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 One generalizes an algebraic study of the electromagnetic energy tensor in the case where there exists 
an induction.  In particular, one defines singular induction. 
 
 
 1. If space-time is referred to local coordinates xα and endowed with a world-metric: 
 
(1.1)     ds2 = gαβ dxα dxβ  
 
then consider a medium that occupies a domain D in which there exists an 
electromagnetic induction (Hαβ , Gαβ) (

1) that satisfies the constraint equations: 
 

(1.2)    Gαβ u
α = ε Hαρ u

α, G uα
αρµ

•
 = H αβ

•
uα, 

 
in which uα is the unit velocity vector of the medium.  One sets: 
 

(1.3)  Gρα uρ = Dα ,      G uρ
ρα

•
= Hα ,      Hρα uρ = Eα ,      H uρ

ρα

•
= Bα , 

 
and let tαβ be the symmetric electromagnetic energy tensor that is associated with the 
induction considered: 
 
(1.4)  tαβ = ταβ − (1 – εµ) ταβ u

ρ uβ ,  ταβ = 1
4  gαβ (Gρσ Hρσ) − Gρα Hρ

β . 

 
 
 2. The introduction of the associated electromagnetic field (1) in the manifold 4V  that 

is defined by the differentiable manifold that carries V4 and is endowed with the 
associated metric: 

                                                
 (1) C. R. Acad. Sci. Paris 246 (1958), pp. 707. 
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(2.1)   2ds = gαβ dxα dxβ, gαβ = gαβ – 
1

1
εµ

 − 
 

uα uβ  

 
will lead us to consider the case in which that field is singular in the sense of A. 
Lichnerowicz (2); i.e., such that: 
 

(2.2)    Ψ = 1
2 F Fαβ

αβ = 0, Φ = 1
2 F F αβ

αβ

∗

= 0. 

 
 It that were true then the electrodynamical tensor 

( )a
αβτ = 1

4 g F F F Fρσ ρ
αβ ρσ ρα β−  

could be put into the tensorial form: 
(2.3)     

( )a
αβτ = 2 l lα βξ  

 

in which ξ = ε E  = µ H , and in which lα  is an isotropic vector in 4V .  

Equations (2.2) imply that for the induction one will have: 
 

(2.4)    1
2 Gαβ H

αβ = 0,  1
2 G Hαβ αβ

∗
= 0. 

 
 The electric field and induction vectors E, D are orthogonal to the magnetic field and 
induction vectors B, H.  Conversely, (2.2) is a consequence of (2.4).  By definition, such 
an induction will be called singular. 
 
 
 3. We shall study the proper values and directions of tαβ relative to gαβ .  In order to 
do that, we consider the values of the components of tαβ in a proper frame; i.e., an 
orthonormal frame (eα) whose e0 vector coincides with u.  We set: 
 

(3.1)    X = 1Eε ,   Y = 2Eε ,   Z = 3Eε ,    L = 1Hµ ,   M = 2Hµ ,   N = 3Hµ . 

 
 It is easy to choose the proper frame that is called simple such that e1, e2 are found in 
the 2-plane that is defined by the vectors E, D, B, H and whose directions will coincide 
with the proper directions of (tab) (a, b = 1, 2).  One will then have: 
 
(3.2)    Z = N = 0, XY + LM = 0. 
 
 In that frame, tαβ will have the components: 
 

                                                
 (2) A. LICHNEROWICZ, Théories relativistes de la gravitation et de l’électromagnetisme, MASSON, 
Paris, 1955; L. MARIOT, Thèse, Paris, 1957.  
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(3.3)   (tαβ) = 

2 2

2 2

2 2

2 2

0 0
2

0 0 0
2

0 0 0
2

0 0
2

ζ ηεµ εµ ζ η

ζ η

ζ η

ζ ηεµ ξ η

 +
 
 
 −− 
 

− 
 
 

+ 
 
 

, 

in which: 
(3.4)    ξ 2 = X 2 + L2,  η 2 = Y 2 + M 2. 
 
 In the regular case (ζ 2 – η 2 ≠ 0), tαβ will admit the four proper values: 
 

0

2

s

s
= (εµ − 1) 

2 22 2 2 2 2 2
2( 1) 4

4 2 2

ξ η ξ η ξ ηεµ εµ   + + −± − +   
   

,    s1 = − s2 = 1
2 (ξ 2 – η2). 

 
 One recovers the well-known results for εµ = 1. 
 
 

 4. If ξ 2 – η2 = 0 then the induction will be singular, and ξ = | |ξ E = | |µ H .  The 

four proper values will then be: s0 = (εµ – 1) ξ 2, s1 = s2 = s3 = 0. 
 If εµ > 1, which corresponds to the study of the electromagnetic field in matter, then 
s0 will be positive.  The proper vectors V that are associated with the triple proper value 

of zero are found in the space-like 3-plane whose equation is εµ V 0 + V 3 = 0, while 

the proper vector W that is associated with the positive proper value will be oriented in 
time and have the well-defined direction: 

εµ W 3 + W 0 = 0, W 1 = W 2 = 0, 

 

i.e., the direction of the vector l = εµ u + e3 . 

 In that case, tαβ will translate into the tensorial equation: 
 

tαβ = ξ 2 lα lβ , 
or, upon normalizing: 

tαβ = (εµ − 1) ξ 2 λα λβ . 
 
We point out that the direction of l or λλλλ belongs to the cone xC  ( 2ds  = 0), and that it is 

orthogonal to E, D, B, H. 
  (Facultés des Sciences, Besançon, Dijon) 
 

____________ 


