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1. Imagine a system that is initially subject to somast@intsthat are expressible
by relations in finite terms between the coordinates of the varionsspdiet the number
of independent parametegs y, ..., O« -.., Owp that fix the position of the system ke
p when one takes those constraints into accountndfassumes that the constraints are
independent of time then one will have:

(1) Xo = (t, 01, G2, .-\ Oy -+ Oltp),s Yo=¢(..), Zo=w(...)

for the coordinates of an arbitrary point of the system.
One will get a virtual displacement that is compatiblgh those constraints at the

momentt by varyingads, 0z, ..., Gk, ..., Qkep DY A1, AP, ..., D, ..., Dsp, rESP.; ONE Will
get:

0 0
2) & = zxoa za;‘wqm, Mo=.., d=..

However, now suppose that one adds some new consti@itite preceding ones that

depend upon time and are expressible lofferential relations between the parameters
g1, %2, .-+, Ok ---, Osp OF the form:

k
(3) dgei = Y a,dq, + 3 dt (i=1,2 ..p),
a=1

in which the coefficients;,, a can depend upon timieand some parametexg, @, ...,

Ocs +y Okep -
For a virtual displacement that is compatible withsthoonstraints, one will have:

(4) s = Zaaaq, (i=1,2 ..p.
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One will get a virtual displacement that is compatibléh the two kinds of

constraints at the momenby introducing the values @i , ..., Ok+p iNto (2); one will
have:
(5) X zk‘,( zp; 0% jd ¥ &
= + = =..
=\ 0d, = 1am 0q..; -

Therefore, in order to get the most general virtuallaigment that is compatible
with the constraints that exist at the instiaurit will suffice to subject th& parametersy,
Oz, ..., Ok to arbitrary variationstu, A, ..., Ok . The system considered will then
posses& degree of freedom and its coordinates wilkbep in number.

The general equation of dynamics is:

dmX X+Y H+Z B =D (XK+YH+ZR),

in whichx", y", Z' are the second derivatives of the coordinates (1) airlitrary point
of the system with respect to time, while taking iatzount equations (3), and Y, Z
are the projections of any of the forces.

That equations must be true for all displacementdh®&) are compatible with the
constraints; it then decomposes into the follovkregjuations:

+l

©) 23{%@%+§%W$j+w HZ(ﬁ Q  @=12 .k,

in which Q, is the coefficients of thég, in the expression for the sum of the virtual
works that are done by applied forces.
If we denote the left-hand side of equations (6Phthen one will have:

m:%Zm{[ +z% }y(wz)}

AN E NS

One infers from (1) and (3) that:

] axo I 6)% ] I /| —
7 Y= e 2=,
@ o 0’[ za% i1 00, e Yo “
K
® d.=Ya,d+a =12, .9
a=1

One will then have:
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ox _ 0 oy’ 0z
.k zaa =, =
aq, dq, 09, 0d, aq,

and the expression fét, will take the form:

_Z [ oq, gci Zaq,j
_zm_xdt(gzj ydt[gﬁj i%t[s_zﬂ
I t(Tage va(Tate) el T 6 52)|

It is easy to see from equations (1), (7), and (8)dhathas:

9(00) o g% 0d,  dlow). - dfom)
dt{dq, )] odq, “aq. 0q, dt{oq, ) dt{ aq,
0% _ 0% N _ % 0% _ 0% (=12 ..p)
aqk+| aqk+| aqk+i aqk+i aqk+| aqk+|

i =, (=12 ..p),

aqk+|

and the functior?, will take the following form:

_d ox ,_,6 y

Pa-azm[xa% ad[, 6%} Z"E Lagj

_ P, 9x, 0d.. ay, a4, 2 9% 94,
+zm_x{§aq|'<+i W}- Y[;EWJ+ i[;aqﬂ aq H

vl xS0 0 |, A % 9du ), 4 04 0.
zm_xdt@aqzﬂ od, } ydt@aqﬂ 0q } i d(;a i agﬂ'

In that expression, the last sum transforms into:

d 2 0%, 0, ), o< 0% 04 ), 4[> 9% 04,
a ”{“[émwj* S 55 [ {5 0e 5% H
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) (L axg od.. L, 0y 94, °
zm{x[z Ovi 0, j+ y[gmaij [Zl qﬂ

since equations (7) and (8) give:

% _ 0% 0 _ 0¥ 0% _ 0% _1, o
00, 00, 00, 00, 00, 00,

GQk’ﬂ :aqk;i (=12 ..p).

dq, Oq;

Hence, for the equations of motion (6), one will have:

dt 60,, 6d[, aq, 6q 6g
P, 0%, 04,
+ ml X 70 ZKH | 4.
_E ml X i 6x(’) ai’*' Foidan
dt ~ oq,,, 04,
[ 0% 9G.
+>) m| X et | =Q, a=12,... k
LT R
in which:
d 9% ayo , 0%
6" at m[ oq y j ZNE "% gj
[ S ax0 oq.,.
+y m| X e SO B = a=12,...,k),
SKPTETS R

because one deduces from equations (7) and (8) that:

X 0% 5 0% 0 OV _ 02 g1 k)
©) dq, O, 4=x0d, 0d, 04 g

X _ 0% +Zp: 0% 99, O _ 9Z_ -1, k)

oq, dq, ‘=ad, 9q, dq, g

Let To andS denote one-half theis vivaand one-half the energy of acceleration of
the system, when they are calculated by taking intowd the finite constraints that are
imposed upon the system:
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2To=) MmO + 2+ 27, 29 =) mO%2+ 2+ 27,

in such a way thako will be a function ot, 1, ..., Gk, -+, Qkep s Gys =5 Gys o5 Ghspr IN
which the quantitiesy,,, ..., q,,, are independent variables, a&dvill be a function of
B0, coos Ok oy Okep s Gy -oos Gs =oos Gps & -5 Gy s Oiipp» IN Which the quantities
Osar -+o» O p @re independent variables.

On the other hand, I8t and S denote the analogous quantities when one also takes
the differential constraints that are given by equa®)nnto account:

2T =) m(xX* + y*+ 2%, 25=> m(X?+ y?+ 2?%).

Finally, let T, denote the functioily, when it is considered to be a function of only
Oear -5 Oeepr @Nd letS; denote the functiof, when it is considered to be a function of
only ¢;,,, ---, G, ,, While, of course, not forgetting thet,,, ..., q,,, are determined for
Ty, and q,,, .., Q,,, are determined fog by equations (8).

Upon remarking thax', y, Z, X", y', Z' are deduced fronx,, Y, Z,, X, Yo, Z
while taking the relations (8) into account, but that byuei of equations (9), the same
thing is not true forg—x,, g_x ..., one can then put the equations of motioh g6 (6')

0z 0
for non-holonomic systems into the following form:

d 8T _ 9T oT, _daT, 0S

- = U = ,2,...,k,
(10) dtoq, 0q, 0g dtdg 94§ Q (@=1 )
or
(11) 40, 0%, 05 _ Qo (@=1,2,..K.

dtaq, 0q, od

| have already deduced roughly those results in the saan@er in the article “Sur
les équations du mouvement des systémes matériels naoh@s,” that was printed in
theJournal de Mathématiques pures et appliqué&0.

2. P. Woronetz!) has presented the equations of motion for non-holiansystems
in another form. Upon introducing our notations for thecfioms and parameters, the
equations that he obtained can be written in the fatigviashion:

doT T & 0T & 0T |(& 0, 0= _
¢ dtoq, dgq, ;a"”a% ;{MJ[;%”’} Q (a=1.2..K.

() “Uber die Bewegung eines starren Korper, der ohne Gleiuhpelibiger Flache rollt,” Math. Ann.
70 (1910).
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with
k
Gi= 28,9 +a (=12 ..p)
a=1
0a 0 da, & 04
i) — a a || 4 ,
(13) & {"’qj ﬂZ_lam a%J {6% wl%a%

0 [ %8 g < 0@}
+ +
( ﬂza”aqkﬂ,} {ao,, %% 5q,,

(gandj=1,2, ...k i=1,2,..p),

aqk+1 aqk+l
their values in (8).
| now propose to show the manner by which our equationsl¢a@)to Woronetz's
equations (12).
Indeed, the third term on the left-hand side of equafiOhié equal to:

aT b, 9T, d,, & OT, (<& 03, 03
(14) L= = 0 [ L+
R .zaqm aq, éaqm ;6% ' oqg, )

{ 9T, } denotes the value thaL takes when one replaces the varialigs in it by

For the fourth term, one will get:

p
(15) A0 Ay h g,
dt oq, dtiz aq.,

For the fifth, one will have:

0 . d
5.y %,
aqa i=1 aQkﬂ
or even, as is easy to verify:
0% _d o, T i=1,2,..p
GQkﬂ dt q’<+1 aq(+1

so one will finally get:

0S _ aT, b 9T, da, & 0T,
oc, {Zlaqﬁf‘j 2aq dt Zaq. %

for that term. We shall transform the right-hardksof that formula. We have:



Tzénoff — On the equations of motion of non-holonomaterial systems. 7

da, _ 08, 508, ¥ ( j
= q +
dt ot Z;‘aqJ ;aqw ,Z‘ia”' %
_ 03, <93, - 93, %
+ q; q
ot Z an ] ; | Z allJ aqﬁﬂ = lql aqﬁ#
on the other hand, since:
oT _ 0T, , 3 0T, 6qk+;,

2., 06, 0., 00,
one will have:

b, 9T, e, 9T & & 0T, aq,,
;aqkﬂ Zl aQkﬂ ;aaﬂzlaq’«d aC‘(*rl
_&. 0T QT & 9q,
Z1 aQkﬂ ;aq’(ﬂ ﬂzzlap aq<+l
&, 0T T ¢ 3 ., o
S Sag Sl MJ

) S | R
_Zam Zaq( zq’lzaﬂﬂaqﬁﬂ ZGCL z

= 0q.,, T304, T = =1 aq+p

The expression fodS /0d, will then take the form:

9S _ d & o, o, T
16 A 2N Yo 5
( ) aqa dt i=1 aq'<+| z aaqu
$ aq aq R da, k P da,
0 a a
- ; q; + —T + ,
izzl:aqk“{ ot llan J ;%aq jz:lquzlquaqu

I (Zq S8, 3 4y g, 0 j

i= aqk+| j=1 H=1 aqﬁp j=1 a q<+;1

Upon adding corresponding sides of formulas (14), (15), Béid ¢ne will get:

oT _EaT”as%:_Zp:% oT _Zp:aq (Z j

dg, dtod, 0dd 09, =

These are Woronetz's equations precisely.

One sees that the complementary term that one adgisto the left-hand side of the
Lagrange equation in order to then equate iQtoin such a fashion as to obtain the
equation of motion for non-holonomic systems is preeseby Woronetz in a form that is
more complicated than ours, and above all, extrem#igudt to remember.
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We further remark that our equations (10) and (11) camppked advantageously,
above all, to problems in the rolling of solid bodies;awese in order to find the function
S, one does not need to calculate the funcBpor S entirely, which is very difficult. In
the case considered, the functiBnreduces to just the energy of acceleration of the
whole mass, which is assumed to be concentrated atethker of gravity, and its
calculation will present no difficulty. The functieil, Ty, To are calculated very simply
once one has calculated the funcfien ©)

3. In 8 7 of his paper, Woronetz gave a formula for theecaf non-holonomic
systems that is analogous to Hamilton’s integral whdérg) the following theorem:

“The equations of motion of a non-holonomic systemns loe obtained easily in the
form (12) in the following manner: Le}, ..., 0«p denote the coordinates of a material
system, letT, denote its kinetic energy, and |€. be the generalized force that

corresponds to the coordinaje. Suppose that the system satisfies the conditions:
k .
G = D 8,0 +a (=12 ..p).
a=1

If upon appealing to those equations, one expresses the ldnetgy of the system
and the generalized impulses that correspond to the depemdecitiesq,,,, ...,q,,, as

functions of timet, the coordinategs, 0z, ..., Owp, and the independent velocities, ...,
G-
To=T( d1, -, Oeps Gy -5 O ),

oT, . . ,
{a 0 }:ki (t, gz, .oy Osps Qs ---y O ) i=1,2,..p)
qk+i

then one will have the formula:

23) JIoT+3 Qoq+Y k(4= 8 - 4] d=0

for all variationsdq, ..., dk that annul the momentgsandt; . The variationg:1, ...,
d+p are defined by the equations:

D1 = Zamcfc{, (i=1,2 ..p),

() See no. 3 of my cited article in the Journal de Matttiéuna, where | studied the rolling of a hoop on
a horizontal plane.
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and all of the differencedq;, - %d}s (s=1, 2, ...k +p) must be equal to zero.”

It is easy to see that Woronetz’s integral (23) isitidal to the integral:
t k
(24) [IAT-T+T)+> QJdg] dt
0 a=1

in which T,° represents the functiofu, when it is considered to be a function of the
independent variableg,,,, ..., 0 »» and consequentlf; is nothing but the functiof,’,

when one takes equations (8) into account.
When one equates the integral (24) to zero, one get our equations (10).
Therefore, our integral is simpler than that of \Bfwatz.

(Received on 7/4/1923)



