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Summary. Using his integration of the linear-elastic Cossbuaaty [14] presented at
the Eleventh International Congress of Applied Math@&sathe author solves the stress
concentration problem for a circular cylindrical holedaa spherical cavity in a
homogeneous stress field. A reduction of the stresseotration appears in comparison
with the classical theory of elasticity.

|. Introduction

In a Cosserat continuuni][ along with the components of the stress tensortlaad
displacement vector, the components of the momesgsss and the rotation vector also
enter in; consequently, theotation vector must be introduced as kinematically
independent quantifyas in the papers of GUNTHER][and SCHAEFERY]. This fact
was also considered in a recently-appearing paper of Pdliipwen the basic equations
of linear COSSERAT bodied4]. As the authorl4] showed, all of these quantities may
be represented with the help of displacement and rotétioctions. For the case of
anisotropy, six functions appear, which leads to a charaatetifferential equation of
twelfth order. For the isotropic case, the elastotldrgroblem leads to five functions, of
which three of them fulfill a common differential eqoat of fourth order and two of
them fulfill a differential equation of second ordédnly six functions are required, as a
rule. The Ansatz admits the fulfillment of all siyter surface conditions; it includes the
two-dimensional theory of SCHAEFER)][as a special case, as well as the abbreviated
theories of GRIOLI §], TRUESDELL and TOUPINT], [10], AERO and KUSHINSKI
[8], MINDLIN and THIERSTEN [L1], [12], as well as KOITER 13], in which the
rotation vector — as in classical continuum mechanicsar be generated by the
displacement field and can fulfill only five boundary d@ions.

For elasto-kinetics, this yields an additional, veryhhigelocity of propagationlfy],
[15]. In elasto-statics, the examination of problemsstyéss concentration leads to
smaller stress magnitudes than in classical elastioégry, as the author proved in the
example of the circular-cylindrical hole and the splar@avity in a one-axis tension
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field [14]. The solutions of these two boundary-value problems lkell presented
completely in the current paper.

1. Theinitial equations.

With the use of the same tensor notation as in thee@mfentioned paperl4], the
equilibrium conditions of the COSSERAT bodies in #itisence of volume forces may be
written as follows:

", =0, ), + &7, = 0. (1)

According to the law of linear elasticity, the stressmponents™ and moment-stress
components that appear in them are coupled with the distortionpanentsv,, | +
&uy I (in this, V, is the displacement vector amg, is the kinematically independent
rotation vector) and the components of the change in auevaénsor (torsion tensor,
resp.)a,p by the tensor equations:

t =G[(1+ a)V" + (1- a) VI + 2" ), 2 g~ \7‘ }
-y = @

m* = 4GP + ba'¥ + cg“‘aﬂ‘”.

In addition to the classical elasticity consta@s(shear modulus) ant¢t (POISSON
constant), these relations also include the addititdiadensionless) matter constaats
b, c, andl (dimension of length). By substituting (2) in (1), tie vectorial principal
equations of linear elastostatics of the isotropic Ca&SEcontinuum:

1 —ajv”‘ “¥2ae" ¢y =0,
2/ A

Uiz

@+a)Av# +( —

(3
(a-128) & - (b+ )| ” +%£“‘”’ v, =0.

As the author has show], the general solution leads to eight displacemenatfoots,
resp.) functions that fulfill the partial differentequations of second order:

AD, =0, AD, =0,

Awk—lizwk:o, |f:(1+glj|2, (4)
1
+b+
AN—I%N:O, p=1tbrey,

2

In this, the functionsby and Wy are understood to be the Cartesian vector comp®nen
(Cartesian coordinateg, ); only in this way do the associated differen@gjuations
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include only one of these functions by a transformat@maourvilinear coordinates. The
Ansatz has the form:

2G V, :_Fl/]+4(1_n)q)/]+q)/11
F o=®p+ X & +17|

— 1 aln 1
2G @ = 280X +5N|ﬂ,

’
U

(5)
X =41-v) o'+ (1+£j W,
a
4 = - P+ 2(1 —1) @+ oY) + 20 g ), + WK

2 2c
nf‘/l = |2 Hno A + Ana H + = 1+ b NM/I + H N
£ Xol,” +bE™ X,|," + =1 +D) Trbrc?

For the problems treated here, the transformatmncylindrical and spherical
coordinates is required. Thus, the Cartesian ¢oates will be denoted by" = x, X* =
y, X° =z, and the curvilinear ones by=u, ¥ =v, X = w.

[11. Transition to cylindrical coordinates.
Let the cylindrical coordinates be introduced bgams of the relations (Fig. 1):
X =U CosV, y =usinv, Z=W. (6)

The non-zero tensor components and CHRISTOFFEL slgds the second kind are:

O =1, U2 = P, O = 1, M. =-u, M, =

(7)

In the equations that follow, all vector and tensmmponents with the indicesv, w are
understood to meamphysical components Indices after a comma megrartial
differentiation and no longer covariant differentiation. The iglopaum conditions are:

(GuU),u— & + Ly + UTwuw = 0,
&, v+ (G U),u+ T+ UL =0,
ua\-N,W+(0[JVu),U+TVW,V:O, .
(8)
(Muy W), u =My + Myyy, + U (Muuw+ Bw— Tw) = 0,
My, v — (rnuv U), utmy +Uu (rn/vv,w+ T — TUW) =0,
(rnjw U),u + Myw, v,+ u (mNW,W+ Tuv — Z'vu) =0.
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For theA operator, the physical components of the funct®gs¥i of the displacement
and rotation vectors, as well as the stress and mestr&ass tensors, one has:

9% 19 19 92
S S A
ou’> udu WOV 0w

®, =®dy, cosv + Dy siny, ®, = - Dy sinv+d,cosvy, Py=,,
W, =W, cosv + W, sinv, W, = - WY, sinv + W, cosy, w=Yz,

Xu :4(1_V)¢U+(1+ljww X = Xu=eeey
a

S = CDO + l (cDu + ch,v) + q)W,Wa
u

F =®o+ud,+wdy,+ 17 [wu,u+1(wu+wv,v) + Dyl
u

2GVu=-F ,+4(1-v) ®, +W¥,,

26\, == L Fy+4(1-1) b, +W,,
u

2GVy=—-F yw+4(1 -v) &, + ¥y,

ZG@=£F)(WV—XVW}+—1NU,
2l u ' ' a '’

_1 _ 1
2G Wy = E[Xw,v Xv,w}-i_ aN,u’

1 1 1
2G Wy = _[Xv,w+_(Xv_Xu,v)}+_N,w’
2 u a

0[] :_F,UU+4(1_V)¢U,U+LPU,U+2VS

G == S F, - LF,+40-v)E @, 4O ) LW, W )+ VS,
u- u u Y u
9)
1 1 1
w=—|=F,| +20-v) = (@,,-®)+®, |+=[¥ ~¥]-N,
u u u ' ' u '
Tvu = ... +LIJV’u+Nyw,
1 1
w=-—F,+t20-v) o, +=®,  |+¥ ., ~N,
u '’ ' u ' ’
1
Tw = ... +_l'Pw,v+N,u,
u

Tw=— F,vw+ 2(1 _V) [ch,u + cDu,w] + l'I'Jw,u_N,v,
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1
TUW: +LIJuyw+ _N,V1
u

2cN
G =4G P (1+b) @+ ,
M ( ) 1+b+c
1 2cN
v =AG P (L +Db) (v + @) + ,
my ( )u(cw, ah) Librc

2cN
=4G P (1 +b) ay o + ,
Mhow (1 +Db) cay 1+b+c

rT‘IJV = 4G|2[a</u +E(wu,v_wv)} ’
My :4G|2[%(%,v_wv)+bw\AU]

My :4GI2E%YV+ba) } :

v, W

My = 4Glz[a(,w+9wwv]
w ¥ W

Mw =4GI*[ &, , +bw,, |, M =4GI*[ @, +bw, |

V. Transition to spherical coordinates

Let spherical coordinates (Fig. 4) be establighethe relations:

X=UCO0SV, Yy=usinvcosw, Z=usinvsinw. (10)

The non-zero metric tensor components and CHRISERFymbols of the second type
are:

Os3 = U2 Sirf v,
rt=-u T2= N Fil=-sirfy, (11)
u
rs= 1, 5 =-sinvcosv, [ =cotv.
u

The equilibrium conditions are:

o)+ ((rsinV) 4Ty, ) - G- Gu=0,
u Y sinv '

. 1
—[(g,sinv) +1,, J+= (T M) + fw—Gycotv=0,
sinv ‘ U '

_i[aww+(rvwsinv) V]+—1(rump2) _+ Tyu— Gy cotv = 0,
sinv. " o '

(12)
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1 1 . _
G(rnjuuz)u +SI?/[( m,,sin \b,v+ m,, \,\] My —Myw + U (Rw— Tw) = 0,

1 . 1
sinv u li u— t wu— Tuw) = 0,
SinV[(rrLVSIn V),V+ ran,W]+ u( m, ) g my Muw COtV + U (T I )

1 ) 1
sinv u G u— t w— L) = 0.

It further follows that:

0> 24 10* cotvo 1 0°
SR il S
ou’ udu WOV U dv Usin?\ W

®y = @y cosv+ Py sinv cosw + P, sinv sinw,
®, =- ®, sinv + ®y coSv cosw + ®, cosv sinw,
Py =— Oy sinw + P, cosw,
Y,= WYycosv+...,¥Y,= ...,W,= ..
1
Xu :4(1—|/)CDU+(1+EJWU, Xv= ..., Xwv= ..,
1 1
S =@y u+—|20,+d, +D cotv+t—D |,
u ’ sinv
) 1 1
F =®o+ud,+I7|W +—2W +¥W +W cotv+——W 1],
Tou ’ sinv

GV, =-F,+4Q-v) D, ,+V¥,,

WGV, == 1F, +4(1-) D, + W,
u

2G Vy =- 1 Fw+td4(l-v)d,+W¥,,

usinv

ZGa‘el:i(va_-_lXVW-FCOtVXWJ-F}Nu’
2u ©oosinv a ’

ZGa’b:i(-_lXUW_uXWU_XWj-*-_lNV’
2ul sinv’ ' au -’

— N,
ausinv "

2G w,= Z—t(uxw,v+)(v—)(u,v)+
(13)
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0[] :_F’uu+4(1 _V) q)u’u+un’u+2VS

Oy _U_J;F,uu_%Fu +4(1 _V) l(q)v,v‘l'q)u)‘l'l("lJv,v‘l"'lJu)‘|'2VS
== 2 :F-z F,WW_EFU COtV (q)u+q)vC0tV+-_1q)wwj
u-sin“v u -’ sinv "
1 1
+—| W, +¥, cotv+—W | +2vS
u sinv "
TUV:—(EFVJ +2(1—v)—1(CDUV+UCDVU—CDV)+—1(WM—WV)— 1 N,
u ), u ' ' u usinv
f = o+ Wyt Ny,
usinv
Z-VW:
iij +2(1—v)(_l¢v +P, —CDWcotvj+— —1HJ —wwcotvj—N
sinv v u sinv """ u\sinv
Tw = --+£LPW,V+N,U1
u
Twu =~ 1 (—1ij +2(1_V)(ucbwu+ L CD cDWj-*-l.IJW __:LN \
sinviu ™/, u " sinv ¢ u
TUW: . +1(_1LP W_LPWJ+_]-NV’
ulsinv u
2cN
=4G P (1+h + ,
v (1+b) @ 1+b+c
2cN
_4GF——- + ,
(ay+ a) + 1+b+c
1+b 1 2cN
4GP =— +w),+w,cotv | + ,
M u (smv%W j 1+b+c

v =4G |2 I:%u +G(a}uv_

y =4GP

)]

(1
- +b ,
u(%u a)) VU}

_4GI1%]
==
_4GI12[
- u

1 a,, —w,cotv+bw
L sinv """ )

%
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My = 4GI? {l(i%w —a)wj + ba)w u}

ulsinv
mJW:4G|{ u+9(.iwuw—wwﬂ
u\sinv

V. Deformation energy and equivalent stress

Knowledge of the deformation energy is required forasgessment of material stress
in a COSSERAT body. In the cited paper of the authd], the total energy of the
linearly deformed COSSERAT body was computed as a maif the deformation
magnitudes. If the deformation quantities are expressetnms of the stresses then one
obtains from (2) in tensor notation:

N An — i _1 A __1 w _i Mt n
VHY + ¢, pre Kl+ ajt +(1 ajt ” Vg t, } (14)
4 4GI*(1-b?) m”-b 1+ b+ 3k g nf | (19)

This yields the total deformation energy, expressdadrms of the stresses:

W= %[t/w (Vi + &g W) +m* wy]

=g L) pm W BV
_SG{(H ajt tﬂﬂ+(1 ajt ty Ir Vtﬂtl, (16)
1 yo oan o C(1-b)
+—|2(1_b2)[m" m, — brd m, Tbr & rfh Lﬂ}

After subtracting the pure volume change en T 1_(124\r/v)t 't # | this expression goes to

Aty

the form change energyf the COSSERAT body; if it were identified with the
corresponding amount of energy for a one-axis ketsad equivalent stresg’) then it
would follow that:

o_ 3.1 1 2
o= Z{(1+£jt”"tw +(1—Ejt”“tm —gt;t; +

1 i pedn o C(1—D)
L g 0

For the problems that are treated here, only thsipal components with the indices
and w will enter into the highly stressed places, suiéat tequivalent stress has the
following form:
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) 2 2,3 3
o°= |o’-00,+0+=(r, +T )+— (T, —T
\/v Vo w w 4( vw W\) 4a( vw W‘)

> _ 3 2
+m[mﬂ, M, My, Myt 4( Mt My (18)

3(1+b 1+b
#3D) - m)7

4(1-b) 2(1+ b+ 3:)( M M -

VI. Thecylindrical holein thetension field
of a planar state of distortion

The solution for this problem may be constructeeémvbne adds other functions to the
functions that appear within classical elasticitgdry @] that correspond to the schema
that was presented in the third section and atatdaito fulfill the conditions of the free
hole boundary and vanish for large values..ofThe conditions for the free outer surface
of the hole are (Fig. 1):

Foru=R:
o,=0, r,=0, 7,=0,
(19)
m, =0, m,=0, m,= 0.

The process of computation will be lightened esabyif one represents each additional
function as the product of a function wfind a function o¥, and indeed with the same
dependency on as for the corresponding functions of classicasttity theory. Next,
let us examine the state of distortion; it is atgdi from the following Ansatz:

®p = Zp{ZAIn u+[—2vu2 +E2} COS(Z\/} :
u
Py = Zp{u +%} cosv, &, =, =0, (20)

W, =pD Kilgcosv, W, =W, =0,

1

In this, A, B, C, andD are constantd$; and the functiorK, that is employed in the later
calculations are cylinder functions with imaginanguments; they fulfill the differential
equations:

2 2
Ko , 1K K dKl+£d_K1_[1 1JK1_0’
u

u f du’ u du F+? -
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dK, dK,
du ’ du

K1:—|1

u

Ky _K
I

With the help of the schema (9), it follows that:

®, = _p{u +E}[1+cos(2/)], ®, = —p{—u—g}sin(Z\/), o,
4 u 4 u

W, :g DK [L+cos(¥), W, = ‘Z’DK sin(v), Ww=0,

c

Yo = B{Z(l—v)(u+%j+ D(1+%J Kl} [+ cos(® ),

X :—p{‘z(l‘V)(UJ’%j_ D(1+%J Ki} sin(), x =0,

N

<

N

F = E{uz +2 An u+ C-2 D| K,

. {(1_ N +u_|32+ C- 2DL( K, + 2K1I—Jﬂ cos(% ),

2GV, = {(2 =224 40- <
u u

-M'c:

{2u+§+4(1— yo+ D( 4K0 8K1u2 }cos(z},

2GV, = E{—Zu + 28 v an© +D[—4K0| - 8K, - 2|<1j} sin(¥
4 u u u U

Vw=0, =0, w, =0,

G = B{4(1—\/)32 , D(1+lj(ﬁ . 2ﬁj} Sin( ),
4 u al | u

p A C
g = —{1+—-2(1-v
2{ u? ( )F

+{1—3E4—2%+D(6K — +12< + ZK—H cos(\z}
u u’

u

p A C
= Zi1-Z+2(1-v
x 2{ u? ( )F

01

10

(21)

(22)
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2
+{—1+ 3E4+ D[— 6K0|—12— 12K1|—13— ﬁﬂ cos(2 }
u u u

u

S

= p{ v—cos(Z\/)}

2
{ 1- _B Ez (GK Il +12K, L s Klj} sin(¥ |,
u u? v u

U
2
{ 1-38_ Ez [6K LR P IS j}sm(ﬁl/,,
u’ u? U L

Z-UV -

Z-V u

T =Tw="Tw=Tw=0,

_Pi2) _arq_nC 1) _2K, _ 4K, K,
mJW—EI { 8(1 V)u3+D(1+aj( T Ilj}sm(ﬁi/
Mw = £I2{8(1—v)£3+ D(1+EJ(ZK° + 4‘?}} cos(® ,

2 u a/l lu u

My = b M, Mw=b my,
Myy = My =My =My = My = 0.

With the abbreviatioiR / |, = b, the boundary conditions (19) lead to the follogviour
linear equations:

A C
E_Z(l_V)— == l,
LB _,C DMK 1K o )y 23)
R R R 5?
3_C,DfoK,, 12, ),
R R R B B

- 8(1- v)£+%(1+ 1}( 2K,B- &K, - K,fF) =0.

With the further abbreviations:

8(1-v)
8(1-v)+ (1+ 1/a)(B° + XB+ 4)

Ko(B) 1 Ku(B) = &, =4 (24)

it follows that:
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§:3—4f—4(1—v))|, %:—1—4/1(%+%j, (25)
%:2—24, %Kl(ﬁ):—m.
The following stresses act at the location R, v=0:
a&=p(-1+2), Ow= V0, muw=pRA,  muy=b mu. (26)

The maximal stresss found at the locatiom = R, v = p/2 on (Fig. 1); the following
stresses act there:
o,=pB-21) =0,

m,=-pRA =-m,, m= b

g,=Vvo,,
w \ (27)

The passage to the limit — oo leads to the abridged theory (the rotation vector will
depend upon the displacement; cf., sec. 1), and confinegesults of MINDLIN and
THIERSTEN [11], [12].

For theequivalent stresat the locatioru = R, v = 77/ 2, with the use of the relation
(18), one obtains:

G =p JA-v-V?)(3- 24 } + A 2R? [(412). (28)

In thelimiting casel <R (the structural lengthis small compared to the hole radius)
will be:

- VYT . ~ _8(1-v)(@-v+ 27)?
A=8(1-WI2/R, J=3pA v+v2{1 vV } (29)

In thelimiting case R« | (the radius of the hole is small compared to émgthl), one

has:
2(1-v) x 5-2v+ 3/a
~ — g = —\/1—V+\f. 30

3-2v+1/a ID3—2\/+1/a (30)

Formula (29) shows adecrease in the equivalent strefes increasing values of the
parametet/R. The structural lengthis obviously connected with additional support
reactionfor the COSSERAT body that leads to a reductiaénstress concentration.

VIIIl. Thecircular cylindrical holein the stressfield
of a planar stress state

If one is dealing with a pure shear stress stat¢hé distant neighborhood of a
circular-cylindrical hole then there are two cageslistinguish according to whether the
indices of the plane defined by the shear strelssaf plang are oriented perpendicular
or parallel to the axis of the hole. If the shpkne is perpendicular to the hole then the
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desired shear state can be obtained directly fromsélations VI and VII when one
overlays a second stress state with772, instead ot andp, = — p, instead o (cf., Fig.
2). Constant symmetric shear stressesp then act in the distant neighborhood of the
hole at 48to thex andy axes (corresponding to an elementary rule that afrises e.g.,
the MOHR stress circle).

The maximal stress appears at the location®, v= 772 andu =R, v=0:

G, =x4(1-2)p, a, = Vg, (planar distortion) 0, resp. (planar stress),
Mw=22pRA=2Mpax, Mw=bmy. (34)

Theequivalent streswiill be:

g=p \/16(1—V—V2 YA-A% )+ 3R /I (planar distortion),
resp.:
g =p \/16(1— A%)+ 3°R? /1% (1- b?)] (planar stress). (35)

In thelimiting case |« Rone has:

o= P V1-v-V {4— 81-v)(-v+ 47 )(—lj } (planar distortion),

1-v+V R
resp.:
. 8 D2 )1
o=pl4d—|1+&N—— || = lanar stress). 36
pl: 1+v2( 1- sz( Rj } (P ) (36)
In the limiting casdrk <« | one has:
4(1+1j
o=p —al\/l—v+v2 (planar distortion),
3-v+=
a
resp.:
4(1+v)(1+;j
= lanar stress). 37
I03+v+(1+v)/a (P ) (37)

IX. Thecircular-cylindrical holein a stressfield parallel
to the axis of the hole

If the shear plane is parallel to the axis oftibée and if the stress state that arises in
the distant neighborhood of the hole is represehtec.g., the shear stress= rx=p
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(Fig. 3) then the associated solution must be presented ambe.immediate vicinity
leads to the following Ansatz:

q)z:_ : [u+£\}COSV, cDo:_Zch, cDX:ch:O’
2(1-v) u
W, =W, =0, ¥, :2pBK1[IEj cosv, (38)
1

N=pC K{Igjsinv.

2

In this, A, B, and C are constantsk; and K, are cylinder functions with imaginary
arguments that satisfy the differential equatidiy.( To abbreviate, let us set:

u u u u
K, (I—j = Ky, K, (I_j =Ky, K, (I_j = Koq), Ko (I_j =Koz - (39)
1 2 1 2

With the help of the schema (9), it then followatth

O, =d,=0, By=b,, W,=W,=0, W, =W,,

Xu =x=0, xu= 2p{u+£‘+ B(l+§j Ki(l)} cosv,
u

F =0, Vu=W=0, a=0,
26V, = p{2u+2—A+ 2BK1(1)} cosy,
) A 1)1 C u .
2Gaw = p{_l_F_ B(“a}a K +§J{_K1(2)__L KO(Z)}} sinv,
) A 11 u c
2Gw, = p{‘“y‘* B(HEJG{ K +E Koa)} " Kl(Z)} cosv,
G =w=tw=&=0d=0,

A C u )
Tyw = p{—l——2 +U{ Kl(z) +— Ko(z)}}smv,
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) A 2B, . C u -
Tw = p{_l_F _T Kl(l) +_u{_K1(2)_E KO(Z)}}SIHV’
A u C
T = p{l—FJFT{‘Km) _I KO(l):| m Kl(Z)} cosv,
A C
Tuw = p{l—F +U Kl(Z)} cosv,
2A 1 1
Myy = 2p| (1+ b){F+ B(l-*- j|: I'<1(1) l 0(1):|
cl 2 1 1+b+c .
+ E{F Kiez +u_|2 K°(2)+m K }smv,

2A 1 2 1
v = 2pl* L+ b){ u—+ B(l'*' aj{_ﬁ Ki(l)_q KO(l):|
C| 2 1 c :
al e e Ty, e g g e[S

Myw = 2pIZCI Kz SiNV,

2

2A 1 2 1 1
v = 2p|2(1+b){ u—+ B(1+€J{——2 Ky == Koy~

u ul L(A+b)
o]
e

Myy = Myw = My = My, = 0.

With the abbreviations:

15

(40)

Kl(l):|
Kl(l):|

R/ |1 = ,31, R/ |1 = ,31, KO(,Bl) / Kl(ﬁl) = K1, Ko(ﬁz) / Kl(ﬁz) = Ko, (41)

the boundary conditions lead to the following thlieear equations for the constatB,

C:
AC

R2 K (:82) -
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2A B(, 1 C 1+b+c | _
?'*'_R(l'*'_ajKl(ﬁz)[z'”(lﬁl]+?RK1(:82)[2+K282+ 1+ b 182} =0, (42)
2A B

1 1 C A —
E e DO RSy S SR

After the introduction of the further auxiliary quantity:

n= = > , (43)
@A+1/a)[4+ KB+ B; 1A+ D)+« B,/ a
it follows that:
A B _C _
E =1- 27, E Kl(ﬁl) - E Kl(ﬁZ) - 2’7- (44)

The maximal stres®ccur at the locationg = R, v = 772 (Fig. 3); the stresses that act
there are:

Imax = hw=FP[2+ 2K 1),
w =FP [2 - 2(4 +Ko :32)/7]1

(45)
e R1+b+2c ——
ax w= F4Pp —1+b+C,7 + ax
Mo = FAP R pve
Referring to (18), one obtains thquivalent stress:
) 1 (l+b+ 2’ R
o =2p |3 (1- += (2K 2+ ; 46
p\/ {( Y+ @B, e O F (46)

In thelimiting case < R one has:
n=@A+b)1’IR, HK=k=1 0 =2p~3[1-(1+b)I?/RY, (47)

In thelimiting case R« one has:

a * 2+a
= — g = 3. 48
1= 1ard p1+af (48)
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X. The spherical cavity in astressfield
One also arrives at the solution to this problem whee extends the associated

functions that appear in classical elasticity thedhyirj a certain way; for a stress in the
X, -direction one then has (Fig. 4):

v , B A f‘
p{Z(Hv)u +E}(3sm v— 2)+ u}’

Dy = p{ n %}cosv

0%

2(1+v)
®, =, =0,
(49)
= pDe “"{I Ilzjcosv,
u u
W, =W, =0.

In this, A, B, C, andD are constants. With the help of the equation meh€l3), it
follows that:

P, = p{ . %}coszv
2(1+ ) u

®, = ps- sinvcosv, ®, =0,
2(1+v)

_ ully 1 l 52
W, = pDe " —2 cos v,

_ u/l 1 l =
W, = pDe"*{-=-—¢sinvcosy, W,=0,

u u
C 1) (1 I1j

. = plaa-v +— [+D| 1+=|e""| =+ |\ cod v,
A { ( ){2(1 V) uz} ( aj (u f

I
o

= - __u _E E yull __1_|_1 i
X —IO{4(1 V){ 20+ ) UZ}L D(1+ aje ( i Li,_j}smvcosv, X

F o= p{(l—Zv)u A+ C 2—B+D —u/|{ |_1_212_2_13j
u

2(1+v) u u?

— 2 : :
P CL0 3B C g (b, 32,37 e L
2(1+v) U u u
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(50)
u A 6B C —u/l 2. 42 23
2GV, = ps—— —4v)— L S T
© p{1+v+u BTt De [ PRI
2 3
+{—u+9_B+( 5+4V)—+ De' (31 +i+9—4j} sirt \},
u uv b
6B C —u/l 1 3, d2 @62
2GV, = p{-u——+(-2+4v)—+ De""t| - =-=2-—L — "1 Isinvcos
p{ u* ( )u2 ( u ¥ v o
VW = 01 al] = 01 Cb?/: 01
C 1) . 1 3 . 3,
2G V, = 6(1-v)—=+D| 1+— |e"" + + sSinv cosy,
p{ ( )u3 ( aj (leu 207 2&}}
2A 24B (2,10, 247 24
a = pil- 10+ &)=+ De"| <+ 1y %
p{ " v [u FRRTIMY.
36B gun(_3_18, 387 36])]
+| -1- — -1 - sirf v
{ u®° ( oo ot
A 128 o 1 8, 122 123
—+(@-4v —+ De"t| ——-—2-—-—2
& {us (3-4v) [ IR
21B C. w2 9 212 21%)]
1+——+(-1+ )=+ De +21+ + sirf v¢,
{ u® ( )u (uz ¢eoour
Ou = {A 128 C,pews[_L_ 5, 127 12/
u® u® T Y Y
2 3
{@ﬂ 3+60) 5 + D&’ ( S+l +151Hsinz v},
u® uv u u v
24B C, puun( L, 9 247 24
v = ps—1- 2-2)—+De"" —L +—21 Isinvcosy,
p{ i [ AT

2 3
I = pi-1+ 24B+(_2 2\,)_+ De"t _1+_A;+1231+ 24, | 24 sin vcosy,
u® lu U u v
Tow = Tww = Twu = Tuw = 0,

Muw { 12(1- v)(3+ b)l2 c
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2
- {_%—(4+ - - 33+ b)%(ﬂ%ﬂ} sinv cosv,

My = { 12(1- v)(3+ b)l2 c

2
+De" {———(1+ 4b)2 - 3(1+ 30)%( l*l—lﬂ} sinv cosv,
u u u u

{12(1—v)—+ De ‘“"1[ ! +|%+3—i }[1— b+ 2+ b)sirt V],
u uou

2 3
My = p{lZ(l— )_+ De ‘“"{Llﬁig +% }[b—1+ (I- 2b)siA \]

Myy = My = My = My, = My, = 0.

The boundary conditions (19) lead to the followfogr linear equations (with the
abbreviatiorR/ |1 = f):

2A B D _ 10, 24 24
——+24—+(—1o+ 4/)—+— ﬂ{2+— —+—} -1,
R’ R B B° B’

_Le B ~.C D 4 ,15 36 36
36_R5+(10 ZI)E+_F3€ { 3_,3 _,6’ —’8} 1,
(51)

By Ber 2,28, 24
24R5+(2 Z/)E+F$e {1+,6’+,6’2+,6’3} 1,

0.

12(1-v)(3+ b)—+— ‘/” = {,3 + (4 bpB+ 3(F bg }%H

With the further auxiliary quantity:

18(1-v)(3+b)(B+ 1) , (52)
(1+ :J [B° +(4+b)B°+3(3+b)(B+ 1)

M=

it follows from (33) that:

Ao__ L1 [”—1+5v]
R 2(7-5v+u) 3
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ES = —1 {u(g+—lo +i20j+1} (53)
R 2(7-5v+ ) 9 9B+1) B

c.___ 5 Dogre S

RP  2(7-5v+u) R? B+N(T-+u)

The passage to the limat - o leads to the abbreviated theory and confirms the
results of MINDLIN and TIERSTENZ1[1], [12].
For the evaluation of the stress, as well as ngagireparations for further reasoning,
let the following stress values be computeduerR (cf., Fig. 4, sec. 5, witpy =p, p2 =
ps = 0):
1 ( ) _27-15/+u
V/v=ml2

N o7 miry) CmxlPEalp=alp,
1 -3+15v+ i
== =———=0aul/p=av/p,
S p( W)V:ﬂ,z 27— 50+ 1) i/ Pp=av/p
_1 _1 __ 3+lov-u _
- p(UV)v:O_ p(UW)VZO - 2(7_ 5/+,U)- - OI-V/p— Oi//p,
(54)
-1 _ SuR _ _
m; = p(rrl/W)v:nlz - 3(3+b)(7— 5/+ﬂ) —m|||/p— m|V/p1

1 1
Mg = _p(va)V:(): - _p(rn/w)v:(): - (1 _b) my =my/ pP= my / P.

The maximum stressccurs at the location = R, v = 77/ 2; referring to (18), one
calculates the associateduivalent stress:

G =p/s-ss5+ $+3 h RI(4 7). (55)
In thelimiting casel <R, it follows that:

4=18 (1) (3+hb) I?/ R,

_ 3(9—5/){1_ 60(2-V )(E v )(3 b)F}

2(7-5) (9- & )(7- %)R
_ 3®v-1f,, 60 ¥)EV)@EbY

2(7-5) (5v- 1)(7- & )R
N 3(5\/—1){ 60(t 2 )t V)3 b )T

== 1+
2(7-5) (5v- 1)(7- & )R
(56)

_30(1-V)I2

T (7-5)R’
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. 3py/91- 150+ 75
2(7-5v)
5 {1_30(1—v)[(3+ b)(49- 86/+ 45 ¥} 5( v )(Z 5)n?}

(7-5v)(91- 150+ 7% R
In thelimiting case R« | one has:
H=6(1-)/(1+a)

_ 3[9-5v+ (15- 1V )a]
T [7-5v+ (13- 1V )a]
_ 3b5v-1+(5-v)a]

T [7-5v+ (13- 1V )a]
__31+5v-(15- 11 )a]
T 7-sv+ (13- 1v)a]

Sl

(57)
- 10(1-v)aR
(3+b)[7-5v+ (13- 1V)a]

. 3/91- 150+ 78+ 2 (115 17 76 )& (175 250 1d1
- 2[7-5+ (13- 1V ] '

In this problem, as well, thenaximal stress decreases with increasing paramletdR
according to (56).

X1. The spherical cavity in a homogeneous stress field

An arbitrary homogeneous stress field with no motstresses might arise in the
distant neighborhood of a cavity, moreover — eestress tensor whose components are
not only constant on the grounds of equilibriumt &iso symmetric. Let the associated
principal stresses be denotedyp., ps; their directions might lie parallel to the axds o
the Cartesian coordinate systém X,, X,. For the twelve stress values that are possible
in the outer surface of the spherical cavity atgl@cing points of the coordinate axes
(cf., Fig. 5) one obtains the results that wereamietd in the previous section by
superposition:

O =p1SL+P2Ss+ s 2, M =pyMmy+p Mg+ Ps My,
O =St +kss, my =P +p2np +psng,
On=pLS+pP2St+PsSs, My =P +p My + Pz, (58)

Ov=pLSStPss+mkES, My =P1Mg+ P2+ Pz,
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N =SSt +Pps, my =P1Mg+ P2+ P3N,
=Pt +P3S, My =P1M+ P2z + pP3my.

For aneverywhere uniform tensile loadith p, = p, = ps = p, one obtains the
(classical) value of @2 for stresses — as one would expect — on the basisrotifa (54),
while all moment-stresses vanish. The reason forlidssin the fact that the associated
deformation can be generated by a pure radial displa¢ethmndepends upon only the
radius, and therefore can have no rotations as a comssgue

In the casgyn = p2 = p, ps = 0, one is dealing with aniform tensile load in the
mutually perpendicular directiont follows that:

g =0v=p(s+s),
ai =0 =p (St +%) = Omax,
XN =0 =p(S+),
(59)
m =my =p (M + M),
my =my =p (M +my),
my =my =p (M + mg).

At the location where one finds the highest strégese will be the equivalent stress:

o = —p\/(12+,u)2 +M _ (60)

C 7-Sv+u 6(3+b}I°

Another case that is important for the theory ditisas thepure shear stressyith p;
= -2, p3 = 0, one obtains:

a:—av=p(sl—53):15—p = Ohax »
7T-5v+ U
gi=-on=(1-v)a, ocw=-ov=va,
(61)
m=-my=p(m-m)=p(l->)m,
my=—my =-p(1+b)m,
-my=p(2-b)m.

My,

At the location where one finds the highest st{éssg;), one finds the equivalent
stress:

g:&Jga_v)uM. (62)
7-5v+ U 54(3+b I

For small values of the parametgrone further shows that the stress decreasesthath
characteristic lengthfor COSSERAT bodies.
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