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On the bending of curved surfaces
By Ferd. Minding
Translated by D. H. Delphenich

The ways of bending surfaces that are generated byghdtimes that have been
considered up to now are not the only ones possible; balpénding of th@lane can
always be generated by straight lines. By contrasfiollmving equations will represent
the bending of theelicoid, which contains no straight lines (as is easy togyravamely:

X = i«/ n® + ¢ cosap, y:%/ n®+ o sinap,

2.2 2 _ 2
zzlj.q an +2(a 21)q dq.
a’o n“+q

ais an arbitrary constant. These formulas give:
ds* = (0 + o) dp’ +ddf,

as one has for the helicoid above. It suffices taeithat they express a bending of it,
which is a surface of revolution, moreover, which ofigiows when one setg equal to

a constant. Fan = 0, one will gety/ X’ + y*=r =n/a. The axis of the helicoid (which

corresponds to the value zero fgrhas therefore been bent into a circle of radidsa
here, which is wound around an uncountable number of tiniés. axis of rotationzj
goes through the center of the circle and is perpenditolés plane. The generating
curves correspond to the straight lines of the helicaddate the circumference of that
circle, at which it has its vertex, in a manner tisasymmetric on both sides. Its basic
property will be given by the equatioasr? = n” + g> when one remarks thgtmeans the

arc length of the curve from the vertex to the poinbsehabscissa is(=+/ x* + y*). For

a =1, the curve is the catenary, but the surface isélie well-known one that possesses
the property that it has the smallest area for a gosemdary, just like helicoid. If one

an
J1-a?
place for only for a part of the helicoid then. Hoeewhena = 1 or > 1, the entire
helicoid will be bent.

takesa < 1 then the surface will be imaginary wheer The bending will take
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Above all, one has a very attractive, but at theesime, extremely complicated,
problem: Represent all possible ways of bending a givelace. Some of them can be
found in the following way for certain cases:

One can always assume tlkat 0 in the expression for the linear element and then
set:ds’ = E dif + G ddf. That will demand only that all curves on the surflacevhich
only p changes should intersect the ones for which gnlaries at right angles. That
assumes that one takeso be an undetermined function pfr g; e.g., letdz = Q dq
whereQ depends upon just One will then geth + dy? =E dif + (G — &) dof. If one

multiplies this by the equation 1 = éog + sirf ¢ and sets/E=u, \/G-Q =y, for

brevity, then it will follow that:
dx + dy? = (u cosydp + v sin g ddg)® + (u sin ¢ dp - v cosy dg>.

If one then sets:
dx= ucosydp+ vsinydq,
dy=-usingdp+ v cosydq

then one can occasionally determine the funct@red ¢ in such a way that the values
of dx anddy will become integrable. To that end, one must have:

33 [cosy —u smﬂ[—ld—/l mez/l+u costd—

g—quI,lHu cos,m%- “ oy +u sm,md—

or, more simply:

A) du Ud_z// du _ud_z//

and —= )
dq dp dp dq

Now, should the determination gfbe possible then the condition:
TN RN W7
v dg)_ (u dq
dg dp

would have to be satisfied by the choice of thecfiom Q (for whichu = G- Q*).
This equation gives:

1@ u 1[_]c_i 1 Gd_gol_ 1 Gd_u[_g

v dof udpfudqdq dp df
or since:
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du_ 1d6
dp 2dp’
,dv_1d6_,do

dg 2dq dg’

dv_1d*G 1 (dGY
U=~ "4 — |

dp® 2dp° 4v° \ dp

L1804, 1 it gc

v? 2 dg d dp2 dg

one will have:

du,1[1d°G_ 1 (dGf
do® u|l2 dp 4 dp

or when one set&” equal to its valu& — & and develops it:

= M2 +N
q

du
quQd
in which:
du 1 ‘G 1 _du_dC

M=
dog? 2u df 24 dp df

2
N:— dG | 1dudG_
dp 2 dgq dq

Now, if the expressions! / (du/ dg) andN / (du/ dq) contain onlyg, but notp, thenQ,
and thereforey, can be found from them.

Among the applications that admit the foregoinmaeks, | would like to point out
only that of thesurface of revolutionFor one of them, one can set:

x=¢(q) [bosp,  y=¢(q) Lkinp, z=1(0);
ds’ = ¢ (q)° dp* + [¢ () +f"(0)?] def

Here, the quantities = ¢ (q), G = ¢’ (g)* + f’(q)? are independent @ so the condition
above will be satisfied. In fact, sinda/dp = 0, one will get from equations) that:

Yoo Wio-g=gg

dq

hence:

from which, it will follow that:
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Q
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Q|

,  G-Q@=a¢@0>

[oX
©

(ais an arbitrary constant.) One gets the equations:

x=a ¢ (q) Dsin(Ej, x=a ¢ (q) Etos(fj,
a a

z= [If(a° +@-a’)¢ (9] My

from this, which again represent a surface of revolutlmat will coincide with the
previous one foa = 1, but will represent a bent version of it for otlalues ofa. For
example, one can sét (q) = cosq, f (g) = sinq for the sphere from which one will
obtain:

X = a cosq [kin (Ej X =acosq Ebos(gj, z= .[Sﬂll—azsinzqtblq.

a

Fora = 1, these equations give a sphere of radius 1; howevearther values o4, they
will give a bending of it.

In order to avoid misunderstanding, | shall remark thas known that a closed
convex surface cannot be bent as a whole without dagagi Therefore, when one
speaks of bending them, on must then think of their comvitgcias having been
interrupted in a certain extent. For example, initiitgal formula herea can mean an
improper fraction, which will show that some parts bé toriginal spherical surface
overlap each other in the bent surface. In ordebtaiwthe entire bent surface, one must
then assume thah takes on only values from tos2 after bending, the remaining
spherical strips that range fropn= 2asrto p = 277 will then cover the strips of the bent
surface that are found betwepr 0 andp = 277(1 —a). As one sees, one can get that
result from the formulas themselves only when one estadithat the same valuespof
andq belong to the same points of the surface before aadth# bending.




