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The anisotropy of a medium is translated with the aid thvéemorphisms, y, o of the tangent vector
space at each poirtof the space-time manifold, , which represent the dielectric strength, the magneti
permeability, and the electric condition of the medivasp. The Maxwell equations admit a triple system
of characteristic manifolds that are each tangent to @ abarder two.

1. Let D be a domain in space-tinvg that is referred to a local coordinate systém (
(x%). One letsTy denote the tangent vector spac&/f@tx. Letds” = gap dX? dx” be the
world-metric, and leti” be the unit velocity vector that is attached to gamiht x of the
medium that is occupied by. One recalls that a proper frame at the pging an
orthonormal frame whose basic vectdf’ that is oriented in time and coincides with the
vectoru, and the other three vectdrd), which are oriented in space define the tri-plane
My that is orthogonal tar and which one calls thepace associated with the time
directionu.

The electromagnetic field is defined by the givervgrof two antisymmetric tensor
fields of order 2H,z andGgs. The electric and magnetic induction and field vesciy
E andB, H, resp., are defined b)(

O O
(11) Da:Gpa U’D, Ea: Hpa U’D, Ba: Hpaup, Ha: Gpaup,

in which one sets:
r 5 N 5
Hap :% /7avy6Hy : Gap :% Uavdey .

in which 77,,5 denotes the completely-antisymmetric tensor théataskaed to the volume
element form o, .

() Session on 21 October 1957.
() Cf., J. rat. Mech. Anab, no. 3 (1956), 473-538.
(®) Greek indices vary from 0 to 3, while Latin ones vaopf 1 to 3.



Quan — Electromagnetic inductions in a relativistic @tingpic medium. 2

In order to express the relations between inductiondieldd, we given each point
of V4 two automorphisms andy of Ty; i.e., two linear maps diy to itself:

(1.2) D = ¢E, B =uH.

We denote the representative matriceseadnd g by the same letters, and their
elements(¢;) and (u;) define the components of two mixed tensor&/pthat they are

associated with.

2. Sinceg andu are automorphisms, the matriceandy will be invertible. A given
field will define a well-defined induction, and conveskseaf one knows an induction then
it will correspond to one and only one field that ssiftduction. One letd and r denote
the inverse transformations &andg, resp., or their representative matrices.

One infers from (1.1) that:

(2.1) Esu’=Dsu’=H,u?=B,u?=0.

The fields and induction vectors are orthogonal to thewahitcity vectoru” : viz., they
are vectors in the tri-plari@y . The automorphisms u, A, r must make any vector in
the tri-plandy, correspond to a vector in that tri-pldiie. We suppose, moreover, that
iS a proper vector of the corresponding matrices. illtien result that, u, A, 7leaveu
andly invariant. In a proper frame, those two conditionseapaivalent tos’ = &, = 0,
W= =0,2° =2 =0,1° =1, =0. One will note that if the matricesy, A, r are
symmetric then one of the preceding conditions wifply the other one.
One will be led to set:

(2.2) Eg=E0] +€F, Mg =0, +mg,

(2.3) AS=A05 +15, r9=105 +15,

inwhicheg 4, A, Tare scalarsA=1/¢ r=1/4) ande;, 17, mg, t7 are such that:
a0 B =198 = B — a8 —
e;u” =17u” =mzu” =t u”=0.

The medium considered is calleddtropic if the transformationg andy are homotheties.
One will then have'j;:

Eg = €05, Uy =Ty,

3. Starting from the constraint equations (1.2), whichlsamwritten explicitly as:
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O O
(3.1) Gopu”= efHapu”, Hapu”= 15 Gapu”,

one can express tl@&,z as functions of thél :

Gaﬂ: THaﬂ+ (T— 1)('_|g'a UUUﬁ_ HgﬂuUUQ) + (eﬁuﬂ _egua) uaHpg
+ gaﬂya_uyé#vpauv Hpc71

in which g,3,5, €% are the Kronecker symbols.

4. The electromagnetic fieldH(s, Gop) satisfy Maxwell's equations:
(4.1) &= 16" 0aHs=0,
(4.2) Dp=9"0aGps =g,
in which the electric current vectdg verifies the hypothesis that:
(4.3) Jp= U+ 05 Hpa Y,

in which dis a scalar that represents the proper density aiélotric charge, anfoy) is
a new automorphism that introduces the electric conduc{ityhe medium, such that
the conduction currerfits = 0 Hpa u” will satisfy the generalized Ohm hypotheBis o

E. One remarks that equations (4.1) express the ideahinat éxists a local vector
potential forHys .

5. The ¢, u;, o, are given functions of’, the field variables are thg,s, Hop ,

which verify the Maxwell-Einstein equations that correxpto the schema considered in
the domainD. The Einstein equations must determine ghg and u“; in particular,
consider the Maxwell equations, for which we study theddy problem. We are given
the values ofHl,3) on the hypersurfac® whose local equation i€ = 0, and we seek to
determine the values of the oblique derivatidgsl,z onS The Maxwell equations are
equivalent to the set of two systems:

(5.1) &=1n"% 9o Hj+ Wk =0,

(5.2) Di= %{(9‘”— L-g) L) & - p (U’ -eu)u’+

+ i(go”eg u' -ge’uu +§1,ug‘”gmy5uytj£‘” %u,} 9o Hoj + &
£
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= 90U+ 0" Hpg P

(in which W* and®; are known quantities i6) and to the two identities that are verified
onS:

(5.3) 50 E% /7ijk0 ai ij =0,
(5.4) D°=g”Ds= 0 + g% 0§ Hp W,

in which D° does not depends updg Has. One notes that (5.3) expresses the idea that
the tensoH;; that is induced oB&is locally derived from a potential vector.

If the hypersurfac& is not exceptional then equation (5.4) will provide a vétue),
equations (5.1) will determine the valuesodgfH;;, and equations (5.2) will determine
those ofdoHgy on S The calculations can be performed by means of suceess

derivations.
The characteristic manifolds of Maxwell's equationsraeessarily such that:

(5.5) Q =det(A)=0,

in which the A’ represent the coefficients of (3/do Hg in (5.2). An analysis of that

equation will show that there generally exists a trgjstem of characteristic manifolds
that are tangent to a second-order cone.

(Faculté des Sciences, Besancon)




