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As is known, graphical statics gives rise to a rentdekaeciprocity for planar
figures, under which any line of the one figure correspondslioe in the other figure
that is parallel to it. Onc€ulmannhad sought in vain to exhibit this reciprocity as a
projective one,Maxwell succeeded in doing that by letting the two figures arise as
orthogonal projections of two spatial figures that weoéar to each other relative to a
paraboloid of rotation, for which one of the two figuresst generally be rotated through
a right angle.Cremona(’) avoided that rotation by replacing the reciprocity ie¢ato a
paraboloid of rotation by one that was relative to aated “null system.” Although the
connection between the two planar figures can be esgulemost felicitously in that way,
the rigorous development of the theory of frameworksvesrno advantage from these
investigations, in that respect, so can one, Gkemona leave unanswered the question
of whether two given reciprocal figures in graphical statics can alwayeesented as
projections of two reciprocal figures of a null systess far as the author knows, this
closely-related question did not find an answer anywimetke later literature (). The
author would therefore like to brir@remona’sexamination to a conclusion, in the sense
that it will be shown thaCremonaforce planes can be constructed with the help of null
systems for all frameworks, as long as one can igtiaie multiplicity. For the sake of
ease of understanding, we link everything to a specifimpia

(" Translator's note: Those figures were not availébkle version of the original that was used.

0) In particular, see€Cremona:“Les figures réciprogues en statique graphique, trad. pasuBd
Paris 1885, where one also finds a more precise giblhy.

(")  Only after this article had gone to press was theoatttfformed of the treatise db. Hauck:
“Ueber die reciproken Figuren der graphischen Stafdkyirnal f. reine u. angew. Math00 (1887), pp.
365, fig., in which the solution of the corresponding peobfor the so-calleleumanrtype of projection
is suggested (pp. 388).
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|. First recall some theorems anll systemg’). Consistent with our objective, we
will then do best to start with their definition in thentext of statics. As is known, an
arbitrary system of forces in space can be reducedherea single force or a couple of
equal and opposite parallel forces or to two skew fogcardk. We are interested in
only the last, so-called general, case. One of ties lof action of the two forces can be
chosen entirely arbitrarily in space, with which, boté gosition and magnitude can be
determined. Namely, fj andg’ intersect atG, and ifK is the point of intersection &
with the plane ¢, g'] then we will decomposg into two componentg’ andn alongg’
andGK, resp., and look for the fordé throughK that yieldsk for its resultant with the
force —n that acts alon&G. The forceg) andk’ will then be obviously equivalent to the
two given forceg andk then. Since' needs only to lie in a plane wigh one can come
to any line of action in space by means of it. Our redoatiould then be absurd, in
general, ifg’ were also to intersect the line of actlonSuch lines are callatull linesof
the force system, since it will produce a rotational mainté zero with respect to any
such axis. If we call two lines that can be the liokaction of two skew forces that can
replace the forcesonjugatethen null lines will be the lines that simultaneoustgrsect
two conjugate lines. They fill up all of space in such g weat the null lines that run
through a point will lie in a plane — viz., thell plane of the point and the null lines in
a plane will run through a point — viz., thall point of the plane.If one rotates the null
plane around a line then the null point will move aloihg tconjugate line, and
conversely. Since, on the one hgds g + n, and on the other hank,= k' —n, in the
sense of the calculus of segments, we see thatcafied k have been displaced to a
common point of attachment they must yield the sameltent asy’ andk' after they
have been displaced to the same point. If we call digtinguished direction thexis
direction of the force or null system then it will emerge frdsmdefinition thatany two
conjugate lines can be projected onto two planes that are parallel to thelieegsion.
If we now imagine that our construction of conjugate liresnd thus, the null lines —
must produce the same resultant when we leave thegmssidfg andk unchanged, but
they must be increased or decreased by the same ratiojttwill be clear thaa null
system is determined completely by a pair of conjugate lines andxtk direction in
which, the latter must naturally be chosen in such g tvat the directions of the two
lines will be projected onto two parallel planes. Taworof the forces that act aloigg
andk will then indeed be known, and so will the lkighat is conjugate to each lige

If we would like to find, e.g., the link that is conjugate to a ling that is parallel to
g then it must certainly go through the point of intersecK of k with the planed, d'].
If we then give an arbitrary magnitude and sense to tlee fthat acts along, with
which, the force that acts alokgwvill also be determined, then we will decompgsato
two components along and the line througK that is parallel to it. Now, the direction
of K' is determined by the fact that it yields the resultanrt k with the componeng’
when it has been brought ko If g' cutsg atG thenk' will be determined more simply as
the line of intersection of the plan&l] with the planeK, which is parallel to the axis
direction andy'.

() Seeloc. cit, introduction byM. J. Jung
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I[I. We now begin with the consideration of an entirslyjnple framework that
possesses the nodeg P,, Ps;, P4 (Fig. 1) and consists of the two trigoRgP,P, and
P.PsP, . The force®:, gz, g3, ds (which are denoted B$oG1, G1G,, G,G3, GGy, resp.,
in the figure), which are found to be in equilibrium, miglet at the nodes. If we then
think of these forces as having been brought togetherhetoldsed force polygoky K;

Kz K3 Ko, and understan@ to mean any pole then the associated funicular pol$g&n
S S$SS must also be closed, S, must coincide witley S .
Moreover, it just so happens that the planar tetraggapn gs g4 can be represented as

the projection of a spatial tetrag@y g, d; d, that is obtained in the direction of the axis

of a null system, and the latter spatial tetragolasjugate in this null system to a
tetragonK, K; K, K, whose projection is the force polyg#i K1 Ko Kz . In order to

arrive at that, we consider the reference plane tthbelane of the base, the direction
that is perpendicular to it, to be the axis of thd sygtem, and draw the spatial figures in
folded outline gmgeklappten Aufriys In order to fix the null system, we then take the
two conjugate linegy, and k; to be otherwise arbitrary, except tigatandk; = KoK are

their base lines, so we choose their outliggsand k; to be completely arbitrary, with
which, the pointsK; and K; will be likewise determined. Now, the next sigg of the

first spatial tetragon must first of all hage for its outline and secondly, be conjugate to
K;K, = k; or lie in the null plangK; g;] of K/, so g, will be easy to construct.

Conversely,k; is now determined as the line conjugategfo One then findk, as the
base line in the null plangs, k] of G/, in the event thag; andg; intersect at; (so g,

and g, will intersect atG,) or by the method that was given in the previous paragraph
(cf., also Fig. 2), in the event thgt andg, are parallel tog, and g, , resp.. The actual

construction is easy to manage in both cases. Wercaeed in that way and obtain, in
successionK, overK; from k;, then g, overgs, from that, k, overks = KoKz and K,

furthermore, g, overgs, and finally, k, overks = KsKo, one must ask only whethés,
once more goes ove,.

If we now denote the point df, that lies oveKo by K; and understan@' to mean
any point over the pol€ then the five rays fron€' to K;, K;, K, K;, Ky will be
conjugate to five rays of a plane that must interge@dur pointsS , S,, S, S, of g;,
0,, 0s, 0,, respectively; the same thing will then be true forrthedjections relative to

01, U2, O3, Q4 . These projections must then define a funicular poly§®& S S S S,
since they are parallel to the rays fr@o Ko, K1, Kz, K3, Ko . However, by assumption,
the first and last side of it must coincide. The sahing will also be true then for rays
whose projections they are, since they will lie i@ #ame plane, so it is ultimately true
for C'K, and C'K;, as well, such thaK, and K; then coincide, and as a resudf,,

along with g, , must lie in the same plane that contalijs The first part of our problem

is then solved, and one likewise sees that the sameegs can also be applied to
arbitrarily many forcesg, gz, ..., Gn -
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The rest is very easy to obtain in our case. Thetpd®', P,, B, P,, whose
projections are the nod&s, P,, Ps, P4 of the framework, resp., now lie on the sidgs
0,, Us, 0,, respectively, of the first spatial tetragon. Theegally open hexahedron
that consists of the six triangleg 9,, 0, 05, 9; 9,, 9, 9,, B B F,, andP, B B, is now
the spatial figure whose edges have the rods of the Wwarkeand the forces that act

upon them for their projections. It corresponds in th# system to the hexangle that
consists of the point&; , K,, K;, K;, H;, andH,, whose edges have, on the one hand,

the sides of the force polygon, and on the other hdmstresses in the rods of the
framework, as their projections. The latter aresanh case, the connecting lines of those
two points that are projections of the null pointste two faces of the hexahedron in
which the edges that belong to the rods in question fi@nd would like to find these
stresses quickly from the figure then one would do teefissign the symbols;, K;, K,

Ka, Hi, andH; to the projections of those faces. In practice, thimtion will yield a
much simpler overview than the one that is usually eygglpwhich denotes the rods and
their associated stresses with the same numberg #ieclatter segments frequently
partially overlap or go through each other.

[I1. If one is dealing with a more complicated frameworntthe determination of
the spatiah-gon g;d;... g, whose projections are the lines of action of thegiforces

will come about in entirely the same way. Onewilse determines the spatial poirfs,
P, ..., P, whose projections are the points of application ohdarce. Since we do not

intend to discuss all possible kinds of frameworks h&eewill make the assumption that
is made in practice that the points of application efdiven forces lie on the boundary
of the framework, so the rods that connect the nodiksiiways belong to a field of the
framework. We must then make the further assumptianhahmost three of the nodes
P1, P2, ..., P, in general, will belong to the field of the frameawio The space point that
belongs to a node of the field must then lie in a @lavhich will be true for only three
such cases with no further conditions. Now, shouldenmodes lie on the boundary, at
which no forces act, then we would think of them ashdmng distributed between two
of the previously-treated nod®s andP;.1, between which they will lie during a single
traversal of the entire boundary. Now, we have toktloif a zero force as having been
brought to these nodes, which will be represented by the Kpin the force polygon,
such that the space points that correspond to itlate be found in the plangg), d.,] .

If j is the number of points that lie betweBhand P., then they and the poin(®)/, d4,)

will define aj+3-edged face that belongs to the first spatial figure.

As far as the space points that correspond to tleenmit nodes are concerned, no
general rules can be given for their determination. wiefirst have to observe whether
the framework decomposes into fields in such a way tettyenternal rod belongs to
two and only two fields or the introduction of ideal ned§ would achieve that. We
understand that term to mean the point of interseafosegments that represent rods
that, in reality, only pass over each other. Foumssds that correspond to rods in the

() Seeloc. cit, Appendice by Saviotti, pp. 63.
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force plane that coincide in such an ideal node willact,fdefine a parallelogram, such
that one will obtain the same stress for each rdtienvarious parts of it. However, the
case in which an ideal point has more than two rods ngassier it requires special
attention. Ordinarily, an indeterminacy will then emetbat will be lifted by the
condition that the stresses that result in evedythat is thought of as being broken by the
ideal point are equal and opposite.

For the determination of the space points that correspm the internal, real as well
as ideal, nodes, one must start from the fact that éhe associated with one and the
same field of the framework and lie in the same pla®&e then looks for points that
should lie in a plane with three already-known spaaiats, and then seeks to gradually
come to all space points of the first figure. In thay, one will often not be able to go to
work directly, but one must first choose one or mdréne unknown points arbitrarily, in
order to arrive at one’s objective by the study ofrtmotion. We will explain this
process with some examples and content ourselvesnitéréhe general remark that the
determination of the internal space point will becomeassible, so the framework will
become statically-indeterminate when all that is prtesea triangles that consist of
internal, real or ideal, nodes.

V. As a first example, we choose the framework tlaisists of the four external
nodesPs, ..., P4 (Fig. 2) and the internal nod® ; it decomposes into the two triangular
fields P;P4sPsand PsP4Ps and the tetrangular fiel@,P,PsPs . The three forceg:, gz, U3
might act atP;, P, Ps, resp., whose force polygon kgKiK:Ky . One then determines
the trigon g, g, d; (the sketch is folded on one side in the figure) usingrtathod that

was given inll, and thenP, B,, ;. FurthermoreP, is determined by the fact that it
must lie in the plangg;, g;], and finally, B, in such a way that it must line in the plane
B'B, B. The first spatial figure is thus determined completely.

The so-calledrrench roof truss carriefFig. 3) yields a similar example in which the
advantage of our notation will, at the same time, becalear. The equal and opposite
forcesgy, gs, ..., g3 might act at the upper nodPs, Ps, ..., Pg, resp., while the support
relationsg:s = gs = — (92 + ... + gg) are verified atP; and Py ; the associated force

polygon isKoK;...KgKo . A choice ofg, and k; first yields the linesg,, ..., g, again,
and with them, the point®¥, P,,...,R,, and the pointsB,, B, B,,B,; are then
determined in such a way that they must lie in the plaheg,], and finally, B}, and B;
are determined in such a way that must lie in the pRr& F,. The null system then

immediately yields the force plane that belongs tofttumework as the projection of the
spatial twenty-two-hedron that corresponds to the twemb-gon. As is known, one
does not arrive at it by the ordinary methods of decaitipa into components, so one
requires some gimmicks. (In the figure, one thinkHgfas being mobile along the
parallel toPs P13 throughHs, wherebyHgs will move along a line that goes throu§hHs
can then be found from any position of the moving péijt)

As a last example, we treat thamework with six nodes;PP,, ..., Ps (Fig. 4),and
the sides and diagonals of the hexangle that they define as mus.latter will cross
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over each other at three poidtsB, C, which we must then introduce as ideal nodes. The
six forcesgs, 02, ..., g Might then act at the six nodes, and weKlgK;...KsKy be the

associated force polygon. By a choicegfand k; , we will again findg,, ..., g, and
from that, B', B, ..., B;. We cannot give the points, B', C' that correspond to the

ideal nodes directly at this point. However, if we @é® one of these points arbitrarily
over A thenB' and C' will also be determined immediately as lying in the p&n
B'E A(?) andR, E A, and one then asks only whetlBérandC' also lie in a plane with

P and P,. Naturally, that will not be the case for an adyjrchoice ofA’. However,
when A moves along the vertical ovek, B, F,B and R, P,C will describe two
projective pencils of planes that have the correspaonudertical plane througt®; B, in

common, such that one will generally obtain one and onby position that solves the
problem. The further pursuit of these considerationddvalgo show us if more than one
solution or only an imaginary solution exists. Meanwhignce some the easy
understanding of this would entail some practice in th@ptiwe geometry of space, and
the case in which the three diagonals run through a paist also be treated specially,
we refrain from using a process that also links the adraaling of the force plane to the
train of thought that one must follow.

Obviously, we can think of every rod of the frameworkoasgg extended when we
replace it with two equal and opposite points that are eppit its endpoints and
correspond to the stress that acts in it. If we thewk of the framework as being fixed
by the addition of an ideal rod then we can also givepoaiolem the form: Determine the
magnitudes and sense of the forces that are applied tentpoints of the rod to be
extended in such a way that they will provoke zero siretise ideal rod with the given
force system’}; one can once more neglect the ideal rod then. edem we can break
this problem into two parts: First, one determines ttrass in the ideal rod that comes
from the given force system, and then the stresseindéal rod that comes from any two
equal and opposite forces that act on the extended roaesponding to the demands of
our problem, the determination of the force that actshe extended rod then requires
only the search for a fourth proportional. The streskas arise from the two force
systems are then summed when they act simultaneoassty,the stresses that are
produced from the two equal and opposite forces will chaimgeproportionally. The
problem will obviously yield only an indeterminate solutiorerthor only infinite
solutions when the stress in the ideal rod is zero iy raagnitude of force in the
extended rod.

In our case, we extend the r&gdP, and add the ideal roé:Ps, such that only the
ideal nodeB will remain. The spatial figure that belongs to tlreeg force system is
indeed known immediatelyB’" must then lie in the plané; P,  here. The force

polygonT,T;To might belong to the second force systemasid —s, which acts inP1P, ;
we can then choosg andt' over s and ToT;, with which, T, and T, will also be

determined. Moreove?,P,, R, and P, lie in the null plandT,s] of T,, P;, R, F;,
B’ lie in the null plandT/s] of T, andB' again lies in the plan& F, F. Obviously,

() SeeHenneberg: Statik der starren systefarmstadt, 1886, pp. 228, figure.
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zero stress will result in the ideal rédPs if and only if the two planes B F, and
P, B R coincide — that isB' lies along the line of intersection of the two @ai; F F,
and B, P, B or along the connecting lie of the two poinfs= (B'B, B PF) andy =
(R, R, E B). However, the three pointg= (P1P2, P4Ps), B = (P2Ps, PsPs), and y =
(PsP4, PsP1) will also lie along a line, so the hexandteP.PsPsPsPs will then be a
Pascalhexangle, anthe six given nodes must lie on a conic sedfihn Conversely, if
the six nodes lie on a conic section,®, ylie along a line, theB' will lie along the
line &y or in the planeR F B, and the stress that results in the idealPgiét, which
might also have the magnitude will always be zero. Therefore, if the given force
system is not to be arranged such that it likewise pexinero stress iPs then it must
produce infinite stress in the original framework. K ix nodes lie on a conic section
then our framework will generally be impracticable.

This example will suffice to show ho@remona’sideas can be employed in order to

examine the static determinacy or feasibility of a giframework, and the use of the null
system in the construction of force plane then takab@®character of a general method.

() Cf., e.g.Miller-Breslau:Die graphische Statik der BauconstructiongH{ ed., Leipzig, 1887; Bd. |,
pp. 208, fig.



