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On a general theorem of geometric optics
and some applications?)

By R. Straubel in Jena

Translated by D. H. Delphenich

The second communication concerns a general theoregaawhetrical optics, and
indeed one that comes from the physically-realizable @gonmaits own right. The
theorem has a geometric nature, insofar as it includigsspatial elements, except for the
refraction exponents, and a physical nature, insofar asnt be proved using the
assumption (and in fact, the only one) that the paththefpencil considered are the
shortest (or longest) paths between two points.

The theorem splits into two sub-theorems, accortbinghether one is dealing with a
planar or spatial pencil. However, it shall be exglseemphasized from the outset that
one should understand “planar” pencils to means not ¢welyohes that remain in the
same plane during the entire course of their motionalsat pencils with planar aperture
angles.

I. The theorem for “planar” pencils. An infinitely-thin plane pencil with the
aperture angledw emanates from a point, which should possess the linedn dddat an
arbitrary point of its path, which has been constructethfthe principle of least time.
Conversely, we then let a second infinitely-thin pencibeate from a point with the line
elementds in the plane that goes througld and the path to the second point, and
indeed, in such a way that the axes coincide. Lettigge of that pencil at the second
pToint and the linear width at the first point & andds, resp.; the theorem then reads
OF

ndsdw=n'ds dw.
n andn’ are the refraction exponents of the medium atiteednd second point, resp.

If the line element (which is now denoteddbyis not perpendicular to the pencil, but
defines the angle with its normal, then the theorem will read:

ncoswdwdl =n' cosw dw dl”.

() A more thorough presentation will be given later.
(") Translator’s note: A minor editorial revision bt notation has been made here and in the following
equations for the sake of clarity and emphasis.
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Il. Theorem for spatial pencils. If we replace the two plane pencils with two
spatial ones with the aperture angles andd«w, and denote their cross-sections at the
two points bydq anddq’, resp., then the corresponding theorem will read:

n?dwdq =n'? de/ dq.

If the normal to the surface element (which is now tethdydf) defines an anglé with
the pencil then the last equation will now take thenfor

n? cos? Mwf =n'? cosd’ M/ df’,

Proof

The proofs of the two theorems follow easily frone frinciple of least time; e.g.,
when one follows a path that is similar to the dme Kirchhoff andClausius followed
in their well-known treatises.

If one defines a rectangular, planar, coordinate syateomd the starting point of the
pencil whosexz-plane coincides with the pencil plane and wheseis points in the
direction of the light ray, and further letsdenote the speed of light in empty space and
lets T denote the time that the light takes between the pamts, then one will
immediately get:

dw _ , dw __ a%T

=n' — =c¢
ds ds' oxox
or

ndwds=n' dw ds.

If we preserve the origin and position of thaxis for the coordinate system for a spatial
pencil then we will find analogously that the ratios loé¢ taperture angles and cross-

sections are:
2 dw _ . dod :CZ{ 0T 0T _ 0T 07 }

dg' dq oxox' odyody oxoy' oxay

or
n’dwdq =n'? da/ dq.

It is remarkable thaKirchhoff and Clausius have overlooked the theorems above,
and especially for spatial pencils, or at least they hatrained from formulating them.
For Clausius this is perhaps explained by the fact that, from the gutsestarted with
the relationship between the elements of the pencibgtigate points. In any case, the
aforementioned authors had the apparatus that was ngcfessée proof of the theorem
so well in hand that ProfessAbbe — who, as he communicated to me, had known of the
theorem that relates to spatial pencils for a lomg t was almost of the opinion that the
theorem belongs tlirchhoff or Clausius

The theorems above (or, at least, the one thatieeto spatial pencils) seem obvious,
with no further assumptions, when they are considerad &no energetic viewpoint (a
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minor argument will necessitate the introduction ofréffeaction exponents), and in fact,
the theorems are first found energetically by a sefoschomologues of the general
theorems of geometrical optics, on the one hand, aadth&ory of diffraction and
interference, on the other.

Just the same, it would be much more proper to prove-ta-speak geometrical
theorem by mathematical tools to the greatest extestilple.

One can ask whether there are further such generakthedhat are based upon the
assumption of the principle of least light duration. Ww\d@ can be easily recognized that
there are no further theorems that include only the pelenents that were used above,
namely, the aperture angle and width (cross-sectiap.)teas well as the refraction
exponents.

Applications

l. To photometry. As is known, the laws of photometry seem very sinipleheir
theoretical treatment, but in fact, there have beeany errors made in their
implementation, up to now. Now, it is a particular adage of our theorems that they
can be most easily applied to the question of photgmetiaturally, in order to employ
them, one must fulfill the assumption that light do¥is the shortest paths in the domain in
guestion. The fact that the theorems are so convewieqply is based, on the one hand,
upon their simple form, and on the other, and most impdyt upon the fact that one is
not dealing with a special relationship — such as, e.gqrieéetween object and image —
but with a general one between two spatial elementsatkaassociated by the principle
of shortest light duration.

At this point, | would like to prove the convenience bé tapplicability of the
theorems to the problem of photometry by a simple el@mp

If we have a small, illuminated surface and an arlyitoatical system then we would
like to answer the known question of what specific intgns possessed by an arbitrary
surface that lies after or between the system oktenrsi.e., how much light emanates
from a unit area of this surface into the spatial aperangle of measure 1. If one
denotes the specific intensities of the light sourat the surface bl andL’, resp., the
surface element of the ray anglesdoyandda and further denotes the quantities that are
associated with them by the principle of least light tlomaby da” anddq’ then, if one
ignores the losses that are due to reflection and alasgrpne will have:

Ldwdg=L"dwdq'.
However, on the other hand, from the theorem abavspatial pencils, one will have:
n?dwdq = n'? de/ dq,
and one will then obtain the known result. The spetifninosity of the light source and
any of the light from this intermediate surface willdieectly proportional to the square
of the refraction exponent. If one interpolates sheface at any other place in a body

then the specific intensity will be raised by the qatf the squares of the refraction
exponents.
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Zenith

Il. Application to the dioptrics of the atmosphere. A few years agoA. Gleichen
(*) examined how a cylindrical ray bundle that enterecath®sphere would be modified
by it; the pencil was astigmatic. Some interestingseqnences came out of that: The
luminosity of stars is larger at the zenith than @wd be with no atmosphere, and the
luminosity would be the same at°6@nd then it decreases rapidly and amount to only 83
% at the horizon.

The calculation of the change in cross-section thah €n infinitely-thin pencil of
rays experiences does not result from a very simpleeggd However, the simple final
formula thatGleichen arrived at seemed to me to prove that a simple pmagst also
exist.

A plane that goes through a star, which is thought ahfasitely-distant, and the
center of the Earth, shall be callecheridianal plane, and any plane that is perpendicular
to it, asagittal plane. Now, as one easily sees, the determination ofaties of the
widths of the pencil in sagittal sections raises nadadiffies at all, but the same is not true
for the meridianal sections. From the theorem alibaeis valid for plane pencils, that
determination can be reduced to the determination of tlues raf the ratios of the angles
involved, namelydw anddw .

We draw (cf., the Fig.) an auxiliary light path fromeoend (e.g., the upper one) of
the first linear cross-section to the other one (ueder the second one) and imagine that
the center of the eye has been placed at the intiersed the light pathé\B andAC. We
call the apparent distance from the zenith to thet lggthd{. Moreover, if we draw
tangents to the upper light path and the auxiliary patiegplace where the former enters
the atmosphere then if one denotes the angle afateéfn by then the angle between
those tangents will be({ + ). With that, the problem is essentially solved. @ren
easily obtained the formula that was given Gieichen for the ratios of the cross-
sections:

() Verh. der deutschen Phys. Gesellschatft, Il Jahog.,hand 16, 1900.
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in whichn means the refraction exponent at the position obbserver.

lll. Application to the theory of mappings. In the theorems above, it was always
assumed that the plane or spatial pencil consideresegsed linear or planar cross-
sections, resp., that had the same order of magnitutie asgle. However, one can also
consider the case that was excluded up to now in whichajiseintersect. To that end,
one does not need to do anything but apply the theorera getond time, when one
assigns the point of intersection to the secondtitmca Here, we would like to consider
only the simplest case of a spatial pencil for which light rays that emanate
homocentrically from the first point unite again homuceally. As one sees, the
theorems yield the following relations at the conjugatatpo

n cosw [bw Wl =n' cosw [dw I’
n? cos? dwdf =2 cos&’ dw df’,

The theorems thus remain completely valid, althoughrétaionships between the
elements have changed: The angles, lines, and suréanerdgs now correspond to others
of the same kind.

One sees the following consequence, among others: Shdule element from any
infinitely-thin sub-pencil of a plane pencil of finiEgperture be mapped with the same
magnification then one would have a kind of sine Iaiat law would not then seem to
be specific to the centered line systems, but would havera general sort of validity.

If a light ray that emanates normal to the fiigelelement likewise falls upon the
second line element normally then the sine law woulddlid in its usual form. Similar
considerations can be posed for spatial pencils, but atergit go into them here.

Let us further remark: One obtains the sine law fortered systems immediately
from the theorem for spatial pencils, which is somegthiat needs only to be suggested.
The geometric character of the sine law — as the tiondior the map of a surface
element that lies on the axis to give it the same nfiagtion in all zones — is clear with
no further assumptions, just like the proof that is igivetheHandbuch der Physik.

Helmholtz has proved the sine law energetically, but with all mewvee for
Helmholtz, and despite his correct result, | must say that |ataegard the manner of
proof to be correct. Mostly, he generalized the theowbout the ratio of the
luminosities of the object and image that had been promgdfor infinitely-thin pencils
to one with finite apertures. In my opinion, one mpsbve the theorem on the
luminosity ratio by a combination of the energy theorand the sine law, and not, as
Helmholtz did, derive the sine law from the energy theorem andutheosity ratio.

(From the transcript that was reviewed by DrBBrchardt)
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