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On a special kind of dual relationship between figuresin space.

(By HerrnA. F. MoebiusProfessor at Leipzig.)

Translated by D. H. Delphenich

| was first induced to carry out the present geometriestigations by some results
that are concerned with statics and are very simmptBeamselves. Namely, | found that
of the two forces to which a system of forces in spaalways reducible, and which do
not lie in one and the same plane, the directionnef @f them can be taken arbitrarily,
and that furthermore when the direction of the oneefgmes through a given point, the
direction must lie in a plane that is determined by @@nt and contains it, and that
conversely, when the one direction is containedgivan plane, the other one must meet
a point that is given with the point and is attache. ton this way, every point in space
then corresponds to a certain plane relative to armysfeforces, and any plane to a
point, and any line, as the direction of one of the ferges that have the same effect as
the system, to another line, as the direction of tieroforce. There thus arise dual
relationships between all spatial elements that gendrallg the same nature as the dual
relationships between figures that have been oftetette@recent times, except that here
the restricting conditions appear that the plane tlatesponds to a point must go
through that point, and the point that corresponds t@&me must lie in it.

| have sought to treat these relationships purely ge@akyr ignoring their origins
in statics, and to communicate what | have found nowhén hope that some of the
relations that emerge from that special assumptioh noit be without interest. In
particular, the construction that is given here of petira that are likewise described in
and around each other, as well as the system of lae$ of which corresponds to itself,
and which are the axes for a system of forces fochvhne instantaneous sum of the
forces is zero, can be worthy of some notice. Ilrckemion, | will discuss the connection
that prevails between these duality relationships andstatorems.

1. Letx vy, zandX, Yy, Z be the rectangular or oblique coordinates of two pdints
andP, and let these quantities be coupled to each other by a siqghtion:

V=0.
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If one gives the coordinatesy, zor X, Yy, Z definite values theN = 0 will become an
equation between just three indeterminates, namely;, Z orx, y, z The two points
will then be dependent upon each other in such a wayfiet the position d? or P' is
well-defined, the othe® or P will lie in a plane that is given by that.

2. One will now find that the surface in whiéh lies for a given position oP is
always a plane, in which can also be chosen. To that evichust be of the form:

Lx +My +MZ =0,

whereL, M, N are arbitrary functions of y, z, and the nature of these functions dictates
the nature of the surface in which the pdins found for an arbitrarily-given position of
P'. Therefore, should the latter surface always béaaepL, M, N, O must be linear
functions ofx, y, z, and thus the equatidh= 0 must have the form:

(A) @x+by+cz+d)x + @x+by+cy+d)y
+ (a"X + b"y + C"Z+ d") Z + a"lx+ b"ly + C"IZ+ d"l = 0.

If the constants, b, c, d, &, ..., d" are assumed to be given then any p&intill
correspond to a plan®, as the geometric locus of the poiRtsand every’, to a plane
p, as the locus oP. Furthermore, if a linear equation betwegny', Z is given as the
equation of the plang, and one sets the coefficients of that equation prapaitio the
coefficients of the same equation iA) (then one will obtain three linear equations
betweerx, y, zfrom which the latter coordinates, and thus the pgiman be determined.
Hence, conversely, every poiat in any pland® will belong to one and the same point
P, just as every poir in a plang will belong to one and the same poiit

One thus has two systems of points and planes — #hewdiose coordinate will be
denoted byx, y, z, and which will be calleds while the other on& will have the
coordinates(, y', Z — and these two systems have a reciprocal relationsi@pdio other
such that every poir® and every plang of the one will correspond to a plapeand a
point P’ of the other, respectively.

For the sake of brevity, we would like to call the jglahat corresponds to a point the
opposite planef the point and the point that corresponds to a plamepposite poinof
the plane.

3. Therefore, the relationship always exists betweenra pad its opposite plane or
a plane and its opposite point that the coordinatesabfoint and the coordinates of any
point in the plane must satisfy equatigX).( Conversely: If one has two points whose
coordinates satisfy the equation then each of themliwilh the opposite plane of the
other.

As a result, ifP is a point in the opposite planeRbthen the coordinates &andP’
will fulfill equation (A), andP' will also be a point in the opposite planeRof In other
words:
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If one has a plane p and a point P that lies in it then the opposite pouhttire
former will also lie in the opposite plané @f the latter.

Thus, if four or more points lie in a plane then theasite planes of the points must
contain the opposite point of the plane, and thus intetlat point together. Conversely:
If four or more planes intersect as a point then fhy@site points of the planes must lie
in a plane, namely, the opposite plane of the point.

We further conclude: If several poiRt S T, ... are common to two plan@sq then
the opposite plane of each point must contain the ajgppsintP' of the plane, as well
as the opposite poi’ to the planey, and therefore the line'Q’; i.e., if three or more
points lie in a line then the opposite planes of thaetpaill intersect in a line, in any
case. The converse theorem is proved in a similar maayggely, that when three or more
planes intersect in a line, the opposite points ailthe same time, be contained in a line.

Therefore, just as any point has its opposite plang,asmy plane has its opposite
point, every straight line will also correspond toogposite ling such that every opposite
plane to a point that is chosen in the one line eatfitain the other line, an every opposite
point to any plane that goes through the one line wifbbed on the other one.

4. Without stopping to pursue the further development ofragprocal relationship,
which has already been treated many times before, wedwwmwl like to assume the
special relationship between the two systems #wary point Pin the system ‘Ss
contained its opposite plane p in the systermoSequationA), since one can regard it as
the equation of the plame will also be true when one sets X, y=y,z=27Z. However,
this will give:

ax?+by?+c'zZ?+ (0" +c)yZ+(c+a)zZX +@ +b) Xy + (d+a") x
+ (dl + bl") y + (d" + CI") Z + dl" = 0’

and since this equation should be valid for any arbitrbojyce of pointP’ or (X, Yy, Z),
one must have:
a=0, bb=0, ¢"=0, ¢=-Db", a"=-c¢, b=-4a,
an - — d’ bnr - — dr’ Cnr - — dn, dnr — 0
With that, equationA) will consolidate to:
(—ay+cz+d)x + @x-b'z+d)y + (-cx+b'y+d") Z —dx-dy-d'z=0,

or, if, for the sake of greater simplicity, we wrégb, c, f, g, h, instead ob", c, &, d, d',
d", from now on:

(B) (bz-cy+f)x + (cx—aztqg)y + (ay —bx+h)Z -fx —gy — hz= 0.

Since, as one easily confirms, this equation remainhanged wherx, y, z are
permuted withx', y', Z, not only does every poift of the systen®’lie in its opposite
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planep in the systeng, but also every poir of the latter system will lie in its opposite
planep’ in the former, moreover. On the same basis, weshad light on the fact that
the opposite planes of two coincident poiRteand P’ of the one system and the other
must also coincide, while previously the poipt q, r) took on an opposite plane whose
equation was:

(ax+by+..)p+@x+by+..)qg+..=0,

when it was considered to belong to the sys&mand the same point, when considered
to be a point in the syste®) corresponded to an opposite plane whose equation was:

(ax +ay +..)p+MbX+by +..)q+...=0.

Thus, all points and planes in space are put into a o@aprelationship such that a
point and a plane are associated, and the former itined in the latter. Any
differences between the two systei@sand S’ are to be regarded as having been
eliminated completely now.

5. Nevertheless, the theorems that were found by theaerensiderations in n@
will also remain valid now. Therefore,pfis a plane, an is any point in it then the
opposite poinP' of p will also be contained in the opposite plap®f Q. SinceP’ now
lies inp, andQ now lies ing’, P" andQ will lie in the mutual intersection gf andq’, and
we can also state the theorem in the following form:

. If the opposite point of one of two intersecting planes lies along lineirof
intersection then the opposite point of the other plane will also be ceatan
it, and if the opposite plane of one of two points meets that of the puihrer
then the opposite plane of the latter will also contain the former point.

Just as before, it will follow further from this that:

I[I.  The opposite planes of several points that lie in a plane will intensecpoint
that lies in the former plane and is its opposite point.

[I1. The opposite points of several planes that intersect at a point lie sna fhat
contains the former point and is its opposite plane.

V. All straight lines in space can be grouped pair-wise as lines and opfliosite
and each of these pairs possesses the property that the opposite planes of all
points that are taken from one line will contain the other line, sucheteaty
point of the one line will have the plane that goes through it and the atleer |
for its opposite plane, and such that conversely, the opposite point of every
plane that goes through the one line will be the intersection of the pléméhei
other line.
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V. Aline that is drawn through two points then has the intersection of the tpposi
planes of the points for its opposite line, and the line that connectppusite
points of two intersecting planes will be the opposite line to that dine
intersection.

An immediate consequence of these properties of oppin&teis then:

V1. The opposite lines of several lines that lie in a plane intersegtpioint of that
plane — namely, at the opposite point to the latteand the opposite lines to
several lines that meet at a point will be contained in a plane that gomsgh
the point, namely, the opposite plane to the point.

6. In order to make these theorems clearer by an examplevould like to seek to
determine the opposite points of the three coordinateglane

The equation for thgzplane in terms oX, y', Z is X = 0, which might also be true
for y andZ. Therefore, the coefficients gf andZ in (B) must be zero, along with the
sum of the terms that are not endowed witly', Z; hence:

cx—az+g =0,
ay — bx+h =0,
fx + gy + hz=0.

If one multiplies these three equationshyy- g, a, respectively, and adds them then
that will give @f + bg +ch) x = 0, so:

x=0, and thereforey:—h,z:g.
a a

These are then the three coordinates of the oppositegdheyzplane. We would like
to call it A; sincex = 0, it will lie in the plane itself, as would be prope
One gets the coordinates of the opposite @iatthezx-plane in the same way:

, y:i, z=0,
C

so B is contained in thexplane, andC is contained in they-plane. All three points,
however, lie in the plane that has the equation:

fx+gy+hz=0.
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From I, that plane will be the opposite plane of gment at which the three coordinate
planes intersect, which will then be the coordinaigio M. In fact, equationg) will
also reduce tt&x +gy+hz=0forx =0,y =0,Z = 0.

Finally, the lineBC, CA, AB will be the opposite lines of they, z axes, resp.

7. The few results that we have obtained up to now sufticenable us to construct a
system of corresponding points and plane in the statgdwttaout the aid of calculation.
Namely, since the angles that coordinate planes make e&ith other is completely
arbitrary, one can draw three plangsg, y at will through a poinM (see Fig. 1) for
coordinate planes. One takes two pohtsndB in a and fto be the opposite points of
these planes arbitrarily. The ratiosa, g : a are determined by the positionAfand the
ratiosh : b, f : b are determined by the positionBfso the ratios betwedng, h, a, b are
determined by the two points.

By

Figure 1.

One lays a new planethroughA, B, M; it is the opposite plane & and contains the
opposite point to the planein its intersection with that plane. One theresmk poinC
arbitrarily from that intersection gf and y'to be the opposite point o The ratio ot to
f or g is then given by it, and since the ratios of alnstants that enter into equation
(B) are then determined, it must also be possibleferto determine the opposite plahe
to any other poinD and the opposite poiill to any plane.

8. a. First of all, a given poinD, whose opposite plane we desire to seek liesen th
intersection of the planggand y— or inBy; if we express the intersection of two planes
by the juxtaposition of the symbols that denoteplames. Since the opposite points of
LandyareB andC, resp., fromV, BC will be the opposite line gfy; and as a result of
1V, BCD will be opposite plane dd. In the same way;AD or ABD will be the opposite
plane ofD whenD is found inya or af.
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b. One similarly illuminates the fact that when thenp® lies along one of three
linesBC, CA, AB, its opposite plane must be laid through it @pdya, ap, resp.

c. Now, let the poinD be taken arbitrarily. One lays the plamSD, CAD, ABD,
which intersect the linegy, ya, ap, resp., alx', B, C', resp., through it and through the
three lineBC, CA, AB, so those points will be the opposite points of tined planes that
intersect aD (1V), and as a resultl|), A', B', C', along withD, will be in a plane that is
the opposite plane 0, therefore the desired

SinceD itself lies in 4, two of the three pointd’, B', C' will already suffice for the
determination ofd. The fact that the third point is also containeddifeads us to a
remarkable property of our figure. It relates to twoatetdraA'B'C'M andABCD, if we
consider them somewhat more carefully. The formé&ounded by the four facesg, y,

o, and circumscribes the other one, sioc@, y; J, resp., contain the poinés B, C, D as
their opposite points, resp. However, it is, at thmeséime, also inscribed in the other
one, sincéA’, B', C', M are the opposite points of the fa&SD, CAD, ABD, ABC of the
other one. Therefore, we have two tetrahedra, e&chhah is, at the same time,
circumscribed by and inscribed in the other one, and wenoanput the previously-
imagined property into words of the following form:

If the four vertices A, B, C, M of one of two tetrahed®& @M and ABCD lie in
the four faces BCD, CDA, DAB, ABC of the other one and threee®#@, B, C
of the other one lie in the faces®V, CMA', MA'B' of the former then the fourth
vertex D of the other one will also lie in the fourth fat®' & of the first one, and
the one tetrahedron is, at the same time, circumscribed by andbieddn the
other one.

d. The opposite plane @ can also be found when one lays three pl&8s D ),
Dag throughD and the linegy; ya, ap. If these lineBC, CA, AB intersect inA", B,
C", resp., thenl{) they will be the opposite points to the three plaaed,the plane that
is laid throughA”, B”, C", D will likewise be the opposite plane Df(I11).

Meanwhile, one remarks that since the three planeg, y have the pointM in
common, and since the three pla®8y, Dya, Daf then intersect in the linBM, the
opposite pointg\’, B”, C" of the latter planes will then lie simultaneouslyrga line,
namely, the opposite line @M. Thus, the opposite plane Dfwill be determined by not
just these three points, but also by any two of themadl and the poinD itself.
Moreover, since a point can have only one opposite plnd", C' must be contained
in a plane withA', B', C', and since the former three points lie along the IBEsCA,
AB, resp., they will be nothing but the intersection & lides of the trianglaBC with
the planeA’'B'C’, from which, it will, in turn, emerge th&t’, B", C" lie on a line, namely,
the mutual intersection of the plan®BCandA'B'C'.

9. We now go on to the inverse problem, which is solvednirentirely analogous
way: Find the opposite poillt to a given pané.
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a. If the planedis drawn through one of the six lInBE, CA, AB, Sy, ya, afthen its
opposite point will lie where it is cut iy, ya, aB, BC, CA, AB, Sy resp.

b. If the planed has any position then the lingg ya, af will intersect at the points
A, B, C. ABC, B'CA CAB will be the opposite planes of these three pointslitan
o, and their mutual point of intersection will then likewilie ind (11), andD will be the
opposite point oBthat we seek.

Sinced and the three plangs$BC, ... intersect irD, two of these planes, along with
o, will already suffice in order to fin®. One easily verifies that this construction also
leads to the theorem above on the circumscribed aodhbed tetrahedra.

c. A process for finding the opposite point to an arbitiaigne s consists in the
following: Let dcut the linedBC, CA, AB in the pointsA”, B", C", resp. If one lays the
planesA"BG, B"GA, C"AB throughBy; ya, af then they will be the opposite planeAjf
B", C", and will therefore intersect in a straight lineycg A", B", C" lie along a line in
the intersection od with ABC. Any of these two lines will then be the opposite lifie
the other one, and since the latter line lies in thaepda the intersection of the former
line with d must be the opposite point af

10. | have already shown that, and how, one can constreetond tetrahedron to a
given one that will be simultaneously inscribed in andueirscribed by the first one in a
small paper that is found in Band Il of this Journal, p2¢&, et seq. However, with the
help of the theory that was just developed, one easég siow this construction can be
generalized, and how:

It is possible to construct a second polyhedron from a given one thatdtassju
many vertices and faces as the first one and whose verticesthie faces of the
first one, but whose faces contain the vertices of the first one.

In order to solve this problem, I8tbe a vertex of the given polyhedron, anddep,
¥, ... be the faces o, in the order in which they meet each other, such ahbas a
common edge witl, 5 has a common edge withetc. One seeks the opposite points to
a, B, v ... (which will be calledA, B, C, ..., resp.), and thus to construct the polygon
ABC ... It will be planar, and contain the pofatin its plane, sincer, 5, y; ... come
together at the poind. In the same way, one constructs another polygom fevery
other vertex of the polygon. Now, every two polygon simultaneously belong to the
sides of all these polygons: The si@iB of the polygomABC, ... at§ e.g., will also be a
side of the polygon at the vert&when the other endpoint of the edge of the polyhedron
in which the facesr and 8 meet each other, and which I#&for one endpoint, i3. All
of the polygonal faces thus obtained will then be catketo a new polyhedron as faces,
and that second polyhedron will be said to be simultangoinsicribed in and
circumscribed by the first one. It is inscribed by ihce its verticed\, B, ... lie in the
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facesa, b, ... of the first one; it is circumscribed by it, sinte facesABC ..., etc.
encounter the vertic&s etc., of the first one.

Above all, one sees that a reciprocal relationsRipt® between the two polyhedra
such that the vertices, edges, and faces of the orteeaopposite points, opposite lines,
and opposite planes of the faces, edges, and vertities ofher one, resp. A tetrahedron
will, in turn, correspond to another tetrahedron underredetionship, a hexahedron, to
an octahedron, a dodecahedron to an icosahedron, andrsEipven octahedron to
hexahedron, etc.

11. For the further pursuit of our investigations into peccal relationships, we
would now like to seek to determine the opposite pointftaue that is parallel to thye
plane. The equation of such a plane in the coordixatgs Z is X' = a constant length
which might also be true fof andz. The coefficients of' andzZ must then be zero in
(B); thus:

cx—az+g=0, ay — bx+ h=0,
and in addition:
| (bz —cy+f) —fx—gy — hz=0.

The coordinates of the desired opposite point can berndeed from these three
equations; they are then the equations of three plamessect at the opposite point.
Since only the third equation contains the distdrfcem the given plane to the-plane,
the opposite point of any other plane that is paralléhéyzplane will also belong to the
first two equations. The opposite points of all plathes are parallel to thgz=plane thus
lie along a straight line whose equations are:

cx—ax+g=0 and ay-bxt+h=0.

However, the latter line runs parallel to the previous simee each of the two is parallel
to the line that goes through the origin of the coordinateshas the equations:

cx —az= 0,ay — bx=0, sobz — cy= 0, as well,
or — what amounts to the same thing — the proportions:
x:y:z=a:b:c
Now, since the choice of coordinates is entirely openconclude:

VII. The opposite point of three or more mutually parallel planes lies oramlst
line, and the straight lines in which the opposite points of two, and tneref
also more, systems of parallel planes lie are all parallel to eaoérot

Thus, e.qg., the line that connects the planes thgpamadlel to thexy-plane must be

likewise parallel to the former parallel lines, which edso be recognized by calculations
that are similar to the previous ones. Namely, thetemsaof those lines will be:



Moebius — On a special kind of dual relationship betwapnds in space. 10

bz—-cy+f=0 and cx—az+g=0.

The direction that all of these parallel lines possgeshen the only one of its kind for
any system of planes and points that one has endowedheiprevious relationship. For
that reason, we would like to call it tpencipal directionof the system. In equatioB)
it is given by the ratios of the coefficienss b, ¢, which are coefficients that will be
proportional to the cosines of the angles betweerptimeipal direction and thg, y, z
axes when the coordinate system is a rectangular one.

12. If we assume that this principal direction is patatiehez-axis thera andb will
be zero, and equatioB) will take on the simpler form:

(f—cyx +@+cxy +hzZz —fx—gy—hz=0.

The equations of the line that goes through the opposité pbthe planes that are
parallel to thexy-plane will then be:

f—cy=0 and g+cx=0.

If we now take this line that is parallel to thexis to be the-axis itself, thera andb, as
well asf andg will be equal to zero, and equatioB) (will then take on the following,
simplest-possible, form:

© xy —yX=k(z -2,

wherek is set to -h/ ¢, instead of the previous value.

For a plane that is parallel to tkee plane whose equationzs= n, one will then have
xy —yX =k(n- 2, and as a resuk,= 0,y=0,z=n, i.e., the opposite point of the plane
is, as it should be, its intersection with thaxis. However, if the plane whose opposite
point is to be determined is parallel to §fxplane, and therefore its equation willXe=
[, then one will havay — | y=k(Z — 2, or — what amounts to the same thing:

Xy-Ky o100, so  X=0,X-01-kZ% =0,
yo oy y y Y y

i.e., ultimately,y andz must be large and behave with respect to each otleces td.
The opposite point of the plane will then lie in it afinity along a direction that is
determined by the ratib: |. If the given plane is thgzplane itself — sd = 0 — then one
merely has to takg to be infinitely large, and as a result, the oppgsdent will lie at
infinity in the direction of the/-axis. The latter result will also follow from thact that
the opposite point of they-plane lies at the origin of the coordinates alongytheis, in
which theyz andxy-planes intersect. In the same way, one findstti@bpposite point
of thezxplane is at infinity along the-axis.

Now, since only thez-axis has a well-defined direction in the present cooreinat
system, the directions of the other two axes can,elew be arbitrary, and it then
follows that:
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VIII.Each of the planes that is parallel to the principal direction has an opposite
point at infinity, and conversely, the opposite plane of a point at tyfigi
parallel to the principal direction.

If one then takesg, y, z to be infinitely large and have given ratiasb : ¢ then
equation C) will becomeay — bx+ kc = 0, and will belong to one of the planes that are
parallel to thez-axis.

We now direct our attention to a plane that is par#dl thex-axis, and therefore has
the equatiorz =ay + b. If we substitute that value dfinto (C) then we will get:

xy —yx=k(ay +b-2,

and thux=ak, y=0,z=Db, as the coordinates of the opposite point of the pl&iecey

= 0, this point will always lie in thexplane (which might also be laid in plane that is
parallel to thex-axis). Due to the indeterminacy of tkexis, we draw the conclusion
from this that:

IX. The opposite points of two or more planes that are parallel to one and tlee sam
line will lie in one and the same plane that is parallel to theses lar@d the
principal direction of the system.

13. The theorem¥Il, VIII, andlX, which were obtained by analysis, can also be
derived from the earlier theorems..., IV by simple geometric considerations.

a. Since, fromlI, the opposite point to several planes that intefigegtpoint lies in
a plane along with that point of intersection, arat ghoint of intersection is the opposite
point of the latter plane, and since several planesitbersect in parallel can also be
regarded as ones that intersect at a point at infithigy,opposite point to several planes
that intersect in parallels must be contained in aepkhat is likewise parallel to the
parallel lines of intersection, and whose oppositetd@a at infinity in the direction that
is determined by the parallels.

b. Since, furthermore, the opposite points to planesithatsect in one and the same
line likewise lie on a linel{), when the first line lies at infinity, and therefdahe planes
are parallel to each other, their opposite points mastle along a line.

c. One now imagines two systems of planes; let tlamgd of either system be
parallel to each other, but not with those of the oflystem. Call the line in which the
opposite points of the one systemdiand the line for opposite points of the other system
b. Now, since two planes from one and the other sysismintersect in parallel lines,
from (a), the opposite point of all planesand thus the two linesandb, as well- must
lie in a plane, and as a result, must intersect or kal@ato each other. However, as
andb intersect in a poinA then it would be the common opposite point to two plarfes
one and the other system. Thus, these two interggaaimes would also be the opposite
planes of one and the same pdiniwhich is not possible. Therefoi@eandb are parallel
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to each other, and it also follows that every other that contains the opposite points of
any parallel planes of a third system will be paratidhem, as well.

d. Conversely: The opposite planegsand 5 of two pointsA andB that lie along a
parallel to the principal direction are parallel tateather. If this were not the case then
one could lay a plang’that is parallel taxr throughB. The opposite point gf”would
then be the point at whicf” is met by a parallel to the principal direction that goe
through A, and as a resulB itself. ThereforeB would have two different opposite
planesf andf’, which is not possible.

e. Any planey that is parallel to the principal direction has an gopoint at
infinity. Then, letA andB be two points ing that lie in a line that is parallel to the
principal direction. The opposite plameand S to A andB, are, as a result, parallel to
each other, and therefore the lireandb in which yis intersected byr and S are also
two parallel lines. Now, frorh, the opposite point gfmust lie along, as well as along
b, and therefore at infinity along a direction that ised@ined by those parallels.

One can then remark that all planes whose oppositesplientn a planey that is
parallel to the principal direction intersect that plam parallel lines; each of these planes
must go through the opposite pointypfvhich lies at infinity.

f. If the direction along which a point at infinity liesgiven, and should its opposite
plane be found then one would draw three plane®, y parallel to that direction,
determine their opposite poings B, C, and ABC would then be the desired opposite
plane. If one takes, as is therefore possislandSto be parallel to each other thaB
will be parallel to the principal direction, anfBC will therefore be a plane that is
parallel to the principal direction. Just as any pléma is parallel to the principal
direction will then have an opposite point at infinipgnversely, so will the opposite
plane of a point at infinity be parallel to the prirediglirection.

We add that:

X. The opposite plane to a point U that lies at infinity along the principattoe
is likewise at infinity, but it does not have a well-defined positemg
conversely, the opposite point to any plane u at infinity lies at ipfahitng the
principal direction.

The first part of this theorem sheds light upon thetfaet whena is any plane that is
not parallel to the principal direction, aidis its opposite point, the linAU can be
considered to be parallel to the principal direction, and eesult, the plane that is drawn
througha parallel toU will be the opposite plane of In order to convince oneself of
the validity of the converse theorem, one remarkswi@na is a plane that is parallel to
u, but not the plane at infinity, arlis its opposite point, the opposite point to the plane
u must be its intersection with a line that is drawmtghA and parallel to the principal
direction.
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14. Since the principal direction is the only one ofkiisd, and therefore a certain
symmetry in the positions of the planes and their app@®ints can arise in relation to
it, but the symmetric properties of a figure can be d@ezlomost conveniently by
applying a rectangular coordinate system, we would nowdikkake any plane that meets
the principal plane at a right angle to be xplane, and, as before, choose #ais to
be the parallel to the principal direction that mebésxy-plane at its opposite point. The
equation in the coordinate§ y', Z for the plang' that has the poink(y, 2) or P for its
opposite point will then be the equatid®) ¢that was already obtained in .

Now, if the pointP lies in thexy-plane to begin with, then= 0, and the equation for
p' will then become:

Xy —yX =k Z.

It will, as is proper, be fulfilled by =%,y =y,Z =0, and fox =0,y =0,Z =0; i.e.,
the plangy’ will go through its opposite poift and through the origin of the coordinates,
and the latter will follow from the fact th& lies in thexy-plane and has the poilt for
its opposite point. (Cfl) Since the opposite plane to every pdrthat is contained in
the xy-plane must be drawn through the IiINP that links it toM, if one wishes to
determine that opposite plane completely then oneneéd to know only the angle that
it makes with they-plane.

For that reason, one setsr cosg, y=r sing, X =r' cos¢’,y =r' sing’, wherer is
then the distance of the poiatfrom M, ¢ is the angle tha¥iP makes with the-axis, and
r', ¢’ denote the same things for the projection of any poithenplanep’ onto thexy-
plane. The equation will then be:

!

. r z
rr' sin (¢'— @) =kz, and as a result, -

Now, r' sin (@’ ¢) is nothing but the perpendicular that is droppethe xy-plane
from the projectionX, y') of a point &, y, Z) in the plang onto the lineMP or the

. . . z
intersection op’ with thexy-plane, and therefore—————— equals the tangent of the

r'sin(g' —¢)

angle thatp’ makes with thexy-plane. From a previous equation, that tangent is,
however, equal to / k, and thus the necessary angle that we have yataw will be
determined as simply as possible.

If we then call the presemtaxis, or the line that can be drawn through theosjie
points of the planes that meet the principal diogcat right angles, therincipal line of
the system and ponder the fact that any planeighatrmal to it can be taken to be the
xy-plane, then we can put the result that was oldaime words in the following way:

Xl. The opposite plane of a point contains the perpmidr that is dropped from
that point to the principal line, and makes an anglith the principal line
whose cotangent is proportional to the perpendicula

All points that lie at the same distance from guencipal line will then lie on the
surface of a cylinder that is described with thegpal line as itsaxis so their opposite
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planes will make equal angles with the principal linengldhe same side. Of the
opposite planes to points at unequal distances fromprtheipal line, the closest one will
make the largest angle, and when the distance ineréasa zero to infinity, the angle
will decrease from a right angle to zero. (GAI)

Theorem Xl next teaches us how the opposite plane to a given pamtbe
determined with the help of a principal line. Conversshguld the opposite plane to a
given planep be found, one would then lay a plane through the poimteisection op
with the principal line that is perpendicular to thedat The opposite point o would
then lie along the line of intersection of that planthyw and be at a distance from the
principal line in it that is proportional to the cotangeftthe angle betweep and the
principal line.

15. It still remains for us to consider the dual relasinps that prevail between lines
and their opposite lines more closely. In BpVI, we saw that the opposite lines to
several lines in a plane all intersect at the opppsitet of the plane. Now, let b, c, ...
be several lines that are parallel to just one anddhee plane. One lays the plameg,
¥ ..., which are parallel to that plane, throwglo, c, ..., resp., and let&, B, C, ..., resp.
be their opposite points. Now, since the opposite liaes b, c, ... go throughA, B, C,

..., resp. [V), andA, B, C, ... will lie in lines that are parallel to the princightection
(VII), we conclude that:

XII. If several lines are parallel to one and the same plane then their opposs
will meet one and the same line. That line will be parallel topttecipal
direction, and will meet the plane of its opposite points.

If & is the opposite line cd, and one lays a plane througland a poinfA at infinity
in & (so it is a plane that is parallel &) then that plane will be the opposite planéto
(1) and will be parallel to the principal directiovil{1); as a result:

XI11.Every plane that is simultaneously parallel to a line and its oppositediakso
parallel to the principal direction.

X1V.The opposite line to any line that is parallel to the principal directiea at
infinity.

Every plane that goes through such a line will haveppwosite point at infinity.

16. Those lines that are identical with their oppositedi merit special attention.
The opposite line to a given lireawill be found byV when one determines the opposite
pointsA andB to two planesr and g, resp., that go through the lineAB will then be
the desired opposite line. If one now assumes thabppesite pointA of one of two
planesa lies ina itself then, froml, the opposite poinB of S — as well as the opposite
point of any other planes that goes throaghwill also lie ina. With that, the linea will
then coincide with its opposite line.
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A line that coincides with its opposite line is calledaaible line. We can present the
following theorems about them by meand di, andlI:

XV. The opposite point to any plane that goes through a double line lies along the
double line, and a double line is contained in the opposite plane of every point
that lies along it.

XVI. Every line that is drawn in a plane through its opposite point, andydire
that goes through a point and simultaneously contains the opposite plane of the
point is a double line.

XVII. If two double lines lie in a plane then their mutual intersection (wbéhalso
be at infinity) will be the opposite point of the plane.

FromXV, this opposite point must lie along the one double lineyedsas the other
one. It follows further from this that:

XVIII. All double lines that lie in a plane intersect in a point, and con\ersdl
double lines that go through a point are contained in a plane

since, otherwise, due XVII, it would have one more point than an opposite plane.

17. The system of double lines thus fills up all of spadecountably many double
lines then intersect at any point in space, although wikall lie in a plane, and there
will be uncountably many double lines in any plane, whidh however, all meet at a
point.

If a line is given by its equations, and one desires tavkwhether it belongs to the
system of double lines then one must examine whethecdbedinates of two of its
points will satisfy equationQ@) when they are substituted fary, zandx, y, Z init. In
that equation,X, vy, Z) will then be a point of the plane that hagsy 2) for its opposite
point, but the line that connects two such points wilalsouble lineXVI). Therefore,
let:

(@

+

=1, 0)

@ | x
oIN
Tl<
+
olN
0
H

be the two equations of a line. A point that lies da {a, b, 0). If one then seté =a,y
=b,Z =0in () then one will get:
(© ay — bx=kz

for the equation of the opposite plane of the paanto( 0), and a line must lie in this
plane if it is to be a double line. Equatia) &nd one of the twaaj and p) are therefore
the two general equations of a double line. One can algoge the equation:

ok
O_lp
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ab’
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which emerges by eliminating y, z from (@), (b), (c), as the condition under which the
line that is expressed bg)(and p) will be a double line.

If one assumes that the two pointsy, 2) and &', y', Z) in (C) are infinitely close to
each other, so one sets= x + dx, etc., then) will go to:

(D) xdy —ydxkdz

This is then the general differential equation of a telihe, and in fact, one will
come back to this differential equation when one dfiéates ) or (o), and €), and
then eliminates the arbitrary constaat®, c.

18. Leta be a line that has a distinct linefor its opposite line, and I&, A" be two
arbitrarily-chosen points i, a. A will then be the opposite plane 8& (1V) and
thereforeAA will be a double lineXVl); i.e.:

XIX.Any line that simultaneously cuts a simple line and its oppositesliaedouble
line.

Furthermore, ifl is a double line ané is a simple line that is cut bythen the
opposite point to the plara will be contained il (XV) since that plane goes throuigh
Likewise, however, the opposite point of the pldeeas one that is drawn through
must lie in the opposite line ®(1V); as a result, must cut this opposite line; i.e.:

XX. A double line that cuts a simple line also meets the opposite lithe agimple
one.

A remarkable third theorem can be derived from this thmepie conjunction with the
foregoing one. Namely, d, b are two simple lines', b’ are their opposite lines, ahds
a line that cuts, b, & at the same time then due to the fact thahda’ encounter each
other,| will be a double line, and as such, since it mbgitsmust also cub’; thus:

XXI.1f one has two lines and their opposite lines then any line that encoumtees t
of these four lines will also meet the fourth one. Four such linastlen
always be regarded as just as many different positions of a line thatages a
hyperbolic hyperboloid.

Connection between thereciprocal relationshipsthat were explained up to now
and sometheoremsin statics.

19. Asin no.7, let a, S5, y(Fig. 1) be three planes that intersecMatlet A, B two
arbitrarily points ina, £, resp., and le€ be an arbitrary point in the line of intersection of
the planegrandMAB. One can let two forces act in the directiodandAB, which one
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denotes by ¢/ and [AB]. One decomposes the foraginto two other onesNIA] and
[a)} along the directioiMA and ay, which is always possible, since the latter directions
and ag lie in a plane and intersect at a pdiht Moreover, one can also understand the
force [MA] to mean one that is negative or directed aldiy and the same thing will
also be true for the remaining forces that are denotdteisame way.

Thus, the initial two forcesgls] and [AB] have now been converted into three|
[MA], [AB]. The last two of these have a resultant thasgbmughA and is contained in
the planeMAB. However, which of all the lines that go througland lie inMAB is the
direction of that resultant will depend upon the ratidhe intensities of the initial two
forces pf and [AB]. We would therefore like to assume that this ratas lbeen
determined in such a way th&€ itself is the direction of the resultant, and weé¢hen
reduced the initial forcesafs] and [AB] to [a)t and [AC], which gives us the following
two theorems:

a) If one has two forces whose directioag, AB do not lie in a plane and a
direction aythat lies in a planer with oneaf of the first two, and therefore has
a point M in common witlrg, then it will always be possible to convert the two
forces into two other forces that have the same effect as them, antlwhieh
has the directiomry. The direction of the other one will then go through the
point A in which the plane is met by the direction AB, and will be contained in
the plane that is drawn through M and AB.

b) If A, B, C the opposite points of the plames, y; resp., and therefore AB is the
opposite line ofaf, and AC is the opposite line afy; then it will always be
possible to let two forces act along the directmfiand AB that are related to
each other in such a way that they can be converted into two other ones along
the directionayand AC.

Now, if the forces §f] and [AB] are related to each other in that way then onefuadiner
show that, above all:

c) If one of any two forces R and fRat have the same effect as the latter lie in a
given planedthen the other one will meet the opposite point of that plane.

Let C' andB' be two arbitrary points i@f and aythen. Froma), [ab] and [AB] can
then be converted into two other foré@sandQ’, and we would like to assume that when
one of thenQ has the directio@'B', and therefore cutgf atC', the other on€' will lie
in the planeC’'AB, and thus, in the opposite planeGo However, sincedf] and |AB]
have the same effect ag)f and |AC], andayis cut byC'B" atB', Q" will be, on the same
basis, contained in the plaBeAC or the opposite plane &. Therefore, the forc®’
will have the intersection of the plan€sAB andB'AC for its direction; i.e., the opposite
line of the lineC'B' or the direction of).

Now, let one (sayR) of two forcesR andR', which should have the same effect as
[af] and |[AB], and as a resul andQ', as well, be contained in an arbitrarily-given
plane. That plane cuts the lingg and ayat C' andB', resp., and thuR will meet the
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directionC'B’' of Q. Froma), the direction oR will then go through the point at which
the planed, which contains botR andQ, is cut byQ'. However, sinc€)' is the opposite

line to Q, this point will be the opposite point of the pladewhich was to be proved.
We draw the following conclusions from this:

d) The direction of one of the two forces R aridwvihich should have the same
effect ad af and[AB] (or P and P, as[af] and[AB] might be called, from now
on), can be chosen arbitrarily, in general.

e) One of the directions of two forces R aridiat have the same effect as P and
P" will be the opposite line of the other one.

Let D andE be given, so, froms), the forceR must go througlD, as well ak; however,
DE is the opposite line tB. This sheds light on the facts that:

f)  Conversely, when' @ the opposite line of a, two forces that lie in the directions
a and a can always be given that have the same effect as P'and P

g) Finally, just as when R lies in a given planénfeets the opposite point of that
plane, it is also true that conversely, when R goes through a given[pokht
will be contained in the opposite plane of that point.

Then, sinceR' is the opposite line dR, the plane that goes throuBhandR' will be
the opposite plane @.

20. These theorems now sufficiently illuminate theingic connection that exists
between the dual geometric relationships that were ttdag¢éore and some entirely
elementary static theorems. One also easily graspg leonversely, that purely
geometric theory can be derived from the elementsatitst

Namely, every line corresponds to another line relaivéwo forcesP, P' whose
directions do not lie in a plane, in such a way that terces can always be given that
have their directions and the same effect. Moreaxay point corresponds to a certain
plane that contains it, and every plane correspondgtunt that lies in it, such that when
one of two forces that have the same effed® asdP' meet the point, the other one will
be contained in the plane, and conversely.

The concepts of opposite line, opposite plane, and dpposint are established with
these purely-statically provable theorems, and as weagaady in nosl3, 15, 16, and
18, the remaining properties of these dual relationshipseaterived from them without
the assistance of any new principle. In what followsme especially remarkable
relations between both kinds of relationships — wgometric and static — shall be
discussed in more detalil.
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21. The fact that only one of the directions of twocksR, R that have the same
effect asP, P’ can be chosen arbitrarily is only true in general. €rseexcludes all of
directions are parallel to the principal directiongcsinf R is parallel to it then the ford&
would lie at infinity X1V), and would therefore not be constructible.

In order to ascertain the static interpretationhaf principal direction, one considers
that, fromXI11, the two planes, one of which is parallelRpand the other of which is
parallel toR andR' (and, as a result, also to the common intersectidheotwo planes),
will be parallel to the principal direction. Theredoif the four forced®, P', R, R are
carried parallel to their directions to one and theesawint then the intersection of the
planesPP andRR will likewise be parallel to the principal directiorowever, it is then
a result of a known theorem of statics that theltast of P andP’ will be the same as
the resultant oR andR', and will therefore have the intersection of thenpePP and
TT for its direction. In the context of statics, gencipal direction will then be the one
that is parallel to the resultant of the forée@sindP' or two forces that have the same
effect as them, once these forces are carried platalkeir directions to one and the
same point.

It then follows from this, in another way, thatstimpossible to tak® to be parallel
to the principal direction. IR had that direction then onéeandR' were carried to the
same point they would fall upon the same line that wouldligh to the principal
direction, and in their original position they must #fere be either reducible to a single
force or be equal to each other, as well as paraltebaposite; i.e., they must be a force-
couple in the restricted sense. However, neither seth®o conditions is possible, since
P andP' are not supposed to lie in a plane.

22. One excludes the double lines or the lines that sinediasly intersecP andP’
or any other two forceR andR' that reduce td® andP' from the directions that two
forces that have the same effectPa$®’ can take onXIV). Thus, ifSandS’” are two
forces that have the same effecPaandP’' (and thusR andR, as well) thelR, R, and —
Swill be reducible to a single force &). However, this is obviously not possible, since
R andR, which do not lie in a plane, cBtsimultaneously.

However, double lines have another remarkable propertgticsthat consists of the
fact that the sum of the momentsfandP' relative to such a line as amxis will be
zero. s will then be a double line, will be a simple line that cuts it, amdwill be the
opposite line to the latter, so, frod¥X, r' will also be met bys. However, fromlo.f, P
andP’ can be converted into two forcRaandR' that have the same directionsrandr’,
respectively. Thus, since the directionsPoeand R will simultaneously mees, the
moment ofR with s as its axis, as well as the momenRafwill be equal to zero, so the
sum of these moments will also be equal to zero, amadrasult, the sum of the moments
of the equivalent force8 andP' will also be zero.

Therefore, amongst all of the axes that lie in a@lahe sum of the moments will be
zero for the ones that meet the opposite point opthee, and amongst all of the axes
that go through a point, the sum of the moments wall Zero for the ones that
simultaneously lie in the opposite plane of the poXi/i(l). For any other axis that
goes through the point, and I will mention this here ooihits historical interest, the sum
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of the moments will be proportional to the angle tit axis makes with the opposite
plane of the point; therefore, it will be greatesttfte axes that are normal to the opposite
plane. However, the smallest of all greatest monsemhs occurs for the axes that
coincide with the principal line of the system (14).r Bas fact, one should confer the
conclusion of Poinsot’s statics-relatdtEmoire sur la composition des momens et des
aires.

23. If two forcesP, P' that are not contained in a plane are laid througloiat
parallel to their directions, and then combined witlor@d T then a force-couple), — U
will arise from this construction that will provoke tlgame effect a$ and P' in
conjugation withT. If one now lays an arbitrary line in the planelhf- U that goes
through the poinD at which the plane is cut Blythen it will always meet the forcds
U, — U simultaneously. Therefore, the sum of the momehis O, — U relative to such
a line will be equal to zero, so the moment surR ahdP’ will also be equal to zero, and
as a result, the line will be a double line (22) and thatf@will be the opposite point of
the plane ofJ, — U. Therefore, just as the forcBsP'" might be converted into to simple
force and a couple, the former will always meet tlang of the couple at its opposite
point. The direction of the former force is alsoget to the principal direction, since
whenT, U, — U are carried to a pointy and -U are mutually eliminated, and onfywill
remain as the resultant. (Cf., rl)

One can not only shift a force-couple arbitrarily inplane without changing its
effect, but also move it to a plane that is paralethat plane. If one then shifts the
coupleU, — U from its initial plane into one that is parallelitahen the latter plane must
also be cut byl at its opposite point, in agreement with the theof®il) that the
opposite points of parallel planes lie along a line haarallel to the principal direction.

24. | fear that | would fatigue the reader by drawing hisngitte to all of the
theorems of statics that would correspond to all oféineaining theorems that were dealt
with in the first part of this paper. Thus, | shall mnt myself by pointing out Theorem
XXI, which then reads, when it is expressed staticallyvdfforces have the same effect
as two other ones, or — what amounts to the same theng, h

If four forces are in equilibrium with each other then every lim# £ncounters the
directions of three of them will also encounter the direction ofatgh one.

This also follows most simply from the theory of ments. The moment of each of
three forces with respect to an axis that meets tieetains of those forces will be equal
to zero. Now, since the four forces should be in dandlin, and thus, the sum of their
moments must be zero for any axis, the moment ofdtelf force with respect to that
axis must also be zero. However, that will not be ipessexcept when that axis
simultaneously cuts the direction of the fourth one.
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