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Stress functions of the three-dimensional continuum

By. C. Weberin Schlewecke

Translated by D H. Delphenich

Abstract: The conditions of equilibrium in a three-dimensional medare satisfied by stresses that
are obtained from the second derivatives of cegtigss functionthat are investigated in this report. The
functions always form a tensor, and for a given stdtstress, it is possible to find various tensors of
functions whose differences will have the structura dfstortion tensor.

1. In what follows, | will treat the stress functioota three-dimensional continuum
— e.g., an elastic, plastic, or viscous body. As aeoient representation, | will employ
a notation that does not deviate from the usual. Tdwdmates of a rectangular
coordinate system will b&, x;, andxs . All stresses will be denoted hywith two
indices. The first index will give the surface on whibk stress acts, while the second
index will give the direction of the stres;; and 112 will then denote the stresses on the
surfacex; = const.; thuspi will point in the x;-direction andr, will point in the x-
direction. As a result, normal stresses will hawe equal indices, while tangential (or
shear) stresses will have two different indices.

In the absence of body forces and body moments, fdhewing equilibrium
conditions will be true:

l12 =11, ..., (l)
6r11+6r21+6r3120_ )
ox  0x, 0%

The ellipsis after any equation will suggest that twoemequations will follow by
cyclic permutation of the indices. In general, the éqoa will read:

0
s Zoog, (4)
het2.3 0%,

The stresses can be expressed in different ways byatiees of stress functions in
such a way that the equilibrium conditions are f@dll Thus, it will be entirely
irrelevant whether further conditions exist betweea #tresses (e.g., as a result of
Hooke’slaw).

There exists the following solution to the system of éqna (1) and (2) that comes
about with the help of the three functidasg, F.,, andFss:
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_O°F, O°Fy,
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1 x> 0xX ®)
0°F,,

Tip=— A 6

v 0%, 0%, ©)

I will refer to the function$11, F22, andFs3 asstress functions of the first kind.

If the stresses are fixed (e.g., by the loading of astiel body) then there will be
essentially one system of stress functions of itisé Kind for that that stress state. It will
be found by integrating equations (6). The integrationtfons that appear in it will
follow from equations (5).

There is also the following general solution to th&temy of equations (1) and (2) that
comes about with the help of three other functiénsF.s, andFs; :

20°F,,
ni1=- ) ey 7
11 3%, 0x. (7)
2 2 2
TlZ —_ a F23 + a F3l _ a F12 (8)

D 0x0x  0x0% a%

| will refer to the function$1, F23, andFs; asstress functions of the second kind.

These functions are also essentially determined foeed btress state. They will be
found by integrating equations (7). The integration funstiwill follow from equations
(8).

A general system of stress functiaan be defined from the stress functions of the
first and second kind, in the form of the following syetnt matrix:

F11 F12 F13
F21 I:22 F23 th = th .
F31 F32 F33

The stresseg;, can be calculated from the formula:

2 2 2 2
0 Fg+1,h+1 + 0 Fg+2,h+2 _ 0 Fg+1,h+2 _ 0 Fq 2k 1

0%y 0%, 0% 0% 0X,,0%, 0%.0%,

9

Tg h

for g=h, as well as fog # h.

If an index becomes greater than 3 then one must sutitrae units: e.qg., fog = 2,
one will haveg + 2 = 4= 1. If one takes only the terms in the main diagotia Off-
diagonal terms, resp.) then one will get equations @)Xé&n[(7) and (8), resp.].

The general system can be defined in different waya fiven stress state. We first
choose arbitrary functionB:1, F22, andFs3 , and then find the stresses from them by
using equation (5) and (6). We regard the given stress a&athe sum of these stress
states thus-found and a second stress state; we thehdifghttiond=,, F23, andFs; for
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it. Consequently, the manifold of general systems o€tians will correspond to the
manifold of all possible stress states.

2. Are there any more stress functions? The stresbadl be defined by
differentiating with respect to the various variablege. If one introduces the stresses
that are expressed in that way into the equilibriumdd@ns then the functions that are
differentiated with respect to the same variables musp out. We take the stregs :
The functions that produce it will be differentiatedhwiespect tog andx ; the index
and the index will assume all values 1, 2, and 3 in this. Naturallyis iirrelevant
whether the function in question is first differeng@twith respect tog and then with
respect tax, or conversely. A function that will suffice fone definition ofzg, will be
given the upper indicegi( ih); if it is differentiated with respect tg andx, then it will
further take on the indicesaandk. We thus write:

21 (gh)
= Y O (10)
i K=12,30% 0%
Sincei andk commute, as well agandh, it will then follow that:
R = F{9 = R = R, .. (1)

We must, moreover, investigate what relationship wilstebetween the individual
functions on the grounds of the equilibrium conditions.
We introduce the Ansatz of equation (10) into the geremrailibrium equation (4)
and get:
2= (gh)
hiko1,2.30%, 0% 0%

In order for the functiond=" to be stress functions, the third differential quotient

with respect to the same variables must drop out.

We now evaluate the condition that the indigel, i, k can assume only the values 1
to 3. It will follow that at least two of the indisenust be equal to each other. However,
three or four indices can also be equal.

Here, we must examine different cases: We first thkefunctionsF{” and F{" ;

or
they appear in the expressions for the streggeand 7w, . Equation (9), witha—gh,
Xn

2= (gh) 3
contains the tern%— 6)2% ; other terms withg—3 are not present. Consequently, one
Xh Xh

_ SE (ah)
will have hg =0.

0x;,
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I 21 (gh)
We then take equation (9) wi&gﬂ+%. It will contain the terms—&
ox,  0x, ox, 0%
a (gh) a
anda— ; other terms Wlthﬁ will not appear. As a result:
X, 0%, 0X, Xy X
0’ — 2 (Flom +|:(hh>) -0
0x, X, 0

In order to satisfy both equations, we $&f” = 0 and F{"” = 0. Naturally, our

equations express only the fact that certain third differlequotients are zero. One can
add irrelevant terms to the functions that we haveegetl to zero that will drop out
(persist, resp.) under differentiation. They will thexvé no influence upon the solution
and will, in turn, be dropped. These irrelevant extra $emitl also be tacitly omitted in
the sequel.

We now take the function§®® and F{*. We obtain from equation (12) that:

9 aZF'(gg) a aZF(g')
ax, 0% 0% 0%0x

3
Further terms withai2 will not appear.
X

axg 0

It will follow from this that:
F(gg) +Fy =0
6x 0% 2( 5 )
We can then sef(®® =-F{® = F0).
As the last case, we assume that only two indicesqual to each other. We thus
take the functiong=*®, F{, F{9%9, andF(’.
Equation (12) will then give the relations:

a a F(gg) a a F(9|) a a F(gk)
6x 6>q6>§< 6>§6>§6>§ 6)&6)_@;(

or
9 aZF<'g> 99 Fg('g")_O
6x 0, 0%, ax( 0%

resp.
On the basis of the second equation, we cafrg8t+ F{9=0.

It will follow immediately from this and a further etxange of the indicasandk that:
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(k) — _[F(9) = _ (99
Fgg - ngg - ngg :
On the basis of the first equation, we find that:
Flo9 = 2 F0
! [o[

The number of functions is greatly reduced with thafthe remaining distinct
functions will now be denoted as follows:

— F(99) = E(i) = _ (gD L= )= _1 (99 — E(9)
Fuc= B = Fy'=—F, Fi= Ry =—3FR™ = F,7.

What will then remain will be six distinct functiotisat correspond to the functions in
our matrix. The equations that follow from this will egrwith equation (9). We see that
there will be no other solutions.

3. What happens to the stress functions under a rotafitime coordinate system?
We would like to rotate the coordinate system around thelys-axis through an angle of
a and denote the new axes with a prime. We will get:

X, = X cosa + X, sina
X, ==X sina + x, cosr , (13)
% =X

We also denote the stress for the new coordinate sysiténa prime. For the stress,,

we get:
Tll =111 CO§ a +too Sirl2 a+ 2t Sinag cosa . (14)

We replacd;, too, andt;, with the expressions in equation (9):

= [ OF (O Oy | e [OFs R S0y | g,
Tl o ¢ ax0x X 0%  0x0X

O°F;  0°Fy 0°F, O0°F;
0x, 0% 0x0% 0% 0X%0%

(15)

+

jsina cosy .

We now express the functiofgs in terms ofX,, X,, and X, using equation (13) and
replace the differentiations with differentiationstiwrespect tox, X,, and X,. After
combining various terms with the saiRg, we will get:
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_ _0°F, 0° . .
T, =—2+—(Fycosa+F,sifa—- F, sim cog )
0%;
) (16)
-2 F,,cosa —F,, sinr ).
6?26?3( 22 12 )
On the other hand, we can write:
2= 2= 2=
ﬁ1:6F§3+6 F§2_26F2_3 (17)
X, 0%  0%0%
for 7,,.
By comparing egs. (16) and (17), we will get the transfoomaquations:
F,=F,cofa+F, sifa- F,sim cosg ,
F,, = F,;cosa - F, sinx , (18)
F33 = F33

for the stress functions under a rotation of therdmate system around tkgaxis.
One obtainsF,, and F, from the stres<,, in the same way, and the remaining

function F,from the stresg,,.

We see from the equations that we obtained thatfuhctions transform like the
components of a tensor.
The stress functions thus define a tensor.

4. The last question that we shall pose is: In whkay do two systems of stress
functions differ when they determine the same st&ate? We saw that there are
infinitely many systems of stress functions for igeg stress state. If we take the
difference between two such stress functions tleatwll get functions that would like to
denote byDi;, Diy, etc. These functions correspond to stressestba&iqual to zero.

If we substitute the functioridy, in place of the functionBgnh in equation (9) then
we will get the six equations:

azDzzz +62Dzs3 -2 02D23

o 0%  0%0%

=0, (19)

0°Dy; , 0°D; _0°Dy,  9°Dyy _
0x 0% 0x0% 0% 0x0%

(20)

In order to be able to make further statementsitatie functiondDg,, we first take
the lower equation in (20). We integrate it oxer
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(21)

6D23+6D31_6D12_ 0° .[D d :62f3()(1,X2).
ox 0% 0% Ox0%’ 0%, 0%,

We choose an arbitrary undetermined integjrla;3 dx, in this.

An arbitrary function ok; andxs must be on the right-hand side that we will write in
the given way.

If we consider equation (21) and two others that ariseybljccpermutation of the
indices then we will see that once-differentiatecctiomsDgp (g # h) will be found in all
of them. If we add two of these equations then wegeiil

0 9° 9° 0% f5(x, %) . 0% (X,
Ao P23 '[ 33UA3 T '[ D, dx,= 5% %) + % %) . (22)
0% 0% 0%, 0 0X, 0%, 0X%0%

We integrate the equation that was written down aver

0 0 of. (X, of, (X,
2D,, _6_)(2'[ Dasdxs_aj D,,dx,= 3((';)22 x) + ZE’X)Z %) +0,(%, %) (23)

If we differentiate (23) with respect 1@ andxs then (after a sign change) we will get:

a2D23 +62D22 +62D33 g azgl(XZ’ )%) (24)
ox,0% 0X 0% 0x, 0X,

These equations almost coincide with equation.(18) order to obtain complete
coincidence, we must set:

01(X2, X3) = + 21 Xo + 2C1 X3«
Thus, we will get:

_0 _0 _ 0 (%, %) | 0fy(%s %)
2D,, a—xzjoasdxg EJ D, dx,= Saxz + 26X3 +a+2b X+ 2¢ X3 (25)

from eq. (23).
We now set:

[ Dyt + f2, %)+ A+ b+ gk= W
[ Dudx + f(%, X) + 3%+ b &+ o= U (26)

[ Dot + (% X) + B+ bk+ k= V
We will then have:
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I IUR 1 1Y

Boax T 2(ox, ax)

ov 1(0V oW

=—, Dy==|—+—|, 27
22 axz 23 2 6X3 axzj ( )
_owW _1({oW 0U

337 5, D31__ vt

0X, 2\ 0x, 0%

The stress functiori3y, that give zero stresses will depend upon three basiaduact
U, V, W. The law of definition is the same as the one fdindey the distortion tensor
(8 3 V) from the three displacement components/(w).

The system of equations (27) imacessarycondition for the function®gp,; at the
same time, is also sufficientcondition. If we then substitute the expressions #na
defined by equation (27) into equations (19) and (20) then weestidlblish that is it
satisfied.
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