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1. The study of relations between the tensorial quantiteBirac’s theory of the
electron was done systematically for the first tinyeW. Pauli {) and then reprised by
Kofink (%) in a series of papers. | presented those resultde wimplifying and
completing them, in the course that | taught at thee@ellde France as a scholar of the
Peccot Foundation in 1942. Since then, Costa de Beauréphes (summarized them in
his thesis. Here, | propose to recover those rebylta much simpler method and to
examine the independence of the relations thus-obtained.

2. Construction and representation of the mean-value dengs in Dirac’s theory
of the electron. —Consider the Dirac equation:

h 1 3 h
Kz—mj—at a, +Z(—Hj6p a,+ mocm} =0,

o oo
in which ao, ap (p= 1, 2, 3),a04 represent the fourth-rank matrices:

ao =1, @p)ikmp = (Tp)im (P1)kp » (a8)ikmp = (T0)im (O3)kp

(i,kmp=1,2),
and the matrices,, o, are written:

gorp=" 1 orp=| " orp=|"
o= L o= L ) morp =)

with
& G=-1a, PoPo==1p.

() Ann. Inst. H. Poincaré (1936), pp. 109.
() Ann. Phys. (LeipzigB0 (1937), pp. 91ibid. 38 (1940), pp. 421, 436, 565, 583.
() ThéseParis, 1943, pp. 56.
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The matricesy,, a. permit one to define sixteen covariant tensorial gtiastby way
of their products:

jo =¢ a0 ¢, b =Y

so:w*ialazagz/l, sp:w*iaqarw,

B=y iapas g, th= 4y 10q0; cayl

W=y as i, W=y oo oz asyy,
(p,qg, r=1, 2, 3).

The matrices in these expressions that take the foproducts of ther can likewise
be expressed as products of the matricaadp. We will then have:

Q=0 =1, ap = 0Op 1, iapas=— G P2,
1pQq =G, 10pQqQa=0G Pz, 10040 =p1, QpQqOiQs=pP>.

Those results are assembled into Table .
The corresponding densities are written:

l//iE (UA)i,m(pB)ky pwm p’

in which the matricesr and p permit one to construct the densities that are given b
Table 11.

Table I. Table II.
Qo Op Qo Op
Lo ceinnn. 1 | aq v Lo aeennn. Jo S
Jo, R I ap aq ap Jo, R S Ip
Jo, S ap Oq Or Qa ap Qs o, S ) -7
Jo R Qs | aq O Qs o ST ) Mo

3. Fundamental relations.— Consider two systems of matrices (A =0, 1, 2, 3) —
namely, (g,), ., and (g,), ,, — and propose to calculate the sum:

SA = z (UA )i1m1 (UA )izmz

We can write: _
(Ob)i,m = d,m ) (Ofs)i,m == (_ 1)| d,m )
(0)im=Am1, (@)im=—(1)idm: (mod 2).

We will then obtain:

SA = [5 5 2 +(_1)i1+i2 5i1m15izmz] +[5ilmf'15i2m§'1 _(_1)i1+i25‘ 5

I my iom. iym+1 |2m§1]'
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If i1 +i2 =1 (mod 2) then what will remain is:

S =20 ,.,0

M+l my+1 !
and that will be zero unless:
m+1=ip, mp+1=i,, or my+i1+i2=1p, mp+ip+ix=ly;
i.e., m1:i2, m2:i1.

One then deduces that:
m+1=m, m+1=m,

and the sum is written:
S\=20

i m,

o,

ipmy *

If i1 +i2 =0 (mod 2) then sum can be written:

SA = 25il“"15izm2’

and that will be zero unless:
m =iy and nmp =iy,
or
M =i2=mp, M =ig=m.
One will then obtain:

SA = 25ilm25izm1’
and as a result, one will have:
(1) Z(UA )ilm1 (O-A)izm2 = 2a—ilmza—izml’

A

in any case.
That relation can likewise be written between tystems of matriceg, thus:

(2) z (IOA)k1 pl(IOA)kz p, = 2a—kl pza—k2 p -

Upon direct multiplying (1) and (2), we will get:

3) 2 1001)im (P0) il ) 1l ) 1) = 40,0,8,m, 00 5.0, -

Since A, B take the values 0, 1, 2, 3, the praslagtos will successively take on the
values of the sixteen matricesand products of the — namely,ac — in such a way that
(3) can be further written:

(4) D (ag)., (@0, = 49,9, r,s=1,2 3, 4).

152 2S1
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That relation is Pauli's fundamental relation, aind igenerally taken to be the basis
for obtaining the relations between the tensorial questitHowever, that relation is not
the simplest one that one can obtain between xiheesi matricesr: .

We write the relations (1) and (2), by extension, inféinm:

Z (UA )ilml (po)kl pl(UA ) izmz(po) Ky P2 = 25i1m25i2m15k1 P15 ko My
A

®)
Z (IOA)k1 P, (O-O)ilm2 (IOA) ky pl(a-o) iy my = 251& plakz mz5 'hmza i mi
A

Upon equating those two relations, we will obtain:

(6) D 0)im (P)k 0.0 i (90) 1 5 = 22 () i (Pn) 1 5T0) nP)

This is the relation that must serve as the dasisbtaining the relations between the
mean-value densities.

Whereas the relation (4) consists of seventeenstethe relation (6) consists of only
eight.

We will obtain some relations between the quasii o ps¢ upon multiplying the
relation (6) by a matrix:

(ac m) (g po),

and the relation between the matrices will be olgtiwhen one left-multiplies this by
W, W, and right-multiplies by, @, .
If one remarks that:

wilmkl (UA)ilml(pB)klplwmt P1: wilmkl (UA)ilmz (pB)klpzwmz P2
then one will see that the terms that are provied

3.9 50,mO

ke Py my T Ky Py
and
o 0

1My kg Py i My Ko Py

will cancel, and that relation (6when considered from the standpoint of quadratic
forms, will give the same relations as:

(7) > (0 (P)i 5 (T ) (Po) 5, = 2 (T0) (P D (T0) o2 ) i

p=1,2,3

by linear combinationsand therefore:
All of the relations between quadratic forms will have at mostesms and if two
terms cancel by compensation then those relatidlhse@uce to four terms.
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4. Relations between mean-value densities.We shall systematically study all of
the relations that one can deduce from (7).

We must form all of the possible linear combinationstied relation (7) after
multiplying it by the 256 matrices:

(ac po)) (T2 Po)),

but the relation (7) is symmetric, so the matrices:

(g ) (Gc )2y and e o)) (Te Pb))

will give the same relations, and in turn, the numbesamhbinations that one must form
comes down to 136.

If we classify those matrices according to the preseri the matricesp and o then
we will get the following groups:

1) (b ) (G 20)
(2) (@) (D), () (G m),

3) (0u0,) (uP,), (Tu0,) (Ty0,), (T 00) (TP,), (O L) P,
(0,0) (T,00), (O,00) (T,0),

(4) () (@), () (Do), ([GBm) (), () (T40),
(5) (G o) (D), (D) (o), (Gay) (Fm), (Goy) (Typy).

Not all of these matrices give distinct relationad ane confirms that all of the
relations that are obtained can be obtained by mdgastdhe matrices:

(D) (D), () (@), (G (Bm), () (D), (B (o),
() (Do), (G ) (G ), (G o) (Ty ), (% By) (T o).

1. The relation (7), when multiplied ly,, .o, &, @, , . will give:
Do, P = Y (qop) Y* + [ (o) Y1P + (Y (b ps) Y,
p

which can be further written:

(8) XS =St
p

2. The relation (7), when multiplied byygy), (do o), will give:
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D (a0, ,0,) = (G 00) (o) —i (G 0)(To0y) +1 (00 0),
P

and after multiplying byy, ¢ ,, and¢) ¢e) :

Mo, p) Wy o, p) Wl =¥ (dm) Yy y.

If p' takes the values 1, 2, 3 then we will get:

(%) ijsp = Jjo%,
p

(9b) Y s, =-ajo,
p

(9c) > us, = ajo.
p

3. If one multiplies (7) bydp py) (o gy) then one will get:

D (0,0,)(0,0,) = (%) () —i (T o) (% o) =i (o) (o),

which will give:

Do, P = ¢ () = [9 (d o) Y° = 1@ (a0 pr) 47,

so ifp’ takes the values 1, 2, 3 then:

(10a) Dk =i -df -,
p

(100) > =ji-si-af,
p

(10c) > Hy =il st -k
p

4. If one multiplies (7) bydp py) (oo py) then one will get:

Do, P o, p) 4 = [ (o) Y [ (),

SO:
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(11a) DT, 0w,
p

(11b) dmpu,=-aa,
p

(11c) zlupjp: WS,
p

5. If one multiplies (7) byd, py) (o py) then one will get:

(¢ (b ow) Y14 (G o)~ (¢ (G ow) Y ¢ (0 00) Y]
= [ (g iy (@)@ - ¥ (dp) ULY (5 m) Y,

so one will infer that:

(12a) 75 —jq 78 =S W —thjo,
(120) T fo =78 e =S j1 —Jp o,
(1) Holr —Hrlg =S W+ 7o

6. Multiplication by @, o) (o py) Will give:

[w:(aqpo) ] [w’;(ar oY - [w:(arpo) ] [w**(aqpq')M
= W (o) YUY (e - ¥ (Gpy) UlY (o),

from which, we will infer the relations:

(13) Sir —Siq = Hp Gy + 7p
(130) STH-S7F = @B —fpS,
(1) Syl =S Hg =~ ThSo~ Jp W.

7. Multiplication by @, o) (0 po) Will give:

[ (o) LY (o)l = D [, o)WY o, p) Y,

SO:
(14) Slo —Sjp =@ th~ @75 .

8. Multiplication by @, o) (0 po) Will give:

[ =y (G ) Y- (¢ (aap) ¢i* =D [0, p)1°

SO:
(15) i -S7- 0= gt

9. Multiplication by @ o) (g 00) Will give:
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(& (aup0) AL (o) f = D190, p )WY (0, P4,

SO
(16) $SS —lpla =B 7+ Lol -

3. Tensorial forms of the relations between the mean-valudensities.— When the
preceding relations are established in a partia@arence system, they will exhibit the
tensorial and spatial components of the tensouahtjties.

In order to reestablish the relativistic symmeind to simply the representation of
those relations, we set:

Qoo =1, Oop=— 1, Opg = oo = 0.
We can then introduce the contravariant componantswe will get, in turn:

i °=jo, gp:—ip, .
=S =" =&qoS :_&Jpqrsoz_si
S = Sogr = S :50qrpSO: 5OpquO: g

Since&uo is the indicator of duality and is antisymmetncy, v, p, g, and equal tal

according to whether the permutatipmoo is deduced from @gr by an even or odd
number of transpositions, respectively:

%:fop:—fop’ ,UpO:fqr:fqr,
ai:(‘-}, @:abpqr:_wpqrzl@lébpqr-

We define the dual df*" by the relations:

f,uDv =3 Euypot 7, f A~ =3 p0,
SO
fon =% & f O =f =—for,
fODp :%&)F’qffqr:fqr = fqr,
f P :% gPer for :% £Opqrf0r =-for,
fOpD zégopqrfqr :_fqr
Relations (8) and (16) can then be written:
(17) S/lsu :(’*)12+|w2 |21
(18) jus' =0,
(19) fws'=-aju or s, = wij”,

(20) fwi”"= ws, or f*j, =—awms*,
(21) = a@j, or s =-aj¥,
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(22) ffvj":—m_s,, or ", = ws*,
(23) jui? = d+|wf,

(24) fw'l[wf |, ],

(25) ffvf"”:—4a,1@ or f f"=-a wg,,
(26) Sujv—Sviu=fwar—f,a,
(27) Sysv+jijzfypfpvm+(‘fgyv-

If we write the relation (26) in the form:

Swp] ¥ = @ T+ 3 Qupo T
then we can infer that:

1 o S™ja= 3 @ Wupo 77+ Wupoe W7 T,
M S|’ =3 allvpafpa"'(@l)zfﬂv;

Nnow:

1 Wupo 0P fap == (@),
SO:
(28) f,uu = “ S!“/ﬂ J ~3 wﬂvm S %

o+ |
and conversely, that relation will permit one to recdzé).
6. Independence of the relations—- We shall now show that the eleven relations

from (17) to (28) are not independent and can be deduced frofouhdundamental
relations:

) s = af +ak,
(1) jul = of +ai,
D) s, #=0,
a{ MV J la)VUSpJ/] .
v fo= P zp
( ) H (qz (4)22

Indeed, the relation (IV) gives us:

(f +68) T’ = d Supi P§" =2 Wipo P a1

now s, j°j” = 0, by antisymmetry, and:
Lvp

A - -
2 WQupo P01 =L e EP S0 |V
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=wsjvi’ = ws (f+df),

So:
(20) fuwi’=ws,.
Similarly:
(("f + (’*)22) f/IVjV = S,ul/pjpsv_% Wuvpo Spa/l SVjA .
Now:

a S,uvpjpsv =W Euvpo s’ ja=0,
by antisymmetry:
3 WQupo SP7 11 =% @ Gups €775 8
so:
(19) f,uvsvz_@j,u-

Upon starting with (IV) in the form:

Sij—Sij:@ny—CblfﬂDV,

we will get:
Sujvs’ - ju=wfus'-af,s,
so:
(21) fos'=aj,,
and similarly:
(22) foi’=—ams”.

The relation (IV) will also give us:

(f -ap) 1,7 =af,si—3 1, 0" x|
= ty, &7 s1jp=3 1, & Epoaps’ |
:20/]_pr Sﬂjp_fp/“g‘paaﬁsﬂja

=2a @jfjp+ 2w f, £i7= 4w +a),

SO:
(24) to ' =- awg,

The relation (4), in the form (26), will likewise giwes:

fpyS/,jV—fpySij:fpny@—fp'u fﬂDVm_,
or
w (Pjy+s°s) = af ¥+ of @ g,

and we will thus recover the relation:

10
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(27) j'ujv+SuSv:fypfpv+ (’Jfg,uv,
and, by contraction:

2(af +ap)=f#fy, + 4af
or further:
(24) 91 = 2(af ~ ).

All of the relations between mean-value densities can then be dedowwethé four
fundamental relationd), (l1), (1l1), and (V).



