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The screwing motion, the null system, and the linear complex

By C. Kupper in Prague.
Translated by D. H. Delphenich

The present exposition can be recommended especiatlyefgqurpose of lecturing at
technical institutes. | have published its foundations treatise on the variation of the
positions of rigid systems in volume 6 $thlémilch’sZeitschrift fur Mathematik und
Physik.

1. A screwing motion is given by its ax@ a translatiordo in the direction ofC,
and a rotatiordr aroundC. Let the perpendiculaac = x be dropped from an arbitrary
pointa in space tcC. a will describe a helix in a certain sense whose tangeatta will
define an angle with C such that:

x:d—a Oang.
dr

The non-zero constanta/ dr= k is called theparameter of the motion.A is
perpendicular te@a, and is called theranslation ray of the point.a

If one considers the translation rays of all poirftcathen one will see that they
define a ruled family of equilateral paraboloitisthat hasC, ac for its vertex lines an#é
for its distribution parameterTy is thetranslation surface of the lines ac.

If a, with a translation ray,, were subjected to a finite screwing motion then the
displaced rayA would remain the translation ray for the displaced tpmin

We now draw a plang througha that is perpendicular t& and call it thenull plane
of a which we give the notation ef In this way, any point of space will be assigned a

planeE that goes through it that contains the perpendicalénom e to C that is possible.
Conversely, an arbitrary plafethat cutsC — say, at — will be the null plane of any of
its pointse. There is a line€a in E that goes througb and is perpendicular t6. From
what was just said, must be on it. If one imagines the translationaseT, that belongs

to ca then one and only one of its lines that are perpendidolaca will also be
perpendicular td, and it will then meek at the pointe, for which E will be the null
plane, ana will be itsnull point If E ande are at the basis of the screwing motion then
the displaced point will always remain the null point of the displacddneE. The null

system consists of the points of space and their null planes.
The null system is obviously well-defined when the wcexis C is known, along
with the translation of any point. Now, if only theslation ray of were given then
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the helix thata describes would indeed be known, but the sense in whictdwasu
traversed by would still be double-valued. Which of them one would t&echoose is
irrelevant for the determination of the null system.

2. Conjugatelines G, & in the null system. The planes that are perpendiculacCto
will be cut byC at its null points. We choose any of them to behihvezontal projection
plane and pose the problefind
the null pointse for all planes E
that go through a line G that is
(04 skew to C!Letey ¢y be the shortest
G' transversal ofG, C and let the
horizontal plane be drawn through
it, while the vertical plane is
perpendicular teey ¢o. Let G' be
the horizontal projection o, and
let G" be the vertical one Ey will
be the plane that has cp for its
&' horizontal trace and is inclined
with respect to the horizontal plane
by the angleny . Its null pointeg
must lie oney ¢y, and can be chosen
arbitrarily on it, so the null system
will, in turn, be determined in such
a way that the translation @ is
G  perpendicular taEp . E is drawn

throughG, its trace isE', andw is
the angle that it defines with the

E horizontal plane. Its null pointis

Figure 1 found on a line that cutsC
perpendicularly, and whose

horizontal projection will then go througls and must be parallel t&'. The pointe
where this line meetS immediately provides its vertical projectiehc’. One must now
deal with the position of the horizontal projectigrof the null pointe in question. One

now shows that is on the line®’ that is drawn througky parallel toG'. If ¢ denotes the
unknown length, and, ¢', ¢ are the knowit, & then one must have:

@

dm——————————

el 58

R
d

r _ tanw

r, tanw,

Obviously, ife' is thought of as being d& thency ¢’ will fulfill this condition, as one

will recognize when one ascertawsby means of the perpendicukarsthat is dropped
frometoE'.
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The fact that the locus afis now a line® will easily come to light when one
observes thaé c describes an equilateral paraboloid wieeis assumed to vary o@:
This paraboloid has a lin® that belongs to the same family@sG in common with the
plane that is erected vertically &, and that will be the desired locus. If one calls the

angle of inclination o® over the horizontal plane, then one will see that:

tanw, _ c'€ _ X,

n.n

tanw, c%" g,

It follows from this that the plané&, that that goes through andc, e has its null point
atey . If one then bases the argument that was justdaout upon the that was just

found, instead o6 then that must imply tha® is the locus of the null points of the
planes¢& that possibly go througl®, which is where we startedG, & are called
conjugate lines because any axis is a pencil ohgdathat have their null points in the

others.
Here, however, one

must especially take note C
whenl[] wp = 0, because the C
paraboloid that facilitates /

the proof would no longer
exist then. As a horizontal
plane, E; would also have
its null point atcp, now,
such that the null system
would first be determined
when one assigned a null
point ¢e; to a second plane
E; that goes througB.

If E; meets the axi€ at
c: and ifcy eg is parallel to
G then the null point oE;
must lie anywhere on the Figure 2.
line c; ¢4, so it will also be

arbitrary as long as the null system is not alreassumed to be given. H denotes a
third plane througl®, e, its null point, andw its inclination angle above the horizontal

then one will have:

tanw _ ce
tanw, ce,
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If will then follow that == 2% i e. the locus of is a lined that goes throughy
Ge, GG
and is perpendicular toy & . One will have tamog = &¢ for them, and since tam =
Ce
tanw _ G & g
e0 G’ tanw  ce

One sees from this thag is the null point of the plané, that containsb, co, &
Finally, if € is drawn througl® arbitrarily, andw is its angle with the horizontal plane

: e
then one will havetanm =%
tanw, G &

®. However g is the null point oy, soeis that ofé.

, as above, i€ means the point of intersection®@fand

3. The foregoing discussion immediately yields thesesequences:

a) Two conjugates, & are skew.

b) If the angle betwee@, C is notz/ 2 then the same thing will be true fore, C,
andG, &, C will determine an equilateral paraboloid that visdlveC for its vertex line
andey ¢ for the shortest transversalGf &.

c) By contrast, if] G, C = 77/ 2 then®, C will intersect, and conversely, @ meets
the axisC then one must have &, C = 77/ 2.

d If 0G, 8 =rm/2thenG, & must be the translation rays of the pomtso, since
the null plane ok, that goes througl will be perpendicular t&. Conversely, ifG is
the translation ray o then® must be rectangular 8, since® will lie in the null plane

of &y . The translation rays will then be paired as rectangular conjugates lines.
e) If Gis parallel toC then the translation rays will be parallel to guents ofG, so
they will also be their null planes; i.a, will be at infinity. This also sheds light upon

the fact that the null points to parallel planes found on lines that are parallel @
Thus, if two points have parallel translations th@eir connecting line<C must be
parallel.

f) Let E be an arbitrary plane that interse€tssuch that its null point lies at a
finite point. Any lineG that is thought of as being i) but not going througkwill have
a conjugates that goes through, but does not lie ifE. It will then follow that the null
planes of all points of E will go through and all possible planes that go throughwill
have their null points in E.

Now, whenG is drawn througl, the null planes of its points must all cont&nor
elseG would have to coincide with its conjugates. Tkaql of rays ¢) that is present in

E consists of such self-conjugate lines — viz.,dbecalledcomplex rays- and any point
in space will be the center of such a pencil okray
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g) If E is parallel toC then one will draw & that is rectangular t€ in E and
consider its conjugat®. Any pointe onG will have a null plane® that goes througé.
If one then draws a parallel @©throughe that lies inE then any point of it must possess
a null plane that is parallel t¢. Thus, an arbitrary line of the plagewill have a

conjugate that is parallel ®, which will then also run parallel t6. More briefly:

The null point of E is to be thought of as being at infinity in thectioe that goes
through®, and the complex rays that are found in E will all have that direction.

4. Thetrandation surface for thelines G in space.

a) Let G be parallel taC. The parallel translations of the points@®fvill trace out a
plane.
b) Let G be the translation ray of the pomt Its conjugate will, in turn, likewise

be the translation ray for the point and the planey G will be the translation surface of

G. Since the translation of a pomthat is chosen o8 will be perpendicular to the plane
that joins® with e, the translation rays that are present in the plag@ will envelop a

parabolawhose focal point will beg . Should any translation whatsoever be in a plane
E whose null point is — say, the poing — then the null plane @&must obviously include
the translation ray of.

c) Let G be either parallel t&C, a translation, or a complex ray, and ¢tbe its

conjugate.
The angleG, & is either O orrz/ 2. From a known theorem, since they will be

perpendicular to the plan&e, the translation rays of the poireghat are found oG

will be the lines ofa common (not equilateral) parabolowhose vertex lines ar@, and
thetranslation ray will be its axi€ at the next-lying poing, . For that reason, these two

lines cannot define a right angle, since otherdids® would have to be parallel.

d Let G be a complex ray. Its translation surface is atwvay equilateral
paraboloid. If one then drops the perpendicelarfrom any pointe to theC thenG ¢
will be the null plane oé. However, the line cwill describe a paraboloid asvaries
that will contact the plan& cate. If one constructs the normal paraboloid that bedong
to G for it then one will obtain the translation surfageuestion.

Thus, the complex ray can be defined as a line thatrses the translation surface of
an equilateral paraboloid or also as one from which iat gas a translation that is
perpendicular to itany other point on it must then behave simil&ry

It is important for the kinetic theory of curvatue dtress the difference that exists
between a screwing motion and a rotation: For the foreneomplex ray will always
describe askewelement. For the latter, by contrast, it will ddseraplanar one, and the

() The property of the change in position of a rigid lihat is emphasized here can make the
connection between the lines of curvature of parallgiaces immediately recognizable.
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point of intersection of infinitely-close complex rayall yield a point of the rotational
axis.

5. The quadratic complex of trandation rays.

Let A; be the translation ray of the poiat . What is the locus of the possible
translationsA througha;, and where does the pomtto which they belong lieZhasles
first answered this question, and thus took a step thab lHekttetrahedral complex by a
closely-related generalization. One will arrive la¢ rayA in a very simple way when
one looks for it in the plandsthat are drawn througly, . One has a certain parabola in
E to whichA; is tangent, and which admits
a tangent that goes through; it will then
be A. One now exhibits the shortest
transversalac of A, C, which meets the
conjugate toA at right angles, and must
therefore be cut by the translations of all
points of the lineA, and thus those @4,
as well. acis therefore easy to find: It lies
in the planeE, and is perpendicular tG.
Once one has drawmac, one drops a
perpendicular to it frona; whose foot will
bea. Now, in order to get the locus Af
Creszzzzir==/ "3~ AL one needs only to take a paral&@l to C
- and the plane-pafC;A, AJA . Sinceca, as
well asC, is rectangular t@, and cuts,
moreover, the two aforementioned planes
will define a right angle, and their line of intergentA will generate a second-degree
cone with edge8y, C; .

Finally, if one thinks of the lin€ || C as going through then the plane€¢, C,¢ will

intersect at right angles along it, and it will @il that¢ lives on a cylinder of rotation

with the edge<C, C; . The cylinder and the cone will intersect each othex space
curve of order three — viz., the locusanf One also immediately confirms that this space
curve is found on the translation paraboloid that beldogise complex rag c;.
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P

O

n

6. Thefundamental ways of deter mining the null system (or linear complex).

The first manner of determination that we shall ustha®ne for which the axf is
given, along with a poird and its translation raé.

Second. Two conjugate line&, & are given, and the translation r&yf any point
a; in their shortest transversaley . In fact the translation rays of the three po@tso,
a; will thus be known. They will determine an equilalgvaraboloid whose one vertex
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line lies alongey, ¢o, While the second one must, in turn, be the @xionversely, if this
is assumed then the complex will be established; o4 alone.

Third. Two conjugate$s, &, and the translation ray of any pointa in space can be
taken to be the determining data, assumingAhatperpendicular to the transverséhat
is possible frona to G, &.

The fact that the extra condition must be fullllieill follow from the fact that the
transversa® that we spoke of will meet the pla@a at the null point, and will thus be a

complex ray. Moreover, the assumptionapfA comes down to the same thing as when
one assigns an arbitrary plane to a null point thidued anywhere — here, at- on the
transversal to G, & that is contained i&. If E then cuts the shortest transversabo®

at a; thena; will be the null point of the plang; that joins that shortest transversal with
a. For that reason, if one determines (from 2) the ptexin such a way that the
translation ofa; is perpendicular t&; thenE will include the null pointa, sincea will
appear as the point of intersection of two comples agag, t that are found iik.

Fourth. One is giverG, & as conjugates and a complex tdlgat does not cub, &:
An arbitrary planeE through! will contain a transversal over G, . The point of

intersectiortl would be the null point dE in the possible complex, and (from 3), one can
assume this.

Fifth. Three skew complex rays b, c are given, along with a plateand its null
point e, ifE does not contact the hyperbol@tc There is a transversal &b that lies
in E, which will be calleds, and a seconé will contain the point. If one observes that

any complex ray that meets an arbitrary line must @aleet its conjugate then one will
see thatG, & will be conjugate in the possible complex; from 4, it il determined by
the rayc. Since any transversal & & is now a complex ray, the entire ruled fanalyc
will belong to the complex rays, while the guiding fmwill consist of pair-wise
conjugate lines.

We further infer that if four skew, b, ¢, d admit two and only two transversals then
they will be conjugate in all complexes that contdiose four as rays. Any fifth ray
that does not cug, & will suffice to determine that complex.

Now, if five skew linesa, b, c, d, e are present, and no line exists that cuts four of
them then there will also be, in general, a singlepermthat has the five of them as
rays: Let the hyperboloidsbg cdebe denoted bif;, Ho, respectively. A plane that goes
throughc will contain a transversdab to a, b, c and a transversdl toc, d, e G, I'
intersect at a point 1 that lies kh, as well aH, . A line J of the familycde will go
through 1. Eithe®d will also belong to the familgbc or it will not. In the first case, one
can takeG to be conjugate to any other transversalwdd, andd to be determined by a
complex that obviously also contaiagas a ray, since it will contain three line®l of the
family cde In the second casé,will cut the hyperboloidH; at perhaps the point 2, in
addition to 1. Let the transversal that goes throughe? abc be®. The rayd must be
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present in the complex that corresponds to our requierseG, & must be conjugate in
it. If one assumes this then it will be determineduoh a way that it will possess the ray
d, as well. However, both familiedbg cdewill, in turn, be present in it.

It is not by any means trivial to also draw one’s aitento the fact thad contacts the
surfaceH; at the point 1. We will be led to consider the compiay from a new
viewpoint by this in itself.

7. The complex ray asthe union of two infinitely-close (i.e., neighboring)
conjugates.

Let G be an arbitrary line and I¢t be its conjugate, where the shortest transversal of

the two has a finite length. & b, c, d then mean any four complex rays that are skew to
2 and meeG, &, but do not lie hyperboloidally then the hyperbolakxt will be cut byd
onG and®. By contrast, ilG is a complex ray thed must obviously be tangent to that
hyperboloid at the point of intersectiah G — i.e., & will now be the line of the
hyperboloid that is skew t& and lies infinitely close to it. One must infer fnahis
what one means by the phrase “infinitely-neighboring skees G, &”: If one thinks of
any hyperboloid throug® then the line on it that belongs to the same faasi@ will be

its neighbor. Any poine of G is the center of a pencil of rays in whose plahes
thought to be; that plane is, in fact, the tangentahgtoH ate. Thus, if a hyperboloid
osculateH alongG then it will likewise contain the neighborimts. Since it suffices for
this that the hyperboloid possess the same tangentredgp& three different points Gf

it will easily follow thate® hyperboloids througié and a well-defined neighbat are
possible. If 1, 2, 3 are three points in space then tliegietermine three plangsl, G2,
G3 that contacH ate;, &, e3 onG. The linese11, &2, 32 will then determine a new
hyperboloidH; that will, as a result of the definition, contaie ttame neighboring line to
G to asH does.

Now, the question arises of whether the determinatibra ccomplex by two
conjugates and a plane with its null point will still\zdid when the conjugatés, & are
neighboring.

We assume th& is a complex ray and the infinitely-close conjugétés known; in
other words, one is given the null points of three gdatinat go througls or also three
complex rays, b, c that go through different points & From what was just said, the

null points of all points of5 will be the associated tangential planes of the hypeibo
abc

Now, if the arbitrary plan& cutsG at the point, and® is the null plane oé then
the null point ofE must obviously lie on the line of intersecti&. If it were chosen
arbitrarily here and joined with the poi@a through the lineG; then the line of
intersection®; of the planef, Ga would have to belong t@; as its conjugate. If one

assumes this and assigns the pl@teto the null pointGb then a complex will be
determined (from 3) that is the only one that will sgtidfe requirements that were
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posed. It is clear that one can also choose a camalethat is skew t@ in order to
establish it.

A complex is thus given by four skew ragish, ¢, d, and a fifth onés that is cut by
three of them.

If G encounters only two of them b then the complex will likewise be determined.
In order to see this, one takes the hyperbd&xd, so the plan&a will have the lineG;

in common with it, and its conjugate that goes throughpbint Ga must be a lina%;

that is different fromG. If this were assumed then one could make the plime
correspond to the point of intersecti@y b as a null point, with which, the complex in
guestion would then be found.

Finally, if a alone were cut b then, from 5, the complex would be established by
the raysb, c, d, and the plan& awith its null pointGa. The case that was pointed out in
6, in which the auxiliary lin® is tangent to the hyperbolokd; at the point 1, will also
find its resolution by our process.



