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It will be shown thatEinstein's theory of teleparallelism permits a general relatigally-invariant
formulation ofDirac’s theory of the electron.

§ 1. — In a note that appeared recently, (A. Einstein gave a method for
simultaneously describing the electromagnetic field &edgravitational field. In order
to characterize the metric, he did not employ theddmmental metric tensay,, , but
introduced an infinitesimalorentzian (") coordinate system at each point. He denoted
the covariant components of the four axe@s Q, 1, 2, 3) of that coordinate system in the

basicGaussiansystem byh, , and the contravariant ones b§ (" ). The contravariant

Gaussiancomponents# of a vector with the components in a Lorentziarsystem are
then:

Vi=h'v_, (1)
so the length of the vectwris:
g,quuVV: gyvh:h;/VaVb:LabVaVb- (2)
In this, one has, by definition:
0 for a#b,
Lab = 1 " a= b = O,
-1 " a=b#0.

() A Einstein, Berl. Ber. (1928).

(") Einstein initially employed an infinitesimal Euclidian coordinatgstem. However, in order to
free us to free ourselves from the relativigtiat will be convenient to employ horentzian system
directly. We can then set the distance between taddvpoints equal tals’ = dt? — dx® — dy* — dZ =

dx! —dx’ — dx - dx’ if we assume that the speed of light 1. The non-quantum mechanical equations
can be written out as real, as long as no electroniagraentials are in them.

Hokk

(") Theindices, b then refer to the axes of therentzian coordinate system (as Einstein), while
all others refer to the axes of tB@ussiancoordinate system.
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One will then have for the matrice_gsz (9uv), h= (), L = (Lap) that:
Ngh=L. 3)
The covariant components wfare:
Vy=haVa=guVv' = gwh"v (4)

a a’

and one further haB = (h):
h =gh, h'h =L, h=Lh (5)
The transpose of the last equation is:

h=hg, hh=L, h=h"L. (6)

|[<e]

SinceL = L™, we will then get:

'gh =Lh™gh™'L=L,

[[te}

1
|=
—
=

(7)
Likewise, sinceg = (g"):
g=g'=hLh. (8)

It is clear that the metric forrg,, does not determine the componehts of the
infinitesimal Lorentzian coordinate system completely, since an arbitrary rhiare
transformation will still remain free at each poirtthe world. That manifests itself in
the fact that one can also writd for h in all of the equations up to now TifL T’ =L,
i.e., T is indeed different from world-point to world-point, but is a Lorentz
transformation everywhere; one will then also hdveL T = L), so g will remain
unchanged by that. Neverthelegs, Einstein further assumed thdt,, would have
meaning, up ta single space-dependent Lorentz transformation, when they determine
not only the metric form, but also the electromagneditentials®,, 0):

oh

®,=CA3,, N = (0%, -2, A =1 a—‘;b L, (9)
X

Moreover,Einstein could derive, on the one hand, the equations of the tidery of

gravitation, and on the other handaxwell’'s equations for the vacuum, from some

action principles in the first approximation (i.e., whé is approximately an identity

matrix).

0) Afﬂ is not a tensor. The quantiByis a (very large) constant that is essentially #ugprocal of the
gravitational constant.
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§ 2.— The foregoing remark had the aim of applying the thdurg-presented to the
Dirac equations () of the rotating electron.

From the physical standpoint, the introduction of all@orentz coordinate system
is not at all reasonable Dirac’s theory. The probability for an electron to moresay,
the X or —X direction will be independent of the probability of ibwng in theY or —Y
direction only when those directions g pendicular to each other. One will soon be
led to a preference for introducing a local coordinagstesn by this and similar
considerations. Now, our convention is that the nedaorientation of those local
coordinate systems to each other is influenced by the@eag netic field.

The equation of motion of the electron is then:

Y[ vl Ly(p +ed)+(p +ed, )y L, [w=my, (10)

k,ab

in which the expression on the left must be the synmneetDirac expression, instead of
the simple one, sing& and i do not commute. If we introduce the covariant derieativ

h : . o
> Ok in place ofpx then when we set the determinari] | =H = -lg, | and

perform all differentiations, we will get:

h o h 1 AHR
KL | ——+ed, |+ L =my, 10
I;)|:yarlo ab(zm an kj 277] 2H ya an ab w l/’ ( )

in which the equations:
Vo Ve +VaVa) = Laa (12)

are valid for they; as in (10). The matricas, )5, )4 are skew-Hermitian then, while the
matrix ) is symmetric. One easily convinces oneself th8) or (11) is “rotationally-
invariant” when introduceihc"TOb in place ofh and observes thatL T'=L=T'LT.

With that, the four components gftransform amongst each other in precisely the same
way that the four components of the ordinBiyac ¢ transform under spatial rotations.
Their invariance under general transformationshefGaussiancoordinate system will

follow when one assumes thgtis an invariant.% will be a vector then, andj%
X X
: L 10HR . :
will once more be a scalar. LIkeWISIe—I_a—" Is a scalar, namely, the divergence of
X

h.

() Mathematically, the difficulty is based upon the fdzit the two-dimensional representation of the
Lorentz group cannot be extended to any representatidfina space. That difficulty came to light in the
paper ofH. Tetrode, 50 (1928), 336, due to the fact that a unique assignment of thiceodt in his
equation did not seem possible, but one would have to fudita®v uponEinstein’s new theory. H.
Tetrode had already clearly recognized that this difficulty exists
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It will already follow from these properties @f as well as what was done at the end
of 81, that [ (%o, X1, X2, X3), ¥ (X0, X1, X2, X3)] Means the probability that the electron is at
the pointxs, X, X3 in volume 1 at the tim& . If we construct a surface of area Axh
that is perpendicular to thg-axis at the poink;, X2, X3 then:

(& (X0, X1, X2, X3), J6 Ja W (X0, X1, X2, X3))

will be the probability that the electron enters thatface at a time betweeg andx, +
Axo from the large values of x, minus the probability that it enters frasmall values ofx,
. Since the unit operator (1)4 )4) / 2 belongs to the double eigenvalue + 1 of the matrix

Vo Va (w,%wj will be the probability that this surface will ltered by the

electron from the side dérge x. and (w,%@ will be the probability that it is

entered from the side a@mall x, . All of the statements that are true in ordinBiyac

theory are valid in local coordinate systems.
Furthermore, the components of the four-curreth@Gaussiancoordinate system:

“= (@ K Ll 0). (13)

The divergence of the current is calculated thus:

Dlek—ﬁ—(l// HK 16 )4 La ¢)

0 1 0H K 0
(aélk/’yoyaho Lat#’j (w,yoyagaT[‘“Labwj{w,yoyafﬁ Laba—fk'j

oy 1 1 0H h¥
= 2 Real part OKw,yo AL Laba%k'gyo Yofg ax?‘) Labwﬂ, (14)

since J4 are Hermitian for alh and alli are pure real. If we multiply (11) by, 2:'

and substitute that in (14) then we will get:

Div J* = 2 Real part oKz/l Vo —— mz// Vo Va 27 eh0 L,® z/lﬂ (15)
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However, the expression on the right (15) will vanisince yOZTm m, as well as

Yo ya$ are skew-symmetric, so their bilinear form (15) willjpge-imaginary then.

One will then have:
DivJk=o0. (16)

If we had not symmetrized (10), corresponding to the monroutation ofp and theh,

then it would not be possible to define a divergencedugeent.

| would not like to go into the physical consequence@ by at this point. All that |
wanted to show was that tBerac theory of the spinning electron can be generalized in a
simple and natural way with the helpEifhstein’s new theory.
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