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1. Axiomatic presentation of the theory. — The basic element of the unitary theory
is comprised of a five-dimensional differentiable manife} of classC? such that the
second derivatives of the coordinate changes on thesadten of two admissible
coordinate domains are piece-wide(soVs has class@?, piece-wiseCY).

A Riemannian metriclo? of normal hyperbolic type everywhere is defined on that
manifold, and its local expression in an admissible dioate system is:

do?=yd¥dé  (a, B any Greek index =0, 1, 2, 3, 4).

The fundamental tensor, whose componegnjsare called thepotentials for the
coordinate system in question, and which have dadswith first derivatives that are
piece-wiseC “, is said to determine tfelementary unitary phenomendre., the motion
of a charged material particle.

The following set of hypotheses constitutesdaylendricity postulatefor Vs :

The Riemannian manifold/ admits a connected one-parameter group of global
isometries ofs with trajectories that are oriented to hage? < 0 and leave no point of
Vs invariant. The family of those trajectories sagisfthe following hypotheses:

- They are homeomorphic to a cirdl€.

- One can find a differentiable manifold that has classJ?, piece-wiseC “], like
Vs, such that there exists a differentiable homeomorpbisatass € 2, piece-wiseC ]
from Vs onto the topological produst, x T*, under which the trajectorigsmap to the
circle factors.

V4, which can be identified with the space whose elenaetshe trajectories is the
guotient manifold o¥s by the equivalence relation that is defined by the isgnggtrup.

There will then exist local coordinate$ in Vs that are said to badaptedto the
group, which will always be used in what follows andsareh that:

1. Thex are an arbitrary local coordinate systemvan The manifolds® = const.
are manifolds that are defined globally & and homeomorphic td/s . The
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homeomorphism ofs onto Vs x T * can be assumed to map each= const. onto the
manifolds that are homeomorphic\gin Vs x T 1.

2. They,pthat relate to adapted coordinates are independexft oFhe vectoi that
is the infinitesimal generator of the isometry groupd@#ravariant components:

&' =0 (i,anyLatinindex =1, 2,3, ¢
=1

and its square igo , which is negative. One sets:

=y Voo -

3. Those coordinates are defined up to a change of coordinates
{ X =g (X),

X=X+ (X))

in which ¢ represents the restriction of an arbitrary functfp(z) that is defined oW, to
a local chart in/, , and one calls this transformatiosteange of gauge

In an adapted frame [which is a frame that has a powt Vs for its origin, is

orthonormal, and its first vectes is a unit vector that is tangentxato the trajectory (x)
that passes through, the metric orVs is expressed with the Pfaff formg :

d0'2:—(a)0)2+ (w4)2_(w1)2_(w2)2_(w3)2

in which:
° = E[dxo + Yo dkj .
yOO
We set:
ds® = E[(w’)? = (0" = (w?)* - (w*)]]
= Gjj dx' dXJ,
with
Vo Yoj
gij = f[yﬂ —uj_
yOO

If one considers the vectgy onVs that is defined by:

L o= @, in whichBis a constant,
00
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and its rotatiork,, then one can intrinsically define the following objectsthe manifold
Vy:
— Ascalaré,

— A metric of normal hyperbolic type:
d52 = G CIXi de,

which is conformal to the quotient metriw?)? - (w*)? - (w?)? - (w*)? that is induced
by da? onV,, and which we simply call theonformal metric.

- An antisymmetric tensof; and on each sectioWV, that is canonically
homeomorphic td&/,s , one has a vector field such that:

Gi=¢U+BE0 G g,
Fi=0i ¢-0; ¢ .

That being the case, the manifdld, when endowed with the conformal metd can
be interpreted as the space-time of general relatiityle theg; are the gravitational
potentials.

The non-canonical reciprocal image Wn of a vectorg; that is associated with a
sectionW, will be interpreted as the electromagnetic potengator. More simply, one
says thatp; is the electromagnetic potential vector, so thedieRg can be interpreted as
the electromagnetic field.

The hypotheses that were made\gnwill induce the metricds’ on V;, as well as
inducing the classical hypotheses of the axiomatics of ptmevisional theory of
electromagnetism on the electromagnetic field tensor

2. The provisional theory of electromagnetism. — Before commencing with our
elaboration of the equations of the theory, we spadisent a rapid critique of the
provisional theory of electromagnetism, since that sty the ambition to unify the
gravitational field and the electromagnetic field (asteia the broad sense) is the basis
for the genesis of the penta-dimensional theoryithatesented here.

In the provisional theory of electromagnetism, thevigetional field that is defined
by the geometric structure that is adopted for the univeibdake on a satisfactory
explanation. By contrast, the electromagneticdfiisl simply superimposed over that
geometric structure by its introduction into the right<hade of the Einstein equation
with the aid of an energy-impulse tensor that israfiby starting with some concepts of
special relativity.

In order to write down the equations of the provisionabtl, let us now introduce
some inductions that are distinct from the field, andHgtrepresent the tensor of
magnetic induction ) and electric field ), while H; represents the tensor of the
magnetic field K) and the electric inductio]. Upon assuming the following relations
between the fields and the inductions:
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Hr B.
D ¢E,

in which 7 is the magnetic permeability aads the dielectric strength, withr = 1, then
one will have the relation:
Hij =& Fij
between the tensokg; andF;; .
Under those conditions, we write out the energy-ingulensor of the pure
electromagnetic field schema in the form:

By =1gj Ha FM*—2(H* F + H B %) .
The equations of the provisional theory are composed of:

— The Einstein equations:
Si=AT;,

— The first group of Maxwell equations:
OH"=3",
— The second group of Maxwell equations:
1M O Fg=0
2 ] ki 1]

which is equivalent to saying that there locally exs&{sotential vectoy; (whose global
existence we shall assume) such that:

Fi=0i¢-0¢.

In the pure electromagnetic field schefareduces ta;, andJ' = 0.
In the electromagnetic field-matter schema, onestake

Ty=puy+r,
and one assumes the Lorentz transport equation:
J :qui’

in which g is the pure electric charge density.

One can then show thlat= 17/ p remains constant along a streamline, as we consider
only the homogeneous schema, for whiagh an absolute constant.

For a given field that corresponds to a pure electromiagsehema, if one considers
a small charged test mass with charge / mass that i$ #gkaand one represents its
interior field by a pure matter schema then it willuledrom a study of the matching
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conditions on its world-tube, which is generated by stheas of its interior field, and
passing to the limit that the trajectory of that masgksatisfy the differential system:

UiDin:kFJiui.

We shall now state a result that is more general the one that we shall appeal to,
but which can play a role in the interpretation of peata-dimensional theory:

For any motion of a homogeneous-charged perfect fluid, the streamlilhég time-
like lines that realize an extremum for the integral:

LO F ds+ k¢

for variations with fixed extremities, in whighis the vector potential form, and F is the
index of the fluid; i.e.:
p dp

mo+p’

expj

when one assumes an equation of stetep (p), with k= /p, p = (o+p)/F.

Upon using that result for the charged pure mattéema, which one can pass to by
setting:
p=0,F=1p =p

and upon returning to the test mass, one will é&¢ the trajectories of that charged
particle are the time-like lines that realize tkr@mum of the integral:

Lo
du’

Lj[(gij%%)”2+ kg, X] di, x
Those trajectories are then geodesics of the Fingmifold that admits the metric:
L(x, %) = (g; X&)+ kg X.
3. The geodesics of Vs and their projections onto V,; . — Now return to the
Riemannian manifol&/s that was envisioned in paragraph 1. Set:
LP=y,, X%

and suppose thago # O.
One can then establish the following result:
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The extremals ons\of the integralj'xlﬁdu that correspond to the value h of the first
X

integral 0,£ = h project onto Yalong extremals of the integral:
jle(xi,xi ,h) du,
X

in which h has the same value and L is given by:

L= \/—Hh;/‘(z g, XX + B¢ X,

in which g and ¢ have the meanings that they were given in pardytap

That expression fdr is valid for the geodesics & that make? positive. In order

to makeL£? negative, which must likewise play a role in theeipretation of the theory,
one setsh = h; and considers the function:

L= {\/@gij XX+ hB ¢ %

instead oL . The functiond. have the type of the square root of a quadratim that is
augmented by a linear form of the kind that defiribd trajectories of the charged
particle of the provisional theory in the precedpayagraph.

The penta-dimensional unitary theory was preseaxammatically, and its properties
were presented as things that are implicit fronséh@axioms. However, the genesis of the
theory must naturally follow along a different path problem in the calculus of

variations lead to a “descent” process from a fioncf to a functionL and an “ascent”
process froni to £ . In the case wherngo # 0, when the descent process is applied to a

Riemannian metric, it will lead to a functiori. that has the type of a square root of a

guadratic form plus a linear form. Historicallypeodeveloped a cylindrical manifold
by the inverse ascent process, which starts wehuhction that defines the trajectories
of a charged particle in the provisional theory.

Return to the functioh and try to relate it to the provisional theoryneQwill then be

led to set:
[ ¢ _ £
£h ehe e or forLy, k= gh 2 /e -1

and to study the variations ®t by specifyingd, £ = h, which gives:

(3.1) k
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3.2 =K ds-54.
(3.2) 3 s-p¢

One asserts that if one supposes that constant then one will recover the
trajectories of the charged particle in the space-ttnef general relativity precisely as
projections of the geodesics ¢ along whichx® vary according to formula (3.2). One
will be in the presence of the Kaluza-Klein penta-dinemel theory, which adds nothing
new to the provisional theory of electromagnetism,douiply represents it is a different
formalism, which is nonetheless useful and interesting,especially for the treatment of
the global theorems in the provisional theory.

When one rejects the hypothesis tlat= const., that will lead to the penta-
dimensional theory whose axioms | have presented.

Consider the geodesics \fy along whichx’ varies according to formula (3.2), in
whichh is a well-defined constant, and consider the projectiuch a geodesic. It will
result from the field equations and the matching conditibaswill be adopted that the
projection defines the spatio-temporal trajectory of agéd particle. That projection is
extremal inV4 of the integral that is associated with the function

1
—ds+ ¢,
” ¢

in whichk has the value that was given by (3.1).

If his constant, bu€ varies, then that function will differ from the fttionds + k ¢
of the provisional theory by more than just a multighiea constant. The variations éf
will then be regarded as weak, afidiill be regarded as close to 1, which permits one to
introduce the constayt

4. The equations of the theory. — We take the field equations of the penta-
dimensional theory to be the formal generalizatiohghe field equations of general
relativity.

In the “external unitary case,” which corresponds ® phre electromagnetic field
schema of general relativity, the equations are written:

Saﬁ: 01

in whichSgs=TRas— 40945 R is the Einstein tensor oy . They will be characterized by
the following variational principle:

They define the extremum of the integral:

jCRaﬂ y?Jlyld® 0d¥ 0 dR 0 dR0 d
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which is taken over a five-dimensional differentiable C for variatadrthe 15 potentials
and their first derivatives that are zero on the boundary of C.

That comes down to specifying the equatiSpg= 0 solely in terms o¥, when it is
endowed with the conformal metric. The calculationSyf involves the covariant
derivative, not of the electromagnetic field tenBpthat was defined in paragraph 1, but
of 53 Fij . One will then be led to introduce some inductions thatdsstinct from the
fields by setting:

=&%F,

and to interpref 3 as the dielectric constant.
In S§; , the tensorm is constructed in the form that was indicated in thevipimnal

theory and only the first derivatives éfntervene.
The equations of the external unitary case in local adagordinates ox;, when it
is endowed with the conformal metric:

- Xt =0,

—— Nw

S+
(4.1) O,H! =0,
AO’ 20M0+ xH;F' =0,

with:
Kj = %gij NOo—-0,00;0

=log¢.

x=/%12is interpreted as the gravitational constant.

If one gives the value of 1 thand suppresses the fifth equation then one wadver
the equations of the provisional theory of eleciagmetism when they are adapted to the
scope of Klein's theory.

If &is variable then they will generalize the equatiar the pure electromagnetic
field schema of general relativity, and the vaaas of the fifteenth field variable (viz.,
dielectric strength) will be governed by a fifteleiguation.

In the “internal unitary case,” the equations bé tpenta-dimensional theory are
written:

Sgﬁ = eaﬁ .

At best,0,43is chosen to represent a charged matter distoibuti

If one uses the formal generalization of a perflotl schemaDz =1 Vo Vg — @ Vg
then the introduction of the index of the fluid (et will undoubtedly be interesting for
the physical interpretation) will possibly permiheo to narrow down the choice of
trajectories of the provisional theory that ara@nxtals of the integral:

des+k¢.
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We shall use only the formal generalization of the pu@éter schem®z =r v, vz,
which is a particular case of the preceding oné a positive scalar, in whioh, are the
covariant components of a vector whose square is + 1loanrd whose trajectories are
call penta-dimensional streamlinest results from the conservation equations thafsin
those streamlines will be geodesics of that Riemannamifaid, and one can just as well
use geodesics that are oriented to fwé < 0 as ones that are oriented to hdwé > 0.

The penta-dimensional streamlines (oriented to bave> 0) that satisfy the integral
0.L = 0, which translates inte, = h, project ontoV, along time-like streamlines such
that along those lines:

1+h*/&?
WIS o2 =ag,
and they are extremals of:

[ [P dse g,

If u'is the unit velocity vector with the conformal metds’ on V4 then one will

have:
) 2 g2
Jio [1RrE
$
along a streamline.

The first fourteen equations of the internal uyitease are then written:

1+h? /&2
Sj"‘%Kij—XTij:r—g d uu,
2
0 H = 2h 1+h /& 0,
/5 é
and one will then be led to set:
r1+h2/52
g 1
2 2
,u:rz—h 1+h° /& |
B é

which will indeed give back:

S =k=ph /1+h2/52'

The fifteenth equation can be put into the form:
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ij_ T 1 h?
No+2Mo +)(Hij F'=— —+—2 .
$\3 ¢
By definition, we can write the equations of intdroaitary case in the following
form, which generalizes the case of the electromagield-matter schema of general
relativity:

S+ x5 =xpuy,

OH' = py,
1, h?
,+72
ij— 3 5
A, o+20 0+ xH;F' =xp et
1+

When one considers the equations that correspond tgettdesics o¥/s that are
oriented to haveld® < 0, it will suffice to seh; = ih in the preceding formulas.

Remarks. — The geodesics &f that are oriented to hade” > 0 can account for the
trajectories iV, only for particles that have a very small absolute vafye/ p. For the
other ones (and that will be case of the electron antbphane will then have to appeal
to the geodesics that are oriented to héafe< 0.

One can give various other forms to the fifteenth egnatimt are divergence
formulas and are useful for the treatment of globablems.

5. Study of the penta-dimensional theory. —

1. The Cauchy problem and the geodesic principlén the exterior unitary case,
consider the following problem statement, which relaiést

- One is given the potentiajgs and their first partial derivatives on a hypersurface
in Vs that is generated by the trajectories of the isonggtwyp. Determine the values of

those potentials outside Bfwhen one supposes that they satisfy the equasigyrs 0.

This problem is the translation Y@ of the following one:

- One is given the gravitational potentigis, a potential vectog; , and a scalaf on
a hypersurfac& in V,, along with their first derivatives. Determine thdues of those
guantities outside 0% when one supposes that they satisfy equations (4.13 andhe
hypersurface inVs = V, x T ! that projects onto the points 8f The problem will then
admit one and only solution that is cylindrical under sdwpotheses that must be
specified (e.g., analyticity or simple differentialyilaf the givens). It will then result that
the characteristic manifolds of the equations of the theory V\a are always manifolds
that are tangent to the elementary coneg,in The characteristic manifolds in Vs are
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generated by the trajectories that project ontoSaand are, in turn, tangent to the
elementary cones ofs . Those manifolds are the wave surfaces of a uniteigy $uch
that crossing them can produce discontinuities in tbergkderivatives of the potentials.

The study of the Cauchy problem in the interior unitargecghows that the
circumstances that generalize the ones that are emcedntV, in general relativity for
the pure matter case Y3 correspond to the ones that are encounter&f for the case
of electromagnetic field-pure matter.

The study of the prolongation from the interior t@ tbxterior and the matching
conditions then lead to the geodesic principle, and assadl, that will permit one to
interpret the geodesics W that are oriented to hawks? > 0 ordo? < 0 as the penta-
dimensional trajectories of charges particles in theannfield.

2. Global study of unitary fields- That study is based upon the search for the
hypotheses under which the following propositions willzakd:

— The introduction of the matter distribution (charged ot) mto a given exterior
unitary field can be achieved only in domains where thit isenot regular.

— An everywhere-regular exterior unitary field is trivialhe circumstances that one
finds will induce circumstances M, that determine whether the similar propositions in
V, are true for the various schemas.

The global study in Klein’s theory — and thus, in thevigional theory — leads to less
satisfactory results.

3. Equations of motion- The five conservation identities of the ten®gg, namely:
Dy (©%) =0 O, : covariant derivative operator for the Riemannian
connection oVs )
are equivalent to:

— The integral of the geodesics, which one can wgiteh .

— A continuity equation that one can translate ineogtatement that:
jndxlDd%Ddi, n=rviy

remains constant along a streamline.

— Three equations:
VaDaVAZO @\:11213)1

which give the equations of motion in the form:
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d a
a.[c@‘lm/;dv = %'[CG) V0V AV

(where the integrals are taken over some [@)dat is used in general relativity.

The conservation identities can then be interpretetdeang the penta-dimensional
equations of motion of a test body.

Those equations are intimately linked with the isotlzmuonditions.

One can define isothermal coordinatesM# by a formal generalization of the
isothermal coordinates that are used in general reiativihe isothermal conditions in
V;:

1
= ——09_(y*y) =0
7 "\ Y)

translate in &/, that is endowed with the conformal metric into tlethermal conditions:
2, (o' V8) =0,

and by fixing the gauge transformation upon which the eleetyoetic potential
depends, the penta-dimensional isothermal coordinatéseviound to be compatible
with the cylindrical character ofs .

The search for an approximate unitary solution leads @werisider some equations
of motion that are approximate of orggrand one has the following result:

The equations of motion that are approximate of order p imply some isothermal
conditions that are approximate of order p that must be verified.

The calculation in the first approximation shows thas ionly when one interprets
things in aV, that is endowed with the conformal metric that the micdts that relate to
an uncharged schema will be identified with the onesenptire matter case of general
relativity.

The issues that were just presented indeed seem to ithoseerpretation that was
given here upon the theory.
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