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In what follows, | shall communicate a simple derwat of the parametric
representation of motions and transfers. A particadtantage of it consists of the fact
that it exhibits the geometric meaning of the parameters immediatdgow of such a
derivation only for the EULER formulas that are coneer with the rotations around a
fixed point; it goes back to DARBOUX)(and is based upon the known representation of
the velocity components of the points of a rotatingybin terms of the quantitigs q, r.
The one that | shall communicate comes from my coratid@ of a direct route to that
objective. | do not know of such a derivation for the peataic representation of the
most general motion of RODRIGUES that was generalme8TUDY. The parameters
that were employed by STUDY in his comprehensive paédrage still not found their
simplest geometric interpretation, even partially; boer, the elementary method that |
employed will likewise be given in what follows.

The basic idea that | start with consistgeducing to operations of period twégr
example, one will obtain a representation of a rotatis a product of tweversalsor
two reflections That proves to be most convenient. In fact, therpater formulas for
the operations of period two can be exhibited very simaply directly. Moreover, they
will appear in a different form that illustrates theogetric meaning of the parameters,
and this has the further consequence that the formuldedayeneral operations that are
composed from them will also possess the same property.

8 1.
The EULER formulas.

Let O be the fixed point around which the rotation takes plaet.X, Y, Z andx, y, z
be the coordinates of a point in the initial and finalifimss, when referred to a fixed

() Cf., a Note in théecons de cinématiqusy G. KOENIGS (Paris, 1897), pp. 343.
() “Von den Bewegungen und Umlegungen: (Parts | and Il)hbtaatische AnnaleB4 (1891), 441-
566; pp. 526et seq.
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coordinate system. As is known, the formulas that eonthem then imply that one also
directs one’s attention to the positions of the coaitg axes before and after the rotation,
and indeed, one regards the systenY, Z as the initial position ang, y, z as the final
position. One then has the known equatidjs (

X = Xcos(xX)+ Ycos(xY) Zcos(xZ)
0] y = Xcos(yX)+ Ycos(yY)} Zcos(yZ
z= Xcos(zX)+ Ycos(zYy} Zcos(z2)

| shall denote the nine cosinesdyy; for brevity.
Now, letil be a reversal around an adishat goes throug®, so the axeg, y, zand

X, Y, Z go to each otheeciprocally, it will then follow immediately that:

O &Y =Xy, 0Xx29=X2, Oy =(2,
SO:
Ci12 = Co1, C13 = Cau, C23 = C32,

which is a result that is obvious from the outset friln@ symmetric character of the
reversal. Moreover, one has:

OxX=2&w, O@YV=2¢y, Ozg=2V.

If one then sets:
cosku=¢ cosyu=n cosguy=¢
then it will follow that:
Ci1=cos (XU =2f2—-1 =2—p?-7?
C2=Cos (YU =27°-1=p>-7*-¢2
Caz=cos (ZU =20?-1 =0*-¢&?-np?2

With that, we have already found the EULER formutasthec; . Sincec,s = 32, one
further has:
C11 = Cpp (a3 — C5;;

with consideration given to the fact thét + 72 + ¢? = 1, one will then have:

O = (2=’ + (&2 47 =07 = (=0 =N+ n?+ )
={-*=0)" =8P -0 =40

One will then obtain:

C3=2&3N¢, Ca1=2&1 (¢ Ci2=2&32¢ N,

() Cf., e.g., KLEIN-SOMMERFELDUber die Theorie des Kreiselsleft | (Leipzig, Teubner, 1897),
pp. 16.
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in which thegg have the valuez 1. These values are yet-to-be-determined. It next
follows that one must haves = & = &, on the basis of symmetry; we denote the
common sign bye. Now, the determinant of the substitution has theleval 1; as a
result, one will get:

1=(2°-1(2"-1)(%°-1)+166°¢°n°
—4n*CT (287 -1 - K720 ) - 4207 - 1)

It further follows from this directly that:
1= 1&(252(82_1) +2(§(2+/72+ZZ)_1,
so finally one will havee? -1 =0; i.e..e= + 1.

With that, the formulas for the reversal have beeemd,including the meaning of the
parameters.The nine cosines have the values:

&-nt-4% 24, %4,
(1) 2&n,  n*-¢7-& 24,
24, xn¢,  {P-&-n’,

and one has:
=cosku, n=cosyu, {=cosgu.

Now, letil; be a second reversal around the axiso the formulas:
X =0, X+ G, Y+ 6,7

(1 Y1 = QX+ G Y+ 657
2= Qg X+ GaY+ G 7

will exist between the coordinat&sY, Z of the initial position and the coordinatasys,
z of the final position, and the nine cosines apragented by the formulas:

512 _’712_512’ 25{711 25{1’
(IV) 251 11 /712_512_5121 27{1’
251(1! 2’71Z1’ Zf_gf_”i’

which are analogous to (ll), for:

&1 =COS K W), 1 = cos (I W), {1=COS £ ).

One now lets the two reversalsandil; take place in succession. The resulting
motion is equivalent to a rotatid through an angle of rotatiow= 2(u, u;) around an
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axis a that is normal tar andu;. The formulas that correspond to it are obtainednwhe
we replace th&, Y, Z in (lll) with the valuesx, y, z. If we write the nine formulas in the
form:

X =Cp1iX+Cr2Y+ C3Z,

y =CauX+CY+CZ,

Z =C31 X +CsY+C33Z

then, sincei = ¢ and ¢, = ¢, it will follow directly that:

Ci = C:1Q<1+ qz(ﬁz'*' ¢3§3-
We now set:
¢ +nm+{4a=D
na—4{m=A, {6 -¢4 =B, ém-né=C

and obtain the known values of t@g in terms ofA, B, C, D directly. One requires only
the simplest conversion for that. It is:

Cu= Cilcll+ d12C12+ ¢13C1:
=(E2=n? =& -ni = ¢ + Asanm + 48644 .

If we add the vanishing quantityy2:{¢1 — 27m. {1 then it follow immediately that:

Cui= (§&+ pm + zzl) + (NG = {m)’ = (Em-né&)Y —((a-E0)°
=D’+A’-B°-C>

Moreover, one will have:

Cio= c:11021'*' d12C22+ ¢13C2:
= (& -n-{)2én+ (n*-3¢7 = &) 2&m + 4and & .

If we again add the quantityé2,{(y — 2¢mni{¢ on the right then it will follow by a
simple conversion that:

Ci2=2[(¢é1 + i + () (S — 1 1) = ($ = € )(n6 = ¢ )]
= 2(AB — CD).

The value ofC,; is obtained from this by permuting 7,  with &, m1, &, resp., so one
will have:
C.1=2 (AB+CD),

and the remainin@ik will follow by cyclic permutation. One will then @ve at the
known matrix:
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D*+A*’-B°-C?  2(AB- CD, 2( AC+ BD,
(V) 2(AB+CD), D'+B-KXK-C, 2(BG AD,
2(AC- BD), 2(BC+ AD, D+ C- A- B,

but one also obtains the geometric meaning of #r@ameters from this immediately.
From some elementary formulas of analytic geomeétygd when one denotes the
direction angles of the rotational axis &yg, yand recalls the meaning éfn, {and{,

M, (1, one will then have immediately that:

D =cos{iu, )= cosczi) ,
(Va)

A=cosa sin%) ,B= co® siﬂz3 C= cgs s%)

In conclusion, we make a remark that concernsdgtermination of the sign. In
order to establish the sense of a rotation in sp&de convenient to give the rotational
axis a direction, and thus, to regard it as a talf- |1 then define the positive sense of
rotation as would correspond to a right-hand scwdwse axis is the axis of rotation.
One and the same change of position can then bateddy a rotation through an angle
wand a rotation through an angie- 277 (a negative rotation through the angle2w
resp.). A, B, C, D will all change signs under the transition fraoto w— 27z but the
formulas themselves will remain unchanged.

Either of the two directions of a reversal axisr dae chosen to be the positive
direction; one can then also choose the signg, af, { and &, /i, & to be opposite.
However, should the anglesanda, £, ykeep their values then that would have to be the
case forboth direction cosines, in such a way th&BCD would once more remain
unchanged. If that were to happen for only onedfion then the anglei() would go to
71— uug, while the rotational axis would change its pesitsense, and one would get the
opposite values foh, B, C, D.

§ 2.
The transfers about a fixed point.

The formulas for the transfers will be obtainednfrthe ones for the rotations when
we combine the rotatio®l with an inversiord through the poinO. If wis again the

angle of rotation oR(, anda is its axis therRlJ will represent aotational reflection

around the axia whose plane is normal ®oband whose angle has the magnitédle= w
+ 7z On the other hand, y, z will be changed te- x, -y, —z by the inversion. Thus, if
the coordinates of the poift, which emerge fronX, Y, Z by means of the operati@tf,

are denoted by, y, Z then one will have immediately:
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X:_C11><_C12Y_ Q3Z
(V1) 7:_C21X_C22Y_ Qaz
z:_CﬂX_ QZY_ Qaz

If one calls the coefficients of the substitutign then one will have simply:
G =~ Cik.

The meanings of the quantitiés B, C, D that appear in th€y are the following
ones: Since the angle of rotatian of 2J has the valuev+ 7z it will follow that:

D= cosﬁ) :sinﬁ),
2 2

A=-cosa cos%), B=- cos,[:’cos%), C=- cosycosc—;.

For a pure reflection, in particular, one will ha&e= 0, soD = 0, and one will have
the naturally symmetric matrix for the coefficier@s:

=&+n*+% -2, -2,
(Vi) —-2¢n, E-n*+¢?,  -x¢;
-24(, -¢, é&+n*-¢7,

which contains the negative values of the matrix (lin it, & 7, { are the direction
cosines of the altitude to the reflecting planeatiMally, they can all be chosen to have
the opposite signs, as well.

§ 3.

Rotations in space.

We next treat the case of a rotatinonce more, le be its axis, and letw be the
angle of rotation. The geometric constants thildish the rotatiof( in addition to the

direction ofa and the anglevare obviously the direction and length of thetadie OL = |
that goes from the coordinate origi to the axisa. In fact, the parameters of the
rotation can be represented in terms of them; timmiies yet a second geometric
interpretation for it. We will also find this t@ain be true in the general cases.
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This time, we derive the formulas for the rotat#hnn such a way thal is regarded
as the product of two reflectior® and S; whose planegrand oi, resp., go through.

However, we would like to choose them in a certain ,vanyd indeed, such that they
subtend an angle @b/ 4 with the altitudeOL in the manner that is given in Figure®L (
The problem will then reduce to the case of a simdleat®on; we shall solve it for the

reflection& through the planer.

For that, we drop the altitud®N from O to o and extend it t&& Let T be the
translation that takeS to S If a planeo”’ || owere then drawn throudD, and if&' is the
associated reflection then one would have:

6 =6'%,

and indeed one should understa&® to mean that one first performs the reflecti®h
and then the translatiah Now, if X, Y, Z are once more the coordinates of a point in the
initial position, whilex, y, Z are the ones that emerge from them by the reflec®ign
and one finally takes the poiit, y, Z tox, Y, z by the translatioff then, from § 2, one
will have:

=X+ QY+ G, 4

= ElZX +_g2Y+ _(\23 Z’

= E13>( +_%3Y+ _%3 Z’

N < XI

in which theC, are given by the matrix VII, anf] 77, { mean the direction cosines©8
in them. When one se®S= 2s, it will further follow immediately that:

X=X +25c0s k9 =X+ 25,
y=y t2scosf 9=y + 25,
Z=Z +25C0S¢9=7Z +2¢

() Figure 1 depicts the section of the spatial figure plaae througtO that is perpendicular @
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such that finally it results that the reflecti@nthrough the planeis:

XZZSg(—qu— &Y &4
(Vin) Y=29]- G X= G Y~ G 4
2221_93 X=G Y g4

in which thecy are now given by the matrix (ll).

An analogous system of equations exists for the redfle¢s, through the planes .
According to the way that we defined the positiongraihd i, we will haveOS=0S§ =
2s, so it will follow that:

X1 = 2561 — qlx - dle_ Q3 Z,
Y1 =280 - qzx - dzzY_ d\23 Z,
2 =280~ qu - dst_ 633 Z,

and, in factéy, n1, & will be the direction cosines a1 .

Now, in order to get the formulas for the rotat®ywe must once more introduce the
valuesx, y, zfrom (VIII) in place ofX, Y, Z in the last equations. If we write the resulting
substitution in the form:

X'=A+C, X+ G, Y+ G, Z
(1X) y=B+C X+ G, Y+ G, Z
Z=C+G X+ G Y+ G Z

then it will be obvious thahe G have the values that were derivedid, and thus, they
are composed from the quantitiesBA C, D that were introduced i8 1according to the
matrix (V). However, those quantities have a somewhat réifile geometric meaning
here. Namely, the directiol@®SandOS that are defined by, n, {andé&, 71, {1 subtend
the anglerr— w/ 2 with each other here; the angle that belonghémtin the right-
handed system then has the vadue2 — 7z

According to the remark at the end of § 1, we then fr@bppositevalues forA, B,
C, D to the ones in 8§ 1 here. However, it is naturally corer@nio understand the
parameterd\, B, C, D to mean the same quantities as before; we mustanemefine the
calculations of, B, C, D that must be performed here by the equations:

D == (& + nm + {G),
A=md-nd, B=43aé-{é&, C=én—-<¢m.

The parameter#\, B, C, D thus-introduced are then identical to the ones that wer

employed in § 1.
It is still necessary for us to find the valuefqfB’, C' now. Now, one has:

A =26 -B (s 07+ Cf)
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=x[&- (& -nf—{)) - 2amn - 2644 .

If one now multipliesé; by (£% + 772 + ?) in the bracket and add®n, — &nm + &4 -
&{¢1 to the expression the one will get:

A=5[&-OD-(m-nD+ (-9 B8],

B=X[(&-8C+(m-nD-(a-9A,

C=5[-(a-)B+(m-nNA+(-49D].
If one now sets:

2s(&—4) =Aa, 2 (m—n) =B, x(G-9=C

then it will ultimately follow that:

A=AD-BC+GB
(X) B'=AC+BD-GA
C'=-AB+BA+ GD

and (except for a sign) these are the formulas th&ail obtained for the case of a
simple rotation¥).

S

™S

O I L

/ -
N’ %0

M 1

S
Figure 2.

The geometric meaning of the parametysBi, C; is obtained as follows: In the
rectangleONNL of Fig. 1, we lengthei©N along itself toN' (Fig. 2) and drop the
altitudeOM to N;N' from O; Xo, Yo, 2o are then the coordinatesMf so we have:

¢ n.-n (¢
=S——, =S——, =S——.
Xo 5 Yo 5 ¥4 5

() Cf., pp. 528 in the paper that was cited in footntte One must sgk, = 0 in the formulas (5) for a
rotation.



Schoenflies — Simple derivation of the parameter formfdamotions and transfers 10

One now set®M = 5, and denotes the direction angle<aM by ao, (o, W, SO one will
have:

A1 = 4%y =45y cosap B1 = 4yo = 45 cosfb C1 = 420 = 450 COS ) .
If one finally connectSwith § andL then one will have:

S = NN, =4,
and therefore:
(XD A; =SS cosap, B, =SS cosn, Ci =SS cosy,

such that the parametefg, B;, C; will be the projections 063 onto the axes. The
segmentSS can be characterized in two ways: Namely, siBt& = « it follows
directly from the triangl&.SS that:

ss=2ssin? =2 sin?.
2 2

This is the meaning that was mentioned at the beginning of this paragragecond
one is based upon the fact that the path that the $diescribes as a result of the rotation
20 is a circular arc that goes through therefore SS represents the chord of the points
whose path includes the starting points and bisects;|tBA C; are the projections of
that chord.

Since the directions of the axasand the chor&S are perpendicular to each other,
the relation:
(X11) AA; +BB; +CC =0
will then follow.

§ 4.
Screwing motions.

A screwing motion will arise when we compose the rota®l with a slide¥ of

length 7 along the axig. If X", y', Z' are the coordinates of the final position then one
will have:
X' =X + rcosa, y' =y + rcosp, Z'=7Z + rcosy,

in which X', y', Z are given by the equations (I1X). Only the valuesAQfB', C' that
appear in these equations will be changed by that, and indeecbby, 7 cosg, rcosy.
If one now introduces the quantity:

D]_:

LW
sin—
2
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as a new parameter, and recalls the values 8f C, D that were contained in 8 1 then
one will ultimately get the values @f, B, C' that correspond to the screwing motion in
the form:

A=AD-BC+GB+ DA
(X111 B'=AC+BD-GA+ OB
C'=-AB+BA+ GD+ QC

These are precise$TUDY's formulas(®); they will go to them when we replafe
A, B, C with — ao, 1, a», as andDg, Aq, B1, Cy with 206, 2061, 25, 2(; . Nevertheless, the
parameters that are employed here are not identical SWithDY’s quantities. That is
based upon the fact that one can vary the parametensmy ways as a result of the
relation (XII).

We next introduce quantitiés, By, C,, D, by setting:

A =A+rcosa= A+ DA,

B, =B +rcosf =B+ DB,

(XIV) C,=C,+rcosy=C+ DC,

1-cosw /2
sinw/2

D, = Dl—rcotc—z'): D,-DD=r

As one immediately recognizes, formulas (XIII) alemain valid for the parametefs

B, C, D andA;, By, C,, D,. The geometric meanings of the paramegers,, C, can
again be recognized immediately; as in §h&y represent the projections of the chords
of the points whose path goes through the stagpioigt and bisects it.However, these
parameters are not those of STUDY, either; thetioglahat exists between them then
reads:

(XV) A +BB, + CC, =D, (1 +D) = rsin%),
while the STUDY relation possesses the form:
(XVa) AA; + BB, + CC, + DD, = 0.

In order to introduce parameteks By, C,, D, that satisfy this relation, one observes that
the equations:

A =A+uUDA
B,=B+uDB
(XIVa) 2 Bl ﬂ 1
C,=C,+uDC,
D, =D, - uD,D

() They are formulas (5) fat, a0, @z 0n pp. 528.
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also have the property that for an arbitrargquations (XII) will go to themselves; in
addition, however, in addition, however, the valug/@an also be determined in such a
way that the relation (XY is fulfilled; one then gets:

0=D+u(@-2,
which then implies that:

D _cosw/?2 D _ _Tsinw/2
2D?-1  cosw ? cosw

ﬂ:

We shall not go into further details here. Likewisshall content myself with the
remark that the most general spatial transfers carefpesented in the way that was
described in § 2, and that one can also derive STUDY foenida them of the
aforementioned kind').

Kdnigsberg i. Pr., 11 November 1909.

A. SCHOENFLIES

() Details will soon appear in a Kénigsberger Dissertation



