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Abstract. — Upon taking the spinorial mechanics of a material paéna point of departure, the author
studies the case where the three-dimensional velocttyedatter is equal to that of light. That conditien i
naturally realizable only if the rest mass is zehwothis case, one obtains the description of an ecli®s

of particles, among which, one finds the photon, andwioich one describes some of their important
characteristics.

1. — By means of a simple passage to the limit, alfeddtivistic mechanics can
provide the description of properties of a particle thavesowith the velocity of light,
and which, consequently, presents some charactetistit@re very close to those of a
photon. This is true, for example, for the spinonmchanics of particles that we have
developed, moreovet)(

Note that it does not suffice to make the velocityagfarticle tend t@ in order to
automatically obtain the description of a photon, damd is true for several reasons,
namely:

A priori, one must haveeveraltypes of particles that move with the velocity ghii,
but which are different in other properties (for exampd¢ated to their spin), and the
comparison is flawed because the information that vesg®s on the photon is expressed
in terms of undulatory quantities (electromagnetic wavkat they are attached to, while
the mechanical description that we imagine appeals tpusoular notions. Any
reconciliation of these two viewpoints necessarily sgppothe introduction of new
hypotheses.

Nonetheless, the study of the limiting case is intergsn itself, and we shall sketch
it out below. As in the cited article, we confine owsslto the “classical” form of the
theory, not only in order to leave open any questiontefpmetation, but also, and above
all, in order to obtain results that are independent ohtigaion, and which therefore
submit to a test of our fundamental hypothesis.

In order to facilitate the discussion, in the follog/ paragraph we will summarize the
results that were already acquired.
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2. — Notations, fundamental equations, ete: The fundamental hypothesis consists
of assuming that the motion of a point is essentidédgcribed by spinorial variables,

instead of by vectorg’, as in classical relativistic mechanics.

For ease of formalism, we adopt the technique that jdogmed in the Dirac theory of
the electron. We lef denote a matrix with one column of elemeéts&, &, & that
transforms like th&V of the Dirac theory, and which we calsginor, to abbreviate. The
adjoint matrix will be defined by:

& =iy,

where £" is the transposed and conjugated matrif,afnd i, 15, 4, J4 are &4 matrices
that satisfy:
yey+yyf=20"

In general, the results are independent of the représentd the y”; when we need it,
we shall choose the usual representation:

000 -i 0 00-1
O0-i O Om O
yl_DiDD’ V= 0100
i 000 -1000
00— 0 100 O
F 00 Oi M O 0
i oog’ oo-1 Ol
O-i O 00 0-1

The spinors, & define the particle and its motion. The equations tiet bbey (see
below) are established by starting with a Lagrangian thathosen by reasons of
simplicity and invariance. The same is true in thea®itheory, and since the simple
elements are the same in the two cases, it is nptisiag that some of the results of the
two theories are formally identical.

By starting with the spinorg, &, one may calculate the quantities that characterize
the particle in spacetime. The link between the smhspace of the and spacetime is
given by the relation:

0
® & -evg
T

whereris the invariant parameter with respect to which onendsfthe motion.
Let A, be the quantity of motion vector, which is timelikeefiDe the invariant:

(2) A=mpc==-A A7,
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mp being the “rest mass” of the particle.
with x* =ict =ix’ andy? = y* y* ° y*, we set the real quadratic spacetime quantities
equal to:

Q;=-i ¢ Q, = &y°¢,
W= &8 w=i & yPyoé,

rrf":if*%(y"y"—y‘ﬁ/’)é

A certain number of algebraic identities exist betwd®se quantities, among which
we will need the following ones:

WU =Wy =- narQZ - inﬂ4§21’ _
3) {—iwpu4 +iwu, =-m,Q, +im Q. (P.gr=123)
(My)* +(My)* +(m)* =-(u)*~(w)*-Q5
4) (M)*+ (M) ° + (MY =+(u)’+(wW)+Qj5
> (m)(m,) =QQ,
- {Z (M) u =+Q,w,
Z(n‘h)l,h =-Q,w,

Finally, the relations between the proper tidssof the particle andi7 is given by loc.
cit., eq. (5)):

(6) —Pd€ =D, ()% = - (Q2+Q2)dr2.

This being the case, the fundamental equatioribeimbsence of a field, are written:

Yope Loy
™) - o
o &y, d_Tp =0.
a) For A #0, the general solution is:
(8) E=aexp [iit] + bexp FiAt], & =b" exp iAt] + a" exp [Fit],

where/,, a, b are constants that satisfy:
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(iA+A,y")a=0, (-id+A,y"p=0,
9) a'(iA+A,y°)=0, b'(iA+Ap")=0,
A2+2,0° =0.

If one takes fouarbitrary complex constants and arranges them into a colgithen
one can write:

10) a=(-iA+1,/°)9, b=(A+y°)¢,
a =g (-id+Ay?), b =gt (IA+Ap0).

b) For A= 0, one has the general solution as a functiofowf arbitrary constants
that are arranged into the form of a colugnn

(11) {=(1-Ay"On g, =g 1+ y ).

3. — Particles that move with the velocity of light— We impose upon the preceding
particle the single condition that its three-dimenal velocity be equal to that of light.
One can see immediately that this condition entailsther one: that thest mass of the
particle — mp, and thereford = myc —must be zero.

We examine this question in detail, since we néiéd some results that correspond to
several other studies. One has (6):

Y (X2 = (Q2+Q2)dr?,

so if the velocity is equal tothen one must have:

(12) Q,=-i'é=0, Q,=&YE=0.

As functions of the four components of the quantity of motion and four arbitrary
constants that contain the solution (10), theselitons translate into:

(13) X¢'g =0, X'y =0

and
ADL(87y°y°9) = 0.
Two cases are possible:

a) ¢ =9 VP =0V Y P =0, withAz0,
and

b) A=-4,4” =mec=0.

Consider casa). Since¢ *¢ = ¢ *y°¢ = 0, the identities (3) that were mentioned
permit us to write the proportionality as:
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A
bV VY

One therefore has not oy ¢ *¥°yP¢ =0, but also:

Ao "yP$ = 0.
On the other hand:

S A2 = and D (4 yP)2=- (Q2+Q2) =0.

These relations permit us to write a Lagrange identiynfwhich one deduces the
proportionality:
VP _ VP _
y g

0 o

Consequently, sincg,, (¢ *y°$)? = 0, the sum:

YA =-XF=0
will likewise be zero.

Therefore, case) reduces to casé), and one can conclude that in spinorial
mechanics only particles of zero rest mass can dttairvelocity of light. Zero rest
mass” can say nothing more than thi®ne will always have the following relation
between the components of the quantity of motlpr px and the energyls =i Ap =
i(w/c) in that case:

2
e g = (2]

4. — Particles of zero rest mass: We remark, however, thatAf= 0 then it is the
relation (11), and not (10), that is appropriate, and tochviine must apply our
conditionsQ; =Q, = 0. From (11), one deduces that:

Q,=-i&é=-ig'g, Q=& yé=g'yg- 2,0y’ y g =0.

Therefore, our conditions amount to restricting the gaitg of the constanig by
imposing the following conditions upon it:

(14) g'g=0, g'y°g=0, and A,y g=0.
One satisfies these conditions (14) by talgrig be the solutions of the equation:

(15) Ap¥y?9=0,
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as one easily convinces oneself.
[We remark that these equations can be written ioria that presents an analogy
with that of the casg # 0, namely:

Ag=A a"q,
(16) { 08 =4 S
AG =Aga”,

where §” is the transposed and conjugated matrig,tolo = A4, and d* are the Dirac
matrices:
& =i Y (K=1,2,3) a =)

With this solution, and taking (11) into account, one Has.

All of the ¢, and therefore all of the spacetime quantities of a particle aicitglc
(among which one must include the photcame constants. This solution is deduced
from the general solution, which is valid for atty

E=aexp A +bexp FiAg,
upon makingd = 0. In this case, one can take a + b, and one has:
Ao g=0.
We nonetheless remark that ththat satisfy the equations:
A g=0
depend upon onlywo arbitrary complex constants, instead of four, as éencidise ofl #

0. Since two of the four componemys g, are arbitrary, the other two are deduced, for
example, by the operation:

9
g,

9
9,

a7 =S

with S = (1) (M10" + A0 + A3d°), where theo are the 22 Pauli matrices; the
existence of the relation:

Y SV

introduces two signs.

5. — Spatial disposition of various measurable quantities that arattached to the
particle. — In the space of the various spacetime quantitiesjcemn

FAE=g'Ag
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that are attached to a patrticle of zero rest mass.
By virtue of (14) and paragraf@we may say that:

a) The velocityw” =g y”g is proportional tol, and to the vector:
w=ig iy°yrg,
and the vectorg®, AX, andw* have the same support in space.

b) Consider the spin of the particleq. cit, 8 11):

My ==& (VY7 -y vy ¥,

N

which is an anti-symmetric tensor, and, as is custonsapyarate the “spatial part” from
the “temporal part,” which we call:

(18) M:_%mKa iW:%m@, (i!j’K:]'! 21 3)1
respectively. Sinceg'g = g'y°g = 0, the
identities (4) and (5) give: » dir. of propagatio
SwE=3rm Sy =0, 4 A= quantity of motion
(19) u = velocity
D Ut =D U 7T =0. | w

The two *“vectors” r and y are equal, / :
perpendicular to each other, and perpendicular
to the direction of the velocity.

One can thus draw the associated figure of 7~
the vectors that accompany a particle that has

the velocity of light in its motion, a figure thatpr@duces the general disposition of the
electromagnetic field of a photon.

6. — Simple expressions- We do not restrict the generality if we choose anéa
such that the propagation takes place along thés, sou; = u, = 0, which entails that;
= Az =0.

The quantities that are attached to the photon havltbe/ing values as functions
of two arbitrary complex quantitie§ and¢; :

velocity (described with respect ®):

up =0, u =0, Us =% 2 (§¢,+EE), Us =2 (§E+EE,),
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velocityin ordinary space:
V1 =0, Vo =0, Vz==*cC.
Vector w which is proportional to the velocity:
wi =0, W, =0, Ws == 2(&&-8¢,), Wy = F2(EE-EE).
Components of the spin:
Imes = (§&,+ 86D, Ime = (&6, &¢), $m2 =0,
$Mue = F () (&E,- 88D, M =2(&E+ &8, $Mes = 0,
so, with the notation (18):
th = EE+ &L, 1o = (16) (&6, &%), 5 =0,
78 = F (10) (&6, 6360, B =%(§¢,+ 6580, 78 = 0.

The corresponding lengths are:

Dz =Y = ASTEES,

7. — Some remarks.

a) In a general fashion, the basic equations providef thely up to a factor, and a
normalization is necessary. For example, one egras is customary:

&6+ 66 =1

b) Similarly, a corpuscle that has the velocity of lightl remains characterized by
the vectomi . One easily sees that a particularly interestasgas the one in which:

wk =0 K=1,2,3),
for the following reason: One hagm,general(i.e., for arbitrary velocity):
U, ™ = - we Qs

so ifwi = 0 thenu, m™ = 0. Consider the frame in which the particle is at:1g = u, =
uz = 0. Thereforem™ = 0 in that frame, as is well-known. Hence, a plrticith w*= 0
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is such that its spin reduces to its spatial componantsthus, to just a “vector,” in the
rest system.

It is not impossible that this case is realized irureaexclusively, so the theory with
w* # 0 gives the general ideal case. Be that as it maynawetain that/* = O represents
a particularly interesting case, and we have likewmsagined that this is true for the
limiting case that is of interest to us here, and inctvlune can no longer speak of the
‘rest system.”

In this casew = 0 signifies that& &, = &¢&,, so the normalization condition
becomes{, & = 4, and one has simply:

2 M =2 =1

¢) In this same case, the values of the spacetime geardre deduced frof, & —
I.e., ultimately from two angleg: and @,, which represent the phaseséafé; .

The vectorqu and 1t are perpendicular to each other, and their colleczienuth
around the direction of motion as measured by, for example, the angle phatakes
with theOx axis— is equal tog, — ¢, .

One thus defines a sort direction of polarization as for photons, but which does
not depend upon a wave.

We have called the tensor with the componém¥” the “spin.” Its length is zero:

Z m,. m™ = 0. The length of the spin of particles with velocity ¢ is zero.

Among these particles, one must likewise include thetgmho However, a
comparison at this point is not possible, considering Heastudy of the photon has been
made only as a function of the electromagnetic fieltt ttonstitutes light, and that we
have not further studied these fields in spinorial meiisa

One must examine how that kind of mechanics is nornadthched to the fields of
these particles, which we shall do in the following #etic



