Mir2,0+ 1T Az Mir10+ A Q = Rt ke.a -

8. Upon multiplication byr‘a%a>:
. ~ 3 ~
| {VSO_ZAk%}: Rio3.
k=1

By adding (subtracting, resp.) the complex conjegatf these 16 equations, each of the
two equationsd) and p) will yield:

(12) Ve— @ 5) = %(RO+RE):PO,
(b =—‘—2(RD—RE):Q0,
(2a) [~V +2 b :%(Rk+RkD):Pk,

(b) [m,s]k:‘—Z(Rk—RE):Qk,

(3a) VO = %(R4+RE)ZP4,
(b) @, 951)=—i—2(R4—R5)=Q4,
(4a) Vo :_%(RS+R5D):P5,
(b) @, M) =-(R-R)=Qs,

2



(5a)

(b)

(62)

(b)

(7a)

(b)

(8a)

(b)
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1
[, sk ZE(Rkﬂ,kw + RkD+1k+ 2) = Pie1ge2

{Vv 5 - Q[éb}k = E(Fek-f-]_'k-f-z_ RkD+1k+ 2): Qur1k+2
:_E(Rk +R.,) =P
-2 4 4 1
VOt —[2A M} = '—Z(Rk4—RE4)=Qk4,

v on

1

AcQ ZE(Rk+l,k+2,4+ RkD+ ke 2,0 = Prriie2,4,

=[R2 M}« ZE(Rk+l,k+2,4_ RkD+ 1K+ 2,) = Que1kr24,

1
0= E(R123+ Rps) = P13,

V§- (at,%):—%(Rm— 7 )= Quzs.

For the right-hand sides, one will get (the leppestscript 0 means left-differentiation with
respect td, while the right superscript 0 means right-differation with respect tt):

(1a)

(b)

(2a)

(b)

(32)

(b)

(42)

Po_

Qo =

P =

Q« =

P4

Ps

|- BEa-Les - Yits -3}
{ +d|vs}

_ he rotk%+l<°s<—s£)+i<kso—sé)},

e

hc | _2mc - i (g 1y (k28 N
2_{( 7mt+—+gradsbj +1 (k lSk+2 Slfé) I (k 25&1 St|<(+12)}
k

[¢)

LN +div93t—'—c(°Q —QO)} ,

{
@{6_Q+ii(k . ko)}
{
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el 2me. 4Q &
Qs = —{

% _7%_5'*' Z i(kMk+1,k+2_MII<(+1k+2 }’
=1

(5a) Pk+1,k+2:——{[a—5+gradsoj =i (s s (s, sﬁié}
k

ot
(D) Quagz= (z—mci)ﬁ+rot5j s -8)-i (4 -%)
k+1k+2 % 7 . C ST S ~%)

(6a) Pk4:—E —2—m5—@—rot9ﬁ +i(FQ-0Q")},
2e h cot ;

(b) Qua __2_8{ gran__ ()Mko Mko )i (<+1Mk,k+1_M:;]+-—l)+i ((+2Mk+2k_M::§k }

(7a) Pk+1,k+2,4:_@ @—I’Otﬂit +i(kf2—f2k) :
2e |\ cot )

fic 2mc .
( b) Qk+1,k+2,4 == (_ 5+grade eMk+l,k+2_ MI?+1k+2)
2e h K

s rk+1 k+1 s rk+2 k+2
+|( I\/Ik+2,o I\/|k+2, I( I\/Ikwtl,o I\/|k+1, }’

hc |2mec » 0§
8a Pros= ——{5Z=Q-—2-(d ,
(8a) 123 Ze{ - ot |v5}

(b) lesz‘?{ i—(OA -5) Z (‘8§ - §1<}

The right-hand sides of eqgs. (1)-(8), except fob)(nd (8a), then contain the
interpretable quantities, as well as the unintegie ones that were examined in Il. One
also finds these 32 relations in that form, butwaitdifferent notation V. Franz [2]; in
what follows, we shall apply thetgebraic tools of | and Il to them.

B. Connection between the uninterpretable quantities and the potentials

Two of the equations — namely, (1b) and (8a) taiomo potentials from the outset.
In order to eliminate the potentials from the remra ones, one can either:

A. GetV= P4/erom(3a) andi = Pk/erom(Ga) or
B. GetV=Ps/Q from (4a) andi = Pk+1k+24/Q from (7a),



Kofink — On Dirac’s theory of the electron. Il1. 6

and substitute either solution into the remaining equsitidn is preferable to substitute
both solutions, since that will then yield a beautiful syetry in the equations, in that
half of them, after substituting solution A, will beue identical to the other half, after
substituting solution B.

That elimination will be carried out in the next pgnaph, and the result will be that
all of the uninterpretable quantities can be removed from the 28 potential-free relations
that arise by applying the algebraic identities of 8 11, Part Il. One also sees from this
that inDirac’s theory, the electromagnetic potentials enteriek|y, e.g., into only the
uninterpretable quantities:

(9) —( Q-Q%= dlvi)fit—z—msb +§QV

and 2me oM 2e
i(cQ-Q* +——+rotM——QA,

(10) ( )= { h y cot } hc A

from (3a) and (6a), or into only the uninterpretable quantities

(11) L ed-0% = —divan +22dv,
C C
A om . 2e-
icQ-Q") ={-="—+rotM}-—QA,
(L2) ( ) { cot } hc A

from (4a) and (7a). (9) and (11) [(10) and (12), resp.] ammexded by [lI, eq. (93)]
algebraically, and from [ll, (87)-(92)], all of the remaining unintegpable quantities are
connected with (9) and (10).

By the way, eq. (10) corresponds@ordon’s decomposition3] esx = s; +s/ of the
Dirac electrical current into a convection current:
eh e’

e =-———(*Q-Q") -
X 2me ( ) mc?

QA

and a polarization (magnetization, resp.) current:

sf‘ = ﬂ{@+rotm }
cot ;

Our terminology “uninterpretable quantities” shalbt call into question the many
possible interpretations of those quantities, Imatllsmainly be a collective term for the
guantities that cannot be represented as the @liffial quotient of a density.

One will obtain the remaining quantities that dan calculated from (9) and (10)
using [Il, egs. (87-(93)] symmetrically from (9)Zllwhen one constructs the quantities
that were defined in [ll, eq. (86)]:



Kofink — On Dirac’s theory of the electron. Il1. 7

(13) Euo_dezm Qd.vzm—27m° Q+—(QZ+Q)V

(14) Uk_{ch oM~ OM

L 0s+ 0 -0 4 QrotMmM+Q rot b —= Q2+Q% A |
/) cot cot }k Q A

and substitute these quantities in [Il, egs. (92}

8 2. Presentation of the reality relations in vector form

We eliminate the electromagnetic potentials fréwn 32 equations (1a)-(bb) and then
obtain 28 potential-free reality relations. Conaltions of uninterpretable quantities will
then enter into them, each of which can be omittechpletely with the help of the
algebraic identities of Part | and I1.

A. The electromagnetic potentials are containesgtnsimply in egs. (3a) and (6a)
[(4a) and (7a), resp.], which is why we referredhose two cases as solutions A and B,
resp. Four potential-free relations will arise g®tting the two solutions equal to each
other.

The scalar relation:

Qdivt +Q divon - 56—5 +5 6_50_2_mc§ =0
cot cot h

will follow by setting theV in (3a) equal to th¥ in (4a).

Proof. QPs— QP = 0. Substituting the values (3a) and (4a)RgrandPs, resp.,
gives:

Q div 0t + Qdiv Mt - QDZTmCso:sz(OQ—QO)—Q D'E(Of)—fzo),

05, 0s

=—-5 —2+| 5,— |, from[ll, 8 11, eq. (2).

SOcc’)t (5 catj : % @)
The vector relation:
Q aﬂ—rot‘:ﬁt +f) a2+rot‘:)ﬁ+2—mc5
[.-1V. cot cot fi

=§ grads,- [s,rots }- 6 ,grady

follows by setting théy in (6a) equal to théy in (7a).
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Proof. Q Pyi1ki2.4— QP = 0. Substituting the values (7a) and (6a)F@f x+2,4 and

Pxa, resp., will yield:

{Q (——rotﬂﬁj+9(— + rott +27mC5J}
k

O¢Q-9Y-Qo¢a-9

~ 0s
grad, so—{s Rj from [ll, 8 11, eq. (2)].

I1.-1V. will follow when the vector formula [Il, eq(82)] is applied tc{%,g—ﬁj.
X

B. The symmetry of the system of equations (1b)-(@ill become clear when one
simultaneously substitutes the two solutions A Bnid the remaining equations. Some
equations will yield the same relation by substimtthe two solutions, so they will be
insengitive to the exchange of the two solutions A and B. CQarearrange the remaining
ones intopairs for which the substitution of the A-solution ineequation of the pair in
guestion will yield the same relations that ariegghe substitution of the B-solution in
the other equation, and conversely.

a) The insensitive equations are (1a) and (8bhné substitutes solutions A and B

in eg. (1a) then, under the assumption Wat O, Q # 0, one will obtain the “anti-
continuity equation”:

~

V. (V1) a—S°+div§—27me):O.

in both cases.

Proof:

With A, it follows that:
3
Paso— D RS =QPo.
k=1

SubstitutingPs, Pua, Po gives:

N

o divent + 5,@ +(s, rot o) _2MC 52
cot h

i 0 0
_lrrs -0
C( Sy

With B, it follows that:
3 ~
Ps S — z RetkezaS= QPo.
k=1

SubstitutingPs, Pi+1x 2.4 Po gives:

Z—mCQQ S div -] s, @
7] cot

+5( rotot )

=SOE-(E( G- —QE-(L:( 5 - S0)
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3 3 " A
D {i(Q -Q sc—i (‘sc—) Q}, +3 {s M*Q-Q" - QD(‘s—-s)h
k=1 k=1
which will become: which will become:

{5,6%} 630 +sod|v2)ﬁ+ Qdiv s =(—5,@j+ Qaso S divt +Qdivs
Cc cot

3% ER

with the use of the identities [Il, 811, eqwith the use of the identities [ll, 811, eq.
(7) and (8)]. An application of the vectp(5) and (6)]. Analogous to A, with (15),

formula: one will have:
3 3 - R
(15) Z{m —} = (2, rot‘B) -3 522 = s, rot o),
k=1 K k=1 aXk K
to the last term will leave: from which, all thatllwemain will be:
al% tgivs-2"Cal=o, 019 4diva-2™Hl-p,
cot i cot /)

Eq. (1a) then yields the same relation that isadlyepresent from the outset in (8a) free of
potentials. The VI that we have put into brackstsll count as eq. (8a), with our
enumeration the 28 relations.

If one substitutes the solutions A and B in edp) @en, under the assumption tkat

£ 0, Q# 0, one will obtain the “continuity equation”:

VII (VI resp.) 9% L divs=o.
cot
Proof:
With A, it follows that: With B, it follows that:
3 R 3
_z BaS=Q Qu2s. z k+1k+24$< Q Qizs.
k=1 k=1

With consideration given to [I, (17)],Substitution 0Ps, Py+1k+2.4 Qi3 Will yield:
substitution o4, Pys, Q123 Will yield:
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N

R ~ OO "
divt+| s,—— |+ (s, rott
® (5 catj (s )

L(9-295 (%

|
Cc

~8)0

+

M

{itQ-095-i¢5-3)9},

=
1

1

and with the use of equations [Il, 8 11, €
(14) and (15)], this will become:
+dIV5j+§) divont

s
2|

co
3 ~
- z s,
k=1
If one applies the vector formula (15) to {
last term then what will remain is:

[a—s‘)+divsj= 0.
cot

oMt
cot

A

Q

A

Q

10

gand with the use of equations [Il, 8§ 11, egs.
(12) and (13)], this will become:
S

—[%, j+§2[gat A
2]

k=1
hié one applies the vector formula (15) to the
last term then what will remain is:

Q[a—somivzj: 0.
cot

oom
cot

+divsj—§0 divt

Eq. (8b) then yields the same relation that alremadsts in (1b) from the outset, free from

potentials.
enumeration of the 28 relations.

The VIII that is placed in bracketsalshcount as eq. (1b) with our

b) The first pair of equations are that linkedhaiach other by the solutions A and B

is (3b), (4b). Introducing solution A into

eq. §3r solution B into eq. (4b) will lead to

the same combination of an anti-continuity equatimd a continuity equation.
Introducing the mutually-permuted solutions wikkld a new scalar reality relation:

IXA (XB) s{%mng—é{%mw%—%‘csﬁj:o.
ﬂﬁaﬂ—r ton Sﬁ,@+r0t9ﬁ
cot cot
IXB (XA) A
—Qa—Q—Qa—Q+(5 rots)- (s,rots ).
cot cot

Proof:
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When solution A is substituted in eq. (3
that will yield:

3
ZPMMkO: Q Q.
k=L

With the values foPy, and Qg, that will
give:

_2;?(: & f) +1‘i

oo (Q2 +901%) + (91, rot M)
C

from which the equation:

2rmA 0s,
+2)Jtrot2)ﬁ
—5Q Socat 006 ( )
=-gdivs +§divs- Z{Sﬁ@}
k=1 % |

will arise with the help of [ll, § 11, ec
(20)] and the identity [I, (21)]. A1
application of the vector formula (15)
the last term in this equation will lead

11

p)hen solution B is substituted in eq. (4b),
that will yield:

A

3
ZR(+1k+24 K+ 1k+ 2= QQs.

k=1

With the values forPus1x+24 and Qs, that
will give:

ifzm(km

- IVlk+l,k+2 m(ké_ék)} '

Aa—Q—(i)Jt roti)Jt)
cot

mazm

cot

which will become:

2me A .
+——Q
PRl

k
k+1,k+2 M k+1k+ 2

— (O, rot M) —so divs + § div s

with the help of [Il, § 11, eq. (21). An
application of the identity [I, (20)] will then

lead to equation XB, which is identical to
IXA.

]

=

[o
to

IXA.

3. When solution B is introduced into 4. When solution A is introduced into

eq. (3b), that will yield:

3
z I:)k+l k+2, 4

k=1

A

=QQ,.

With the values foPy1x24 and Qq, that

will give:

)

o
cot

Qa—aQ—(i)Jt roti)Jt)

eg. (4b), that will yield:

3

z BaM 12 = Q2 Qs .

k=1

With the values forPy and Qs, and
consideration given to the identity [I, (15)],
that will give:

_(m

oMt
cot

o 0
cot

j (%, rotNt)
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3 ~
{ng(kMko_MEo)
k=1

_MkO m(kﬁ_ék)},

and with the help of [Il, 8 11, eq. (44)], th
will become:

= 1{(9M, rot9M) — (D1, rot M)+ (s, rots)
- (s,rots)}}.

The scalar relation IXB will emerge fro
this with consideration given to the ident

12

3
{Z Q m(k M k+lk+2 M |I:+1k+ 2
k=1

- IVlk+l,k+2 |:[|(k§2 _Qk)} )

aand with the help of [Il, § 11, eq. (43)] and
the vector formula (15), that will become:

= 1{- (9M, rot9M) + (M1, rot M)
+ (s, rots) — (s,rots)}}.

XA will follow from this with the help of
th, (22)].

[I, (22)]. It is identical with XA.

c) The second pair of equations that are couplezhth other by solutions A and B,
is (2a), (5a), which will lead to two vector retats. Substitution of A in (2a) and B in

tot [=-0
=4l

0s -
—+gra
cot grad,

|

rads — POt ,grads, ¥ § ,gra@ 1.

eld:

0s

-l

_t+ grads,

|

rads — POt grack, ¥ § ,gra@® |.

(5a) will yield:
{ oM
XI- XA §5,———1I0
cot
XIV - XVIB } - -
-Mdivs+ (Dt g
Substituting B in (2a) and A in (6b) will yi
oM
XI-XIB {5,—+rot9ﬁ
cot
XIV - XVIA
+Mtdivs—(Dt g
Proof:
1. Introducing solution A into eq. (2

will give:
=Py sc+Piaso=Q Px.

With the values forPs, Pua, Py, that will
yield:

{5div93t+sba%+sorot9ﬁ—§2 rot%}
c

k

a) 2. Introducing solution B into eq. (5a)
will give:

Prioka Sz = Prkr1,4 Sevr = Q Praage2

With the values foPu2x 4, Pik+1,4 Picr1ke2,
that will yield:
j }k

N

5, rot§,

5,@— rotont [+ 0| 2
cot cot
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-5.0.(2-2) -8 (5 -)
+Q (s -<) -0 (Q -9,

and from [ll, § 11, eq. (7) and (8)], th
will:

0X, 0X,
~ s 09 oMt
-<Q -5 +| s, .
cot cot cot ’

An application of the vector formula [l
(82)] for the vectorss and 9t lets one|
convert this equation into:

e
L

5 .
——+grad
oot grags,

~ 5, rotM +Q rots+ (s gradt.

5,@%0&)}(
cot

j—%mwﬁ

If one draws upon the rot of the identity
(21)] in order to convert this then that w
produce XI-XIIA.

3. Introducing solution B into eq. (2
will yield:

—Ps s+ P24 S = Q Px .
With the values ofPs, Pu1xi24, Pk, that

will give:

{5div9ﬁ+s)ac%—so rot9t +Q rot%}

k

13
=i (k+1f) _ ék+1) Sern — f) [ (|<+1Sk+2 _ SL(:;

~{i(2Q-0"Ys, - Q0“5 - 57

b

aand with a double application of [Il, § 11,
eqg. (6)], that will:
Os Os }
k+2

|, 1
aXk+2 Kk+1 aXk+1

- [9M, gradso]« + [s, gradQ]x .

A

m

JFinally,

an application of the vector
formula:
0B 0B

2] 22
(16) aXk+l K+2 an+2 k+1
= A divB - (A grad)B,

to the vectorsdt ands will lead to XIV-
XVIB.

[l,
ill

a) 4. Introducing solution A into eq. (5a)
will yield:
= P14 Scr2 = Pre2,a Scr1 = Q Prrapsz -

With the values oPy:14, , Pii2a Pisiks2,
that will give:
j}k

:Q[i](k+18k+2 _i(k+lQ_Qk+l) Sk+2

0s

ol

oot + grads,
k+1

~ Sz

5,@+ rot Nt
cot

[ 0 0y A [ 0A A O
=—(°s, - Q--(°Q-Q
C(% S) C( ) S
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+i('y-5)Q-i(*Q-Q")s,,

and from [ll, 8 11, egs. (5) and (6)], that:

= 5’@ + a2-5‘26_5—(2@'3_(@0
cot cot cot )
+lg oon
lan .

An application of the vector formula [I
(82)] to the vectors anddt will yield the

following way of writing that:

oM 05 .
s,——+rotMN |-Q| —+gra
{ cot } [cat J d%j

=5 divOt —s, rot M + Qrots
- (s grad)dn,

from which, the relation XI-XIIB will
emerge with a conversion that uses the

of [I, (29)].

14

~{QU(Cs., s -i(PQ -2 5.},

and with a double application of [Il, 8§ 11,
eq. (8)], that will:
Os Os

] A
aXk+1 k+2 aXk+2 k+1

~ [901,grads, | - [§,gradQ ].

JAn application of the vector formula (16)

to the vector9t ands will let one rewrite
this equation in the form XIV-XVIA.

rot

d) The third pair of equations that are linkecetmh other by the solutions A and B
is (2b), (5b), which likewise leads to two vectelations. Substituting A in eq. (5b) or B

in eq. (2b) will yield:

XVII - XIXA
XX-XXIIB

cot

%,@—rotiﬁt - a9, grads, +2)3t(—f)— div%j
0 cot h

—[9t, grad§, I+ [s, gradQ 1+ 031 gradg.

2me

Substituting B in eq, (5b) or A in eq. (2b) willeyd:

oMt
cot

- Os 2nc - A
- ,——+rotMt |= Q| — + grads, |+t ——Q - div
XVII- XIXB } {5 3 } (cat g Soj ( 7 5)

XX - XXIIA

—[2)5t,grad§b]+ [s,gradQ - 0t grads.

Proof:
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1. Introducing solution A into eq. (5
will yield:

P& — RS = Q Quetksz

and with the values foPs, Pa, Qus1k+2, that
will give:

{%divi)fit+§b(a—amtt+ rotﬂf’tj—Q rots
C

+ 27mc(§22)ﬁ—sbﬁ+§os)}

k
- %%(OQ_QO)_Q%(O%_%O)
+ 50 (0-09-Q0(5-§).

[I, (35)] and [ll, § 11, eq. (14) and (15
make the following rewriting possible:

|

~ O ~ ~ [ Os .
,———rotMt |[+Q | —+ gra
S ot } [cat J ds‘)j

2me
h

QM
=(sgrad)mt - 5 divoit - § rogit +Q rots,

and with the rot of [I, (32)], the right-han
side will become:

= (Mtgrad)s -t divs+ [s, grad2
~ [9t,grad§, ],

which is (XVII-XIXA).

3. Introducing solution B into eq. (5
will give:

Ps $< Pk+lk+2 480 Q Qk+1 k+2,

and with the values fdPs, Pi1x+2.4 Qke1k2,

15

b) 2. Introducing solution B into eq. (2b)
will yield:
Pezka Sz ™ BornaSe 1 = Q Q.

and with the values fdPx 2k 4, Pik+1,4 Qx,
that will give:

[
- fzguraolso}k

= QUi
—{fzm(

N

s, @+ roti)Jt
cot

w2 H -0 28
h cot

k+la

Sz T

k+2 a

S~

ak+1

§1) -8, 0 Q-0

857 =8, (20 - 03} .

YAfter applying [Il, 8 11, eq. (13)] twice,
that will become:

0 _ 00
N Oy

= Sz
e 1™
axkﬂ k+2

+ [99%,grad§) |,

A

M. Os

6Xk+2

:|k+l

d

= {-[s,gradQ |+, divs - O grad$
- [9m,grad§ }, .

b) 4. Introducing solution A into eq. (2b)
will give:
k+1 Sk+2 Q Qu

k+2 4SK+1

and with the values folPy:14, Pis2.4, Qx
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that will give:
{-5 divSJ“t—é062+§0 rot931+2—mcflim—
cot J7i
f)rots}
k
=50 (CO-0%-00 (%5 -39
o o
+§0(0-09-00d (5 -89
o o

and, from [ll, 8 11, eq. (12) and (13)], that
E RN

An application of the vector formula [I
(82)] to the vectorss and 2t makes it

possible to write that as follows:

. M
"cot

soa2 +Q grads,

{s 4 rotzm} Q[f—;+ gradsoj+2—mcézm

divont - sorotmt+§2 rots— (s gradpit,

whose right-hand side can be converted
an application of rot [I, (30)] in such a ws

16

that will give:

&

N

{5 @Hotﬂﬁ}
cot

Os
- Q| — +grad
o]

k+la

= QU8 -
_{Q[ﬂ(k+2"

2MC Qo -[s,3]) +

ak+1

Sk+2) S<+2 m(kﬂQ - Qk+l)

S~ éxk:rrlz) SK+1 il (k+ZQ - Qk+ 2)} )

and with a double application of [II, 8 11,
eq. (15)], it will emerge that this:
= {[5,gradf2 I- B0t gradk, Hk
+{9ﬁ, 0s } {Sﬁ 0s } .
k+2 k+1

0%,q 0%,
/An application of the identity [I, (34)] and
the vector formula (16) to the vectdI®
and s in the last two terms of the right-

hand side of which will lead to XX-
XXIA.

by
Ay

that XVII-XIXB will arise.

e) The fourth pair of equations that are couptedach other by solutions A and B is
(6b), (7b), which will lead to a linear combinatiohthe continuity equation and the anti-
continuity equation, as well as a further vectdatien. Substituting A in eq. (6b) and B

in eq. (7b) will give:
j:o.

}

A

So

s a—Sb+divs -5 9%
cot cot

XXI - XXVA
XXVI-XXVIIB

2me A

+divs— Q
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(7b) will give:

o, 9 ot | +| 991, 22 + rotom
cot cot
XXII-XXVB B 56—5+grad N §£+ grad,
XXVI-XXVIIA ‘cot % cot
=QgradQ-Q gra +Mt didn
-9t div Ot +5, rots—§, rots .
Proof:
1. Introducing solution A into eq. (6b) 2. Introducing solution B into eq. (7b)
yields: yields:

P4 Myo — Pis1,4 M1 + Pre2,4 M2k = QQxa,

and with the values fdPs, Py:1 4, Pks2,4 that
will yield:

2mc, - oM
{ T(S) MW +[, s]) {Sﬁ, C—at+rot Sﬁ}

+90t divOt +Q din}k

i .
= Myo [%(OQ Q% -Q dg Mo — M%)
-Q0 (k+1|\/|k,k+1 - M Etl
_ {Mk+2,k D (k+ZQ —Qk+2)
- QO (Mo — M{S2,)h

When the uninterpretable quantities
replaced with the help of [Il, § 11, eq. (2
and (43)], this will become:

k

, 0s, _3 0s,
cot

cot cot

PsMi+1x+2 + Pri2xa Mir2,0 = Prxe1,4 Mis1,0
=Q Qu+1k+2,4

and with the values folPs, P2k 4, Pike1.4
Qk+1x+2,4, that will yield:

—ZTmelﬁ+ Q gradf)}

o

—_ rotﬂfn} +9t divon
cot

k

i N
:E (OMk+1’k+2 -M I?+l,k+2) Q
i~ A

- E (OQ _QO) IVlk+1,k+2
+ (k+2|\/|k+1,0— M |I<(:120) é

—j (k+2é _ék+2) Mis1.0
—{i (“*“Mir20— M53,)Q

_ | (k+2§2 _ f)k+2) Mk+2,0}-
al@hen the uninterpretable quantities are

Oeplaced with the help of [ll, 8§ 11, eq. (31)
and (44)], this will become:
}k

|

~ 0N

=%

+s 9% -5 %%
cot cot
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oM }{zm oM
2 0%

oo
+| s,
6Xk+2 k+1
o
2 0%i1 0%,g
65} {A 0s
+| s,

e )
0%y |

With the use of the vector formula (16),

1
+=

ke
o

%12

18

oM } B { o5 9
0%ia 0Xsg

sl

0%y
1), om } . {zm oM
2 0%, 0%
Os

e
+ s, +| 5,
6Xk+2 k+1

0%
the idgnfi, (29)}, and an application of grad

1
+=

o

{ Os
+| s,
0%i

s

|
|

to the identities [I, (15), (16), (20), (21)], ondl get:

0S, | o ~[ 05,
-s| —+d +
[cat IVﬁj 5[cat

2{[ 901, rotM] — Mt div M1 + [931 rotiﬁt] — Mt div oot + [s, rots]

- ([s,rots] — sdivs) +1

A

_+div§—2—mcf2j
7
—sdivs

Lgrad Q%+ Q*+s7-82)},

in both cases. The right-hand side vanishes, {ips4)], such that one will be dealing

with XXI-XXVA (XXCI-XXVIIIB, resp.).

3. Introducing solution B into eq. (6
will yield:

Ps Mo — Pr+2xa M1 + Pike1,4 M2
=Q Qu ,

and with the values foPs, Pis2k 4, Pkk+1.4
Qus that will give:

{

o

M, 5 — rott |- 90t divont
cot

+ QgradQ}k

= I—(Oﬁ_ﬁo) M, _I_(oMko_Mkoo)f2
(od (od
+ | (k+lé _ék+1) Mk1k+l

s rk+1 k+1
=1 MM

k k+1) Q

b) 4. Introducing solution A into eq. (7b)
will yield:

P4 My+1x42 + P1,4 Mie1,0 = P2, Mie 1,0

=Q Qui1k+2,4,

and with the values foP,,
Qu+1x+2.4 that will give:

P14, P2,

{Z—m‘:([sm 5] +Q35 -5 M) + M div N

{5 ]

i
—-°Q-Q%M
C( ) k+1,k+2

M, aﬂﬂotfm
cot

o |-

__(0 M K+ k+2 M |?+1k+ 2) Q
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~{i(*?Q-Q“"H M,,,,
=i (k+2Mk+2,k - Mtizzk) Q} .

With the help of [ll, § 11, eq. (21) an
(44)], the uninterpretable quantities on t
right-hand side of this can be eliminatg
and after a double application of the veg
formula (16), one will get:

|

21

sm,@— ro
cot

2

tiﬁt} -9t divt + Q gradQ

|

'0937 : Sﬁt,af’ﬁ
cot cot

+ 695 | |59
cot cot

—90t div 0t — Mt div It

+srots —§rots

+ [s, gradso] - [s,grad§; ]

+ (O grad)2)5t + (2)5t grad) ot}

19

+i (k+2£?2 _ ﬁk+2) M 10
=i (k+2 M k+1,0 M |I<(:120) Q
_{i( k+lQ - Qk+1) M k+2,0

s rk+1 k+1
=1 ("M, —M

k+2k

)QL .

dVith the help of [Il, 8 11, eq. (20) and
h@3)], one can eliminate the uninterpretable
rdiuantities on the right-hand side of this, and
tdrone observes the identity [I, (31)], one
will get:

_ [ g 09
2{ cot
1695 4]0

cot cot
-t div 90t — 9t div M
- rots +§rots

- [s, gradso] + [s,grad§, ]
+ (O grad)2)5t + (2)5t grad) ot}

Sﬁt,a—?ﬂotm‘c

o }Lfm dividt - Q gradQ

|

~ M

ik

om

In both cases, the replacement of the last twogdsynmeans of the equation that arises
from taking the grad of the identity [I, (22)] wikad one to drop the factor 1/2, and will
give those equations the form of XXIII-XXVB (XXVI-XVIIIA, resp.)

We then see that among the 28 relations that late@ned as a result of the multiple

occurrences of the continuity equation a
will be present- namely, four scalar relati

nd antkoaity equation, only 22 distinct ones
ons and six vector efet.

8 3. Symmetric construction of the reality relations

Some of the relations that were obtained in SilRcgtntain pieces of the continuity

equation VII and anti-continuity equation

V. Afteliminating those pieces, the relations

will assume a symmetric characteristic form. Name&ch of them will consist of a sum

of 16 expressions of the type:
0G

F__

0Xx

Ga_Fa
0x
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in which F andG are two of theDirac densitiesQ, Q, s, §. s, s, 9M, 71, and those

expressions will appear in groups of four thatdifferentiated by, x;, X3, ct. The fact
that this notation for the remaining two scalaatieins and six vector relations is natural
will emerge from the arguments in Part IV.

We eliminate the mass term from relation | by gp@ V. With the use of relation
VII, the divergence of the identity [l, (35)], atdmporal derivative of the identity [I,
(17)], the scalar relation | can be converted thBosymmetric notation.

% 0 [ 08) (50
® > ot (ﬁ’catj (ﬁ’catj

(17) +5, divs—(s,grads, ) §, divs - (s ,gracs, )}
+(M1,gradQ »Q divit+ Ot ,gra® ¥Q didt = (

The fourth scalar relation (IXB, XA) is alreadytbft type:

092 92 [oy I _[ gy O
(18) cot cot cot cot
+(s, 10t 5)~ (8, r0t5 )+ €U ,rot }+ P ,rotit E C

We convert the six vector relations in an analeyaay with an application of the
relations V and VII, the rotations of the identtig, (29), (30), (31), (32), (34)] and the
gradients of the identities [l, (17), (25), (2&7], (28)]. The vector relations II-1V then
imply that:

a={Qrot M —[grad Q Mt [} —{ Qrot Mt —[grad Q, M |}
+{§ grads, —s, grads, I+ {[s,rots ]-[s,rots [}+{sdiv s —sdiv g

+{ma_9-g_m}+{asz 0 -ﬁfm}

cot cot ﬁ cot
.0, _ 05 L 0Q 0§

+is———-§—+ ——-s—2:=0.
{ﬁcat St)cat} {Socat 5cat}

The vector relations XXIII-XXVB imply that:
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b ={[ 91 rot 2%] -{ Mt rot M} { Wudiv Wi -Widiv M}
—{s,rot s —[grads, ,s }+{3,rot 5] —[grad §,,5 }+{Qgrad Q - Q divQ}

o, O |y gy O || 5 95 1415 95 g,
cot cot cot cot

(19)

The vector relations XI-XIIA imply that:

c={Q rot 5-[gradQ,5 |} ~{Mdiv s — s div VT
+{§gradQ - Q grad, }+ {[s, rotot |- P01, rots |}

+{s,rot M -[grads, 9t ]}—{Sﬁ 6—5} {am 5}}

"cot cot '
+ ga_Q—f)a_ﬁ + Sb_amt_ﬂita_sb =0.
cot cot cot cot

The vector relations XVII-XIXB imply that:

d={Qrot s —[gradQ s [}~{9div 5 -5 div 2T
+{s,gradQ -Q grads, } {[s,rotMt ]- [N, rots ]}

+{§ rot Mt —[grad §, I ]}—{931 ﬁ}{am 5}}

"cot cot '
+ 56_9_96_5 + %_amt_mta_sb =0.
cot cot cot cot

The vector relations XI-XIIIB imply that:

e={Qrot 5 —[gradQ ,5 [} ~{Mdiv s — s div DT
-{§gradQ -Q grads, }- {[s, rotMt |- [T, rots ]}

_ - S| gp 05 || oMt
{s,rot Mt —[grads, Nt |} {m’cat} {cat 5}}

— ga_Q_Qa_ﬁ - Sb_amt—mta_sb =0.
cot cot cot cot

The vector relations XI-XIIIB imply that:

(19)

21
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f ={Qrot s —[gradQ s |} +{Mdiv 5 - 5div 2T
+{s,gradQ - Q grads, }+ {[5, rotot |- Pt rot5 |}

. R 0s oMt .
—{s, rot Mt —[M1, grads, ]}—{Sﬁ,a} {Eﬁ}}

W90 _gos| [Lom o8] o
cot cot cot cot

In contrast to the two relations V and VII, whickedimear expressions, all of the
remaining relations (17)-(19f) have a bilinear form. Tisabased upon the fact that in
their original form, they contained uninterpretable qu@stiwhose elimination must be
purchased by the transition to the bilinear forms.
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