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On the bending of certain surfaces
(By Hrn. Dr. Ferd. Minding in Berlin)

Translated by D. H. Delphenich

If the rectangular coordinates of a curved surface apeessed in terms of two
variable quantitiep andq then it is known that one will have the formula:

ds’ = E dif + 2F dp dg+ G dcf

for the elementds) of any curve that is found upon it, in whigEhF, G are functions op

andq, namely:
2 2 2
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dg dg d
Any other surface whose coordinates can be representegpbgssions ip andq that
once again yield the values above for the line elem@hbbviously be a mere bending
of it, at least, as long as the same valugsaridq give real points on both surfaces. Due
to the equality of corresponding line elements, any ti@aatthree infinitely-close points
on the first surface will be congruent to the triangfehe three corresponding points on
the second one. Both surfaces will then be compostedame elementary triangles in
the same order, as the concept of bending would demand.
Up to now the capacity to bend has been proved only felaleable surfaces. Here,
it shall be show that this property is found for all aoefs thatarise by the motion of a
straight line; one can convince oneself of this in the following wagt 4, &', a’, ... be
infinitely-close successive lines that define a piegfeof such a surface. One can then
leave the first strip betwees anda unmoved, while rotating the remaining partsof
infinitely-little around a as a fixed axis. Thereupon, the strg@ and aa” are left
unmoved, while the still-remaining pieces ®fre rotated around’, etc., and in that
way, the surface will be bent without the lengthsmof af the lines that are found on its
changing. As one sees, that bending comes about inyet@ctsame way as it does for
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developable surfaces. The restriction to them that éas made up to now is therefore
entirely inessential.

One chooses an arbitrary curve on the bent surfacecthatall of the lines that
generate the surface; it might be called gheling curve. Let A be its intersection with
any line, and leB be an arbitrary point on that curve. lgetenote the distance to the
point B from A, while u', ¢, w are the cosines of the inclination of the liAB with
respect to the axes, v, w are the coordinates @& andx, y, z are those oB. One will
then have:

(1) X=u+qu, y=uv+qU, z=w+qWw.

The quantitiesu, v, w, U, U, W are independent af and are functions of another
variablep. One initially gets:

2) u?+u?+w?=1.

If one sets:

(3) du? + do? +dwf = a di,

(4) du du +dudv + dw dw = Zdp,
(5) du? + do? + dw? = ydp,

(6) U du+ v do+w dw=edp

thena, B, y; £ will be functions of, and one will get:
7) d +dy? +dZ =d< = (a + 28q+ yof) dp? + 2 dp dg+ dof

for the line element. As a result of (2), in ordefital other surfaces that give the same
line element, as required, one sets:

(8) U = COS¢ cosy, U = cos¢ sin ¢, w=sing.

@ and i are two new variables. If one develops the diffea¢gnofu’, ¢/, w in this and
sums their squares then [from (5)] one will get:

(9) d¢? + cosg® My = ydpf.

If one now makeg into an arbitrary function gf then the foregoing equations will yield
an expression fog in terms ofp. A system of values far, ¢, w will then follow from
(8) that contain one undetermined function. In orddingbthe associated valueswfv,
w, one then appeals to equations (3), (4), (6). Let:

Adp=0v dw- W d/,
(10) Bdp= wdu- Udw
Cdp=dd/'-0v di
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so [due to (8)]:
Adp= sing dp —sing co®p cog dy

(11) Bdp=-cosy dp — sinp cog sigy dy
Cdp= cos¢ly,

and

(12) A2 +B?+C?=y

If one eliminatesiw, du, du from (4) and (6) then one will get:

Adv-Bdu=¢& dw-8 Wwd',
(13) Cdu- Adw= ¢ -4V dp
Bdw-Cd/= ¢ du-£ U dp

and when one adds the squares of these, while recalliapd3)L2), one will get:
a ydpf — (A du+ B du + C dw? = (¢%y+ 83 dp,

or, if one setsq— £?) y—B% =¢°:

(14) Adu+Bdv+Cdw=gdp

The quantity that is denoted b is either positive or zero (which will be true whee th

N2
surface is developable). Ultimately,——; J o5
(&£ +2B0q+yq’)
the surface that is considered here, which is implily the most general expressions that
GAUSS developed in his treatment of curved surfa€@se finds from (13) and (14) that

one can determing v, w from:

is the measure of curvature of

du=2(Agdp+ B ditey dp
y

(15) du=71/(Bgdp+ﬁ W +eyu d,

dw:%/(c:gdmﬁ dW+ ey Wdp

If one setsy, v, win (1) equal to the values that one gets by ity the foregoing
ones and setg, v, w’equal to the values in (8) then one will get anregpion for the
surfaces that can arise from given ones by theibgntat is assumed here.

One can simplify the formula above (7) for theel@lement by a suitable choice of
guiding curve. If one chooses another guiding eunstead of the previous one thgn
must be set to an expression of the fétm g in which P is a function of onlyp, andq
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now means the same thing with respect to the new guiding ¢hat it did for the first
one. Let

(a+2B8q+ yf) dp’ + 2edp dg+dof

be the value ofls’ that emerges in that way. One will then have:

2
a=a+28P+yP+2: 904 PV popip e=e+0
dp \ dp dp

One then seé® = - S/ ; in particular, which will makg” = 0.

This raises the question of whether amongst tlewmtable bends of a surface that
were represented above and that define an assbdigpe of the surfaces that are
considered here, there is a simplest one of the tiyat was just pointed out, such as the
plane amongst the developable surfaces. By analbgseems that those (always
possible) bends of the given surface can be choseveniently to make the generating
lines all beparallel to a plane.One will get their expressions directly from fbemulas
above when one sets= 0; any line will then be assumed to be paradahe xy-plane.

If one then imagines, according to the foregoingakk, that the guiding curve has been
chosen such thg@ = 0 then forg = 0, one will have:

dg=.y@p, u=cosy, v'=sing, w=0, A=0, B=0, C=y,

du=¢u dp du=ev’dp W:g—dp—«/a £%dp,

and therefore the equations for the desired sukfaltbe the following ones:
X :j gcosy dp+ qcow,

y :j gsing dp+ gsiny

z:j\/a—sz [dp.

Here, the values of andy represent a system of straight lines in the pthae all
contact a curve whose coordinates can be found whersets) = 0. For developable
surfaces (so whew — & = 0), that curve will correspond to the edge of resjmes
However, whena — € is not zero, one will find that the curve is theséline of a right
cylinder. One can then exhibit the desired surfasehaving been generated by a
succession of straight lines that contact thatndgr perpendicularly to its side in a
certain curve.
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In order to develop an example of bending, let us consiidehelicoid (cochlea). If
one assumes that its axis is the guiding curve, asasdlhez-axis, then that will imply
that:

X=qcosp, y=qgsinp, z=np.

It follows from this thata = n?, 8= 0, y= 1, = 0; hence:
ds’ = (" + ) dp” + dof.

Furthermore, one will havggy = n, from which one ultimately gets the following
expressions for the bending of that surface:

X = njAdp+ ocosg cog ,
y= ndep+ ocosg siny,

zZ= ndep+ osing .

A, B, C are determined as functions @fand ¢ by equations (11).¢ is an arbitrary
function ofp, andy follows from the equation:

d¢? + cos ¢ dyf = dp.

If one sets;- e.g.,@ = const. = — then one will havep = cosy [y, and one will
get:
X=-nsinyu cosysiny + qcosy cosy,

Y= nsiny cosy cosy +qcosy siny,
z= ncos i +qsiny.

Yis equal tgo / cosy + h, while h is a new constant. If one sets 0 here then that will
imply that the axis of the helicoid will take oretform of a certain helix under this bend
that will be found on a cylinder of radiassin iz cosy/. The bend of the helicoid that is
represented here arises from the fact that onereased an altitude at each point of the
helix to the plane of its curvature circle.

In order to find the bends of a simple hyperbqgloke multiplies the equation:

2 2 2
a c
by
1=codp+sifp

and gets:
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X Y _
a.2 2
one can then set:

2 2
(cospiésinp} +( sinp$EZ cospj ;

X z .
Z=cosp+ —sinp,
a c

o <

. z
= sinp F=cosp.
c

Depending upon whether one chooses the upper or the sogverthese equations
will represent one or the other system of lines tmat kamown to generate the simple
hyperboloid. Since there will be only one of them here takes the upper sign and sets:

é:% and nf=a’sifp+b’cosp+c?

in order to introduce with its previous meaning. The coordinates of the hypeidokln
then be expressed in termspodindg as follows:

asinp

X=acosp+ n,
y:bsinp—bCOSp [,
zZ= £ [y,

m

and from that, the line element on that surface weill b

dszz(mz_cz_ZCZ(az_bzr:]sin pcoqu+ g+ &¢ C?i g ¢ sid pqzj dd

nm - ¢

-2 dp dg+ dcf.

One can derive uncountably more surfaces with the helpabkurface that are bends
of the simple hyperboloid. However, | regard the exlahitof such examples as
unnecessary, since the path of further calculationfigiguntly well mapped out.

One is requested to confer an extension of this atheleis submitted later in the conclusion of
this volume, since its orientation did not permit it inserted here, according to the wishes of
the author.




