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On the equations of eectromagnetic induction
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Translated by D. H. Delphenich

When an electromagnetic induction is given on the spacgemanifold, that will imply the existence
of an associated metric and an associated electromafjakti

1. Consider a domaib in space-timeV, that is referred to local coordinaté§and
endowed with the world-metric)(
(1.1) ds® = gap dx? dx”.

An electromagnetic induction is defined on the dontaiwhen there exist two fields of
antisymmetric tensorblas, Goz on D and two matriceq;), (#;), which are called
induction matrices, such that:

a

(12) Gaﬂea: £§Hapea’ ﬂgéapea: ll' a/]e !

in which e” denotes a proper vector that is oriented in time @mmon to the two

induction matrices, andG ,,, H ;are the adjoint tensors kg, G5 in the sense of the
Riemannian metric (1.1). One supposes that the inductiassdéfined satisfy the
Maxwell equations:

(1.3) 0, H =0, 0.G%=¥.

Here, we shall confine oourselves to the case intwtie medium that occupi€sis
isotropic; i.e., the one in which the induction matricegresent two homotheties. We

will then havee; = £J;, u; = ud;, in whiche andy are scalars. The relations (1.2)

will become Gy €7 = £ Hyp €, uG ,e°= H €, and the matricesG(s — £ Hap),

aj

(UG z—H ,5) will have rank 2. It that were true then the integratby parts of
Maxwell's equations would yield the electrodynamical tensor

() Session on 27 January 1958.
() Greek indices vary from 0 to 3, and Latin indices vary flora 3. 9, =a / 9x".
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(1.4) Tap= +9ap (G* Hpo) — Gpa H .

That tensor is not symmetric. Upon adding an intemaderm to it, one will get the
symmetric tensor:

(1.5) tap= Tap— (1 &) Tap€’ep.

2. An impulse-energy tensor defines a matter-inductiomixniat the form of:
(21) Taﬂ:pUQ Uﬂ+taﬂ,

in which u, is the unit velocity vector that is associated with matter, and is defined
differently frome (). The relativistic equations of induction are then coragosf
Maxwell's equations (1.3) and the Einstein equati®as = xTss. If & w4, €7 are
assumed to be given then the field variables will cirefithegas, Hag, Ja, U%, p. By
means of a supplementary hypothesis on the current #c{éor example J? = du),
one can prove that under convenient differentiability hypsgh, the system of Maxwell-
Einstein equations will admit a well-defined solutioth# hypersurfac8that carries the
Cauchy datad,s, 01 9as, Hap) is not exceptional. That study exhibits the existence of
two types of characteristic manifolds that are coupléti Einstein’s equations and the
Maxwell equations, respectively:

(2.2) MT=gPa,fasf=0,

(2.3) A f=g%0,fosf=0, in which g¥=g%- (1 —gu) €.
1 B

Two cones will then be found to be defined at each poifihe characteristic corg;
of the Einstein equations, which coincides with the elatiary cone in space-time, and

the characteristic con€, of Maxwell's equations, which is generally distinabrfr the
first one. Ifgu > 1 thenC, will be interior toC,. Those two cones will coincide fay

= 1. One will note that, in the language of the theofywave propagation,gf) ™
represents the speed of propagation of wave fronts (2tB¢ @flectromagnetic induction.

The second con€, defines the associated metric:
(2.4) ds?= 0,; X7 dx” = {gaﬂ —[1—ijea eﬂ} dx“ dx?,
22

in which @,, is the tensor that is conjugate to the tengtt. One letsV, denote the

Riemannian manifold that is defined by the differentiailkenifold that carries space-
time V, and is endowed with the associated metric. In whiddws, the overbarred
guantities will be defined in terms of the associated imethile the unbarred quantities
will be defined in terms of the world-metric.

() It was assumed thatagreed withu in a prior study [C. R. Acad. Sci. Pag45 (1957), pp. 1782].
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If V, is referred to the same local coordinatéssV, the one can prove thatéf: is

constant in D then the Maxwell equations that relate to the indactian be expressed
directly in terms of the associated metric in therfor

(2.5) 0,H% =0, 0,G?%= 73",

in which H,;= Hag , G¥= (L) H?” = G%, J°= J. If euis variable then one can
generalize those equations. An integration by partsqoateons (2.5) will yield the
symmetric tensor:

(2.6) Tp=

Ga/] (C_;pd l__lpa) - Gpa Hp/] !

N

which is such that in contravariant components:
(2.7) T?=1"— (1 -gu) 1" e, =t%,

which justifies the introduction of the symmetric tengh5).

3. Let (e;) be an orthonormal frame i, whosee, vector is oriented in time and

coincides withe. It defines a system of linearly-independent local Pftafins «f such
that:

R R RO

Upon settinge /\/gu = @°, @' = @, one will introduce the orthonormal frante, )

that is canonically associated with the frareg),(and with respect to which, one will
have:

(3.2) ds’= (&) - (@) *~ (@) °~ (@)~

One should remark that the automorphism of the tangene $p& at x that transforms
to (e,) corresponds to a choice of local coordinate% for the associated manifoMd,

and thus, to a choice of units such thgi)“* will have the value unity.
Upon agreeing that the primed quantities must be takentingihvalues referred to
the frame(€,), one will have:

@3 Fu=Ju(eE). Fa=a(JaH). G = (JeE). Gum(JuH),

in whichE;, Bi, Di, H; are the vectors that are induced by the tertdggs G,z on the tri-
plane @) that is associated witly (D; = €E, Bi = Hi). Let Ifaﬂ be the tensor whose
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vectors that are induced on the tri-plaf@) that is associated witk, are E =./<E

and A = \/uH,. By definition, it will be called theslectromagnetic field that is

associated with the given induction. Conversely, one verifies that @ecteomagnetic
field that is defined in the associated frame correspnsisace-time to an induction that
is deduced from the field by a change of frame. Thec&gso electromagnetic field
satisfies the equations:

(3.4) O

Mo

w-0, OF%=3°.

It corresponds to the symmetric tensor:
(3.5) T ,;=30,(F“F,)-F,F%

(a) af ay

for which the values of the components in the assatitame will coincide with those
of T,;.

(Faculté des Sciences, Besancon)




