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On integral invariants
By E. GOURSAT

Translated by D. H. Delphenich

The general theory of integral invariants was developed by Poincaré in Tome III of his book
Meéthodes Nouvelles de la Mécanique céleste. The goal of this article is to contribute to the study
of the following general question: If one knows an integral invariant, whether absolute or relative,
of arbitrary order for a system of differential equations, what will that imply for the integration of
that system? I will show that from any integral invariant, one can deduce at least one system of
differential equations whose integrals all belong to the proposed system and whose integration is
generally a simple problem. In the case where the two systems are equivalent, one can determine
a multiplier (%).

1. — I shall first recall the main results of the theory of multiple integrals that will be utilized
in this article, as well as the precise significance of the notations that will be employed (?).
Let x1, x2, ..., x, be a system of n independent variables, and let:

A%az__ap (p<n)

be a system of functions of those » variables, each of which is endowed with p different indices
a1, oo, ..., op that are taken from the first » numbers. Each arrangement of the first » numbers
taken p at a time will then correspond to a well-defined function of the » variables x1, x2, ..., xu.
The functions for which some indices differ will be completely independent, but all of the functions
whose indices differ by only their order are equal, up to sign. Therefore, let (&, a;,...,@;) be a

new permutation of the indices (a1, 2, ..., @p). One has:

() The main results of this article have been summarized in a note that was presented to the Academy of Sciences
(C. R. Acad. Sci. Paris, 2 June 1907).

(®) In addition to the cited work of Poincaré, one can consult the following articles by the same author: “Sur les
résidus des intégrales doubles” (Acta Mathematica, t. IX); “Analysis Situs” (Journal de 1’Ecole Polytechnique, 1895);
“Complément a I’Analysis Situs” (Rendiconti del Circolo matematico do Palermo). One will also find some
bibliographic information on invariants in two papers by de Donder (Rendiconti, 1901 and 1902).
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(1) o e ap = aqayay
if the two permutations (a1, @, ..., &) and (&, @;,..., @) belong to the same class, and:

) A =_A

-
oo ap ooy oy

when the two permutations belong to different classes. When two indices are equal, the function
will necessarily be zero.
We observe, in passing, that the two permutations:

(a1, @, ..., ) and (o, ;.. @)

will belong to the same class if p is odd and to different classes if p is even. Indeed, in the two
cases, one passes from the first permutation to the second one by p — 1 exchanges of two
consecutive elements.

Suppose that the n variables x1, x2, ..., x, are expressed by means of p independent variables
ui, u, ..., Up, and consider the multiple integral of order p :

ox, X, 0%,

@ =[] Z A ou, ou, .

p

du, ---du

p7

which is extended over a certain domain (ep) in the space (u1, uo, ..., up), and the summation that
is indicated by the symbol > extends over all arrangements of the first » numbers taken p at a time.
From formulas (1) and (2), that multiple integral can be further written:

D(xal,xaz,...,x%)
SUy)

(1) =[] X Apra,

du,---du
D (u,,u,,...,

in which the symbol 2. in that formula extends over all combinations of the first n numbers taken
p at a time. In each combination, one can take the indices in an arbitrary order, but one must be
careful to take the variables x; in each functional determinant in the order that is indicated by the
order of indices of the corresponding coefficient.

When the point with the coordinates (u1, u2, ..., up) describes the domain (e,) in p-dimensional
space, the point whose coordinates are (x1, x2, ..., x,) will describe a p-dimensional continuum (E))
in n-dimensional space. The form (II) of the integral 7,, which resembles the formula for the change
of variables in a multiple integral, shows immediately that the value of 1, does not depend upon
the choice of auxiliary variables u1, ua, ..., up, but only on the domain (E,). Meanwhile, it must be
pointed out that the integral might change sign when one exchanges any of those variables. That
fact is analogous to the one that presents itself for a surface integral in three-dimensional space, in



E. Goursat — On integral invariants. 3

which the sign of the integral will change at the same time as the surface on which one takes the
integral.
Most often, we shall write the multiple integral /, in the abbreviated form:

(110) H I DA, BX X, X,

in which the symbol X extends over all combinations of the first » numbers take p at a time.
However, in order to get the precise significance of that symbol, one must always refer to the
expression (I) or (II).

Remark. — The order in which one writes the differentials in products such as dx, dx, ---dx,
2 p

is not irrelevant, as one sees. For example, if one is dealing with a surface integral then the
symbols:

J:[Adydz+”dedx+'|‘J.Cdxdy,
J"[Adydz+”dedx+'UCdydx,
HAdydz+”dedz+ﬂCdxdy

will not all have the same meaning. The notation (I) has the advantage of eliminating any
ambiguity. A surface integral will be written with that notation as:

_ D (X, %) DX %) , o D(%,%)
b= ”[Aﬂ D (u,v) YT D (u,v) A D(u,v )}dUdV

in which x1, x2, x3 are supposed to be expressed in terms of the two auxiliary variables.

2. — One will find proofs of the following theorems in the cited article by Poincaré (Acta
mathematica). The functions that one considers are supposed to be uniform and continuous, at least
within the domain of integration.

Any integral I, that is extended over a closed multiplicity (Ep) in the n-dimensional space (p <

n) can be replaced with an integral I+ that is extended over a multiplicity (Ep+1) in the n-
dimensional space that is bounded by the first p-dimensional multiplicity:

(Iv) Lt = ([ [ 2 Ay OX, X X,

The symbol Y. extends over all combinations of the first n numbers taken p + 1 at a time.

The coefficient:
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00 Ay

can have two different expressions according to the parity of p.
If p is even then one will have:

(3) _ aAalazmap a”4ozz-~ozpazp+1 0 00
0y ?
P Xy oxay oXa,

with only + signs in the right-hand side. If p is odd then one will have:

(4) _ aAala2-~~ap _ aAaz--‘ap pa aAapAal-uap
AT Xay, oXay Xa,

in which the + and — signs alternate.
Those formulas provide the answer to the following question:

What are the necessary and sufficient conditions for the integral I,, which is extended over a
p-dimensional multiplicity, to depend upon only the p — 1-dimensional multiplicity that bounds that
domain?

In order for that to be true, it is necessary and sufficient that the integral /, should be zero when
it is extended over an arbitrary closed p-dimensional multiplicity or that the integral /,+1 (which is
equal to it) that extends over an arbitrary p + 1-dimensional multiplicity should be zero, i.e., that
one must have:

0y Opy
for all combinations of indices.
We say, to abbreviate, that the expression:

(5) > A dx dx_ ---dx

oy U py a a Apy
1s an exact total differential, and we can state the following proposition:

In order for the expression (5) to be an exact differential, it is necessary and sufficient that one
should have:

(6) 6Aala2-~~ap aAa2-~~ap Api . Upa 0y O
oXa, oXa, oXa,

for all combinations of indices if p is even, and:



E. Goursat — On integral invariants. 5

8"40: aya aAa apa aAa o
(6,) 1% P 2 p p+l+..._ p+1™1 p=0
Xy oxay oxa,

if p is odd. The total number of those conditions is equal to the number of combinations of n objects
taken p + 1 at a time.

If the expression (5) is not an exact total differential then the analogous expression:

(7 > Ay, W OX, olX,

p+l
QO Apy

in which the coefficients .4, , . are given by formulas (3) or (4), will be an exact total

s
differential. Indeed, one will very easily deduce that the relations that are analogous to (6) and (6")
are verified identically from those expressions for the coefficients.

It follows from this that any multiple integral I, of order p that extends over a closed
multiplicity (£,) can be replaced with an integral of an exact total differential /,+ that is extended
over a multiplicity (E,+1) that is bounded by the multiplicity (E,) (viz., the generalized Stokes
theorem).

Conversely, if the expression (5) is an exact total differential then the integral I,, which is
extended over a non-closed multiplicity (E")) , can be replaced with an integral /,-| that is extended

over the closed multiplicity (£,-1) that bounds (E")) . In order for that to be true, it would suffice

to show that one can define an integral /,-1 :

I,,_lzﬂ-u_[ > Croyaryy By, X, oK,

aytpy
such that 7, can be deduced from /- in the same way that we have deduced /,+ from I, . One will

then have a certain number of partial differential equations for determining the coefficients
- and those expressions will be compatible as long as the relations (6) or (6)

oy ay

3. — Let us apply those generalities to the simplest cases.
If p = 1 then one has the simple integral that is analogous to a curvilinear integral:

©) L= [ Adx + A dx, -+ A dx, .

When that integral /; is extended over a closed line L, it will be equal to the double integral:
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29

) L= ”Z [Zﬁ: a'A")dx dx,

that extends over a two-dimensional multiplicity that is bounded by the line L. In order for /i to be
an integral of an exact differential, it is necessary and sufficient that the integral /> should be
identically zero, which will then give the well-known conditions:

A _on

10
(19) OX,  OX,

(,k=1,2,.... n).

Now, let /> be an arbitrary double integral:
(11) L= [[> A, dxdx,.
i,k

That double integral >, which extends over a closed multiplicity (£2), is equal to a triple integral
I3 that extends over a three-dimensional multiplicity that is bounded by (£2):

12 b (B s 2 o

ikl Xi

In order for > to be an integral of an exact differential, it is necessary that one should have:

(13) 8Ak+8Ak, +6A" =0 Gk 1=1,2,...,n)
oX, 0%  OX,
for any indices i, £, .
If those conditions are satisfied then one can identify the expressions (9) and (11). In other

words, one can determine » functions A1, 42, ..., A, that are satisfied by the relations:

(14) A_A Gk=1.2...m).
X,  OX,

4. — Recall once more the definition of integral invariants.
Let:

(15) _0 %,
Xl XZ

be a system of differential equations. We suppose that the functions X; are uniform and continuous,
as well as their derivatives, and do not include ¢, and we say characteristic to mean any one-
dimensional multiplicity I'1 that is represented by the equations:
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xi=fil), x=fL0), v X =fu (@),

when fi (¢) , ..., fn (f) form a system of solutions to equations (15). A characteristic I" that is
described by the point (x1, x2, ..., xx) when ¢ varies starts from each point (X_,xJ,...,x’) in n-
dimensional space.

If the initial value of ¢ is supposed to be zero then consider an arbitrary p-dimensional
multiplicity (ES) in n-dimensional space. A characteristic starts from each point (X’,...,X’) of

that multiplicity, and after a length of time ¢, the point (X{,...,x°) will arrive at the point (x1, ...,

x»). The locus of those different points is another p-dimensional multiplicity (£)). If the multiple
integral:

(16) L= ([ 2 A, Ox, 0%, X,

has the same value for two multiplicities (Eg) and (E,) for any ¢ then one says that [, is an absolute

integral invariant of order p of the system (15).

It might happen that this invariance property is true for only closed multiplicities. One then
says that one has a relative integral invariant of order p, and one denotes it by the symbol J,,.

As far as absolute invariants are concerned, we shall once more make the following distinction:
An absolute invariant can be an integral of an exact total differential. In that case, we represent it

by | g . There is no reason to make that distinction for relative invariants since the integral of an

exact total differential will always be zero when it is extended over a closed multiplicity.
From the foregoing, an integral invariant J, or [, will immediately give an integral invariant
I d

ps1- Conversely, an integral invariant | g is equivalent to a relative integral invariant J,- .

5. — We shall now look for the conditions that the coefficients Aala2-~ must satisfy in order

ap
for 1, to be an absolute invariant in a general manner. In order to do that, it will suffice to consider
1, to be a function of ¢ and to write that its derivative is zero:

4y
dt
In order to obtain dI, / dt, suppose that one gives an increment of &¢ to ¢ and calculate the
coefficient of &'¢ in the difference 1, (t + 6¢) — I, (¢?).
Let (x1, x2, ..., x») be the coordinates of an arbitrary point of the multiplicity (E) at the time ¢,
and let (X, X5,...,X) be the coordinates of the corresponding point on the multiplicity at time ¢ +

o't. One has:
X' =xi+totXi+ ... (i=1,2,...,n),
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in which the unwritten terms are infinitely-small of second order in 6¢. We write the two integrals
I, (t) and I, (¢ + O¢) in the explicit form (I):

ox,  OX,
ou, ou

du, du,---du,,

L= [ > Aa,
5X;l 6Xap

L (t+66)= Ij---IZA;laz___ap TR du, du, ---du,,.

! : denotes what Aalaz__ will become when one replaces x; with X', and the two integrals

— a
are extended over the same domain for the auxiliary variables u1, uo, ..., up .
, 6)(;'1 OXJ, OX ) ) ) )
Let Aﬂ1 byeB £...—= be an arbitrary term in the second integral. One will have:

7 ou, ou, ou

!

p

A, = Paprp, TOUK (A g ) 4o
Oy,
ou,  ou, — Ox, ou
ox,  OX oX

- T sty p O ’
ou, ou, n OX, Ou,
% = axi + é‘tzax_ﬂp % +
8up aup n OX, aup
ox, 0x,  OX,
Let us seek the coefficient of t—=2...—* in the new integral. In order for the product:
ou, ou, du,

! ’ !
, Xy, X}y mﬁxﬁp
Alle pu, du,  ou

p
to give a term of that type, two and only two hypotheses are possible:

1. One can have:

,Blza], ﬁzzaz, . ﬂpzap,

which will give the term:

Ox, Ox, — OX,
StX(A, | )—a e

Tt ou, ou,  oug

in which one has set:
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X(f)= Xlg—f+-~-+an.
X 0X,

2. One can once more obtain a product of the desired form by supposing that all of the p
equalities S = o; are verified, except for one. For example, if one has:

pi=oa, ces f-1=ai-1, Pi1=divl, ey Go=0op,

in which f; is arbitrary, then one will have the product:

X, ox, ox, 0%,
StA B B P

iy i Gy ap OX ou, ou au
o 1 2 P

and the sum of the terms that are obtained from it by varying £ can be written:

Sty A Xy Oy Oy O,
4 a1-'-06i,1hai+1"'ap axal aul @Uz 8u

p

Since the variable index f; can replace any one of the indices a1, @, ..., ap, one sees that, by
definition, the coefficient of ot 3 A p “ in the second integral will have the expression:
U, u,
oX oX oX
17 B = X(A + — LA b A hl,
(1) s Pucy-a,) Zh: Py ox, MoK, e dph X,

and the derivative dl, / dt will be represented by a multiple integral of the same form as 7, :

di, OX, OX OX,
Z°r —f... a 7% % dudu.---d
(18) - I} jzh:B SRR u,du,--du,,

in which that integral is extended over the same domain as the original one.
In order for /, to be an absolute integral invariant, it is necessary that dl, / df must be zero for
any domain of integration, i.e., all of the coefficients B must be zero separately. Therefore,

aayap

in order for I, to be an absolute integral invariant, it is necessary and sufficient that one should:

X X
19 X (A + hp AL oA —Zh
(1) P 2 vy o T Aoy X, e ox,

Xy | _y

&
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for all combinations of the indices o, o, ..., ¢ .

In order for /, (¢) to be a relative integral invariant, it would suffice that the multiple integral
(18) that expresses dI, / dt is zero when extended over an arbitrary closed multiplicity, i.e., that the

expression:
> B, gy P X,

aap

should be an exact total differential. One will obtain the same conditions by expressing the idea
that the multiple integral | g+1 of order p + 1 that one deduced from /, in the way that was explained

above is an absolute integral invariant of order p + 1 that provides equations of the same form as
equations (19):

oX, X, , . oX,

az “Apy ahap, oy +-aph
OX,, OX,, 8x%+1

(20) X (A )+ Z

:O,

in which A, are given by equations (3) or (4) according to the parity of p.

%p

II.

6. — Poincaré¢ has also indicated (Méthodes Nouvelles de la Mécanique céleste, t. 111, pp. 33) a
procedure that will permit one to deduce an absolute invariant of lower order /,-1 from an absolute
invariant /.

Let:

.U IZ vty Wy Xy, =+ AX,

be an absolute invariant of order p of the system (15). If one sets:

n
Q1) Crvears = 2Py i

i=1

then one will have a new relative invariant of order p — 1:

(22) L1 = ﬂ I ZC%%W% dx,, dx,, ---dx,

p-1

That is the general form of the proposition that Poincaré deduced from the link that exists
between the integral invariants and the equations of variations. It is easy to verify that by means
of the conditions (19). Indeed, it suffices for one to show that the relations:
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oxX,, oX
(23) alaz ap1)+z ha,-- apla .

o apy
are consequences of equations (19). Now, one has:

oX.
X( oy U‘pl) = ZX X( o oy apli)+zzAa1a2wap_1i Xky
ik K

Replace X (A

oy |

) with its value that one infers from formula (19). That will give:

X(C

o az-uap,l)

0(

oX, oX J

= Il N ZZh ) ZZh
Z;Amazwa i X ZX Z {Ah apap 1' Lt Aal"'apfzhl 8Xap71 + Aalmap—lh 8xi

Upon likewise replacing the C with their values, the relation to be verified (22) will become:

Z;Aalaz ‘ap X __ZX Z[Awaz a_ll '“+Aa1-~-ap_lh%]

i 0‘1

Z( hz Ay Oy 1 I Xh Z a-a hXiJ ,
i 27 Qpg axap_l i 17 0py
or, upon suppressing the terms that cancel immediately:

ZZ 0110520‘1)(__22 o ayap i h ia_X'

In order to perceive the identity of the two sides, it would suffice to permute the indices i and 4.

7. — In order to state the results that follow more simply, I shall first present a certain number
of expressions and notations that will be employed. I shall call the operation by which one passes

from an absolute invariant /, or a relative invariant J, to an absolute invariant IS+1 (§ 4) the

operation (D). When that operation is applied to an invariant | g , it will lead to an invariant that is

identically zero, as one has seen before. The operation that was defined in the preceding section
by which one deduces an absolute invariant /,-; of lower order from an absolute invariant /, will
be called the operation (E), to abbreviate. That operation will lead to an invariant that is identically
zero when the invariant 7, to which applies it satisfies the relations:
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n

(24) 4 Aalaz---ap,li Xh = 0
i=1
for any indices a1, @, ..., op-1. We then say that the invariant /, is exceptional, and we represent

it by the notation | . When it is applied to an invariant that is not exceptional, the operation (E)

will lead to an exceptional invariant |;71- Indeed, we have:

n

zcalazuap,zhxh = ZZAalazwap,zhiXi Xh >
h i

h=1

and the coefficient of X; X}, in the right-hand side is:

ZAalazmap_zhi +zh Aalazn-ap_zih = 0 .
[N

i,h

That property shows the close relationship between (£) and (D), and by definition, we will be
led to consider four types of absolute invariants:

1. The invariants that are neither | 3 nor | . We shall represent them by the notation | g when
there is good reason to make that property obvious.

d
I

2. The invariants 0

differential.

for which the expression under the integral sign is an exact total

3. The exceptional invariants |, that were just defined.

4. An invariant [, can be both | s and | : . We shall represent them by | F()d’e) .

The results that we have acquired up to now can be summarized as follows:

1. When the operation (D) is applied to an invariant | g or | ; , it will lead to an invariant | g

or | :)d’e) . When it is applied to an invariant | g or | éd‘e) , it will lead to an invariant that is identically

zero.

. . . . . 0 d . . . . e
2. When the operation (E) is applied to an invariant | | or |, it will lead to an invariant 1

(d.e)

o »itwill lead to an invariant that is identically

or 15 When it is applied to an invariant 1 or |

zero.
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Those two operations parallel each other by the following property then: If one applies one of
them twice in a row then one will always arrive at an invariant that is identically zero.

8. — We shall complete the preceding statements.

A. The operation (E) applied to an invariant | g leads to an invariant Ié‘iie).

It will suffice to prove that if the functions A, , verify the relations (19) and the relations

(6) or (6") then the functions C, iyt s that are defined by the formulas (21) will satisfy relations

that are analogous to the relations (6) or (6').
Suppose, to fix ideas, that p is odd. p — 1 will then be even, and one must prove that the
equation:

Cpe, C, ., C, o, C, e
(25) P2 =)
OX OX OX OX

a, a a, ap

is a consequence of equations (6") and (19).
Replace the C with their values. The relation to be verified will then be:

aXi Aaa-~~a i+Z%Aa ey et &Aa ayap i
i 6Xap 10 Ay g i axal 27 dp i axap_l p &2 Upy
aA a i aAa e 6A0: Qy i
i axap axal axalH

However, since p is odd, a circular permutation of p indices will be equivalent to an even
number of transpositions, and that relation can once more be written:

Z Aia'"a %-FAaiama %+'.'+Aaa---a i%
2 p axal 1143 p axaz 142 p-1 axap

aA a i aAa-‘-a ia a a,oqa
+ZXI[ alaa)!: p-1 + 2 p-1 P+.“+ A p“1 PZJO’

ap o apq

or, upon taking the relation (6") into account:
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One will get back to equations (19) precisely.
One will get some analogous calculations for the case in which p is even (}).

B. When the operation (D) is applied to an invariant | , it will lead to an invariant | :fi’f).

Let I be an absolute invariant of order p :

|: — J.J..[Z Aalaz---apdxoq anz anp s

in which the functions A verify the relations:

oX. oX.
19 X(A +E A el BTIP D=0,
1 ( alazmap) i R O, e 8Xap
(24) E Aa1-~~ap,1ixi =0.

. . . . d .
If one supposes, for example, that p is even then the corresponding invariant I, will have the

expression:
d  _
IP+1 B .U J.Z’A%“'apndx% dxaz dxapﬂ ’

in which one has set:

_ ey ay oy erapi Aal---ap,l
Aa el = e ———— P
2 OX; oX OX

i a ap

The problem is to show that the relations:

Aalaz---a i Xi = O
i=1 °
or
aAa aya aAa ceapi 8A1a o
in ) O LI 270y bt 17 0p g =0
i OX; OX,, 2%

(Y) It can happen that when the operation (E) is applied to an integral invariant Is will also lead to an invariant

1
p
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are consequences of the relations (19) and (24).
The relation to be verified can be written:

oA, .. oA
alaz ap ayapl oy _
A ap) EX + 3 o ——— | =0,
X, OX,,
1

p

or, upon replacing X (Aalaz---ap) with its value that is inferred from (19):

aza A% p-1 a>(l aX'

o p o ap

However, since p is even, one will have:

Aaz"'ap ORR N L 00ty i Aal...ap& >

and what will remain is:

0 o )
T(ZAXJT(ZAA -0

1
%p

In that form, one will see immediately that the relation to which one will be led is a result of the
relations (24).

The same calculation proves that one will be led to an invariant |}

p+1

upon applying the

operation (D) to an invariant | g for which all of the sums:

ZAalwap,liXi

are constants.
C. The operations (D) and (E) commute.

Upon applying the operations (£) and (D) to an invariant /, in succession, one will be led to an
invariant | éd’e) (which can be identically zero). Upon applying the same operations in the opposite

order to the same invariant /,, one will again obtain an invariant I;J(d’e) . The two invariants Iéd’e)

1(d.e) . . .
and 1" are identical, up to sign.

Let:
b= [ [ A, O O,
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be an arbitrary absolute invariant of order p. Upon applying the operation (£) to it, one will get an
invariant 1 ,:

Ie, = .”---'fZCWT”ade% edx,

Calaz---ap,l_ z Aalazmapfli Xi .
I

in which:

One then deduces the invariant I;‘d’e) from 1 ;:

1199 = ([ [T A, X, X,

in which one has set:

oC

_ ooyt g ap Qap -y g
A = + 4ot

adede OX OX OX

o oy o

_y 0 o Sy |
- izaxap (XiAalaz'“ap,li)-’_iZ axal (xiAalu-api)"' +izax (XIAapa1~~-ap,1|)

[24

p-1

upon supposing that p is odd, to fix ideas.
On the other hand, upon applying the operation (D) to I, first, one will get an invariant /,+; :

d  _
I p+l J.J- ' .J.ZA%UZZ'“%udX% o anpA ’

in which one has set:

o ay aAaz---api ag-apiog aAalmap,l
I T e
i o Xaz a,

since p is odd, which one can further write as:

A aAal---ap aAaz--'api 8Aa3--~apa1i a'A\ozl---ozp,li
lellz-.-api - 6)(' - ax% - aXaz -t axap >

from an earlier remark (§ 1).

d

p+1 Dy means of the operation (E):

Finally, one deduces the invariant I;(d'e) from |

109 = [ [l dx, e dx,

in which one sets:
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Calmap = Z‘Aalazw api Xi

OA . OA .
=X (A IR X
e X T2 R
Upon adding the expressions for .Ao’ﬁ_wp and Co’ﬁ---ap , one will get:

A +C . =X(A + A ikl R Nl
@ dp A ( al"’z"'ap) IZ[ Qtp gl X p ayeeapi ox ]

o o

or rather:

'AU'C"'Ol + Cz;---a = X(Aaama )+Z[AIZ~.'0‘ %++A‘Z aXI J :0:
1 p 1 p 142 [ i 1 p X 1

a

since p is odd.

One will then have, by definition:
[@e) = _ |rde)
p p :

9. — Having established those properties, suppose that one knows an absolute integral invariant
I g of equation (15) (p > 1).

Upon applying the operation (E) to it, we will get an invariant | S_l that will not be an invariant

[ (@)
p-1 >

e

in general. Thus, upon applying the operation (D) to I,

one will get an invariant Iéd’e)

that is not identically zero.

We just saw that one will get the same result by proceeding in the opposite order. The links
e I d

. . 0
between the four invariants Los 1oas 1o

(d’e) . . . . .
I, is represented by the following diagram (Fig. 1):

_IU

(d.e)
IP

Figure 1.
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It can happen that the cycle is incomplete. As always, start from an invariant Ig. If the
operation (£) leads to an invariant I'(Jd_f) then the invariant Iéd’e) will be identically zero, and the

invariant |°

., that is deduced from |7 by the operation (D) will be an invariant ;. If one starts

p+1

from an invariant |7 then the operation (E) will lead to an invariant 1. If one starts from an

(d.e)

invariant | ; then the operation (D) will lead to an invariant I ;7.

We can then summarize all of the preceding results into the following statement:

One can always deduce at least one invariant If)d'e) that is not identically zero from any

absolute invariant I, (p > 1) or any relative invariant J, by additions, multiplications, and
differentiations.

The conclusion can break down for an absolute invariant /;; that case will be treated separately.

I11.
10. — We are now led to examine the following question:

If one knows an integral invariant Iéd’e) of the differential equations (15) then what can one

infer from that knowledge that will help one integrate the system?

Let | gd'e) be an integral invariant of order p :

(26) I E)d,e) = IJ‘. . .IZ 'A\%a’zma‘J d)(a!1 dxa2 cee dxap .
The coefficients Awlaz___ap verify the relations:
Z Aa ay o iXi =0
-y 1 p-1
for any indices a1, @, ..., ap-1, so equations (15) will imply the following ones:
(27) z Aalaz-uap,li dXi = 0 .

i=1

Equations (27), which are linear and homogeneous in dxi, dxa, ..., dx,, will then reduce to m
distinct equations, where m is less than or equal to n — 1. If m = n — 1 then the two systems (15)
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and (27) will be equivalent. However, when m is less than n — 1, the system (27) will be more
general than then proposed system (15), and any integral of the system (27):

F (x1,x2, ..., xn) = const.

will also be a first integral of the system (15). In that case, knowing the invariant |{"® will permit

one to simplify the problem of integration. Indeed, we shall show that the m distinct equations to
which the system (27) reduces will define a completely-integrable system.
First recall the following result of Frobenius (}). If one is given k equations:

(28) A dx1 + ...+ Ay dxn =0 (u=1,2,... k)

that reduce to m distinct equations (m < n), in order for those m equations to define a completely-
integrable system, it is necessary and sufficient that the relations:

0o oA, OA,
(29) DDy, {XM_WMJ =0

i=1 j= j i

should be consequences of the relations:
(30) SAu=0, YAV -
: s

For the system that is considered here, the coefficients 4,; in equations (28) have the form
., In which a1 aa...ap-1 denotes a combination of the first » numbers taken (p — 1) at a

o 0y 0y
time. The difference:
OA

oo i oy ap |

OX OX

aj

a;

is a linear combination of the derivatives:

oA

o0y oy ijoy

OX

) 9 seey

5] a

from the condition equations (6) or (6"), which express the idea that:

() Frobenius, Crelle’s Journal 82 (1877), pp. 276. See also Forsyth, Theory of differential equations, Part I, pp.
51. Frobenius supposed that k£ < n. However, one can also suppose that £ > n, which is the case in the example that is
treated here.
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D Ay, BX A, oo X,

P
is an exact differential.
It will then suffice to verify that the relations:

n

n OA N
(31 22 UV =0

i=l j-1 OX

a

are consequences of the relations (30). We can write equation (31) as:

aAa2a3~~ap_1i'
Z Ui Z iji =0.

i= i=L o

On the other hand, from the relation (30):

n

> Ay i Vi =0,

i=1
one will deduce that:
n O0A, ., i n ov.
v Y A, = =0.
=} OX, = axa1

1

and the relation to be verified can be further written as:

n n av

i1 j4
or
n.ov. O
i _
> > Ay i Ui =0
j=1 8Xa1 i=1

and the latter condition is obviously a consequence of the relations (30).
When m = n — 1, it seems that the method gives no simplification. However, one can then find
a multiplier (%), as one will see later (no. 11) in a special case.

11. — We shall treat the simplest cases in detail, namely p=1and p = 1.
Let Il(d’e) be a first-order invariant of the system (15):

() The proof in the general case will be given in another work that will be dedicated to the study of the systems
(27), in particular.
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180 = I,A&dx1+A2 dx, +---+ A, dx,.
The coefficients A1, A2, ..., A, must verify the relations:

AAXi+A X+ .. +A4, X, =0,

A _ A
X, Ox

It will then follow that A; dx1 + A2 dx» + ...+ A, dx, 1s an exact differential du, and u =cis a
first integral of equations (15). One will then deduce an integral combination of equations (15)

from any first-order invariant Il(d‘e).

Let us go on to the case of p = 2. Let:

Iédve) - HZ Ay dx; dx,

be a second-order invariant Iéd’e) . The coefficients A verify the relations:

(32) A, A A
o, ox  ox,
Gjk=1,2, ..., n)
(33) An Xi+Ap Xo+ ..+ 4inXu=0.

The #» relations:
A, dx +A,dx, +---+ A, dx, =0,
A, dx + A, dx, +---+ A, dx, =0,

A dx +A,dx, +---+ A, dx =0

(34)

can be considered to be linear combinations of equations (15). By virtue of the relations (32), one
can determine n functions Bi, Bz, ..., B, such that one has:

and the system of differential equations (34) is a covariant of the Pfaff form (%):

() Darboux, “Sur le probléme de Pfaff,” Bull. Sci. math. (2) 6 (1882), 14-36 and 49-68.
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(35) Bidxi + Badxy+ ...+ Budx, .

Furthermore, that system is always compatible since it admits all solutions to the proposed system
(15). It will then result that the corresponding Pfaff determinant:

A11 A12 Ain
el A
Aﬂ sz Am

is always zero. Having said that, one can distinguish two cases according to the parity of ».

Suppose, to begin with, that n is even. Since A is zero, the same thing will be true for all of its
first-order minors, and in reality, the n equations (34) reduce to n — p — 1 distinct equations (p >
0). Since those equations form a completely-integrable system, they will admit (n — p — 1) distinct
integrals:

o =Cp, »m=C, s Onp-1= Cnpi

that one will obtain by integrating a complete system or a system of n — p — 1 differential equations.
Since those integrals @1, ¢, ..., g—p-1 also belong to the system (15), one sees that the problem of
integration has been simplified since one can obtain (n — p — 1) first integrals by integrating a
system of (n — p — 1) differential equations.

If n is odd then A will always be zero. If all of its first-order minors are also zero then the
system (34) will again reduce to (n — p — 1) distinct equations (p > 0), and the conclusion will be
the same as before. However, if all of the first-order minors of A are non-zero then the system (34)
will be comprised of (n — 1) distinct equations, and it will be entirely equivalent to the system (15).
In that case, one can find a multiplier for the proposed system (15).

It would suffice to recall the following properties of skew-symmetric determinants. Let «, £,
..., A be a system of 2r whole numbers that are chosen from the first » numbers. The expressions
(a, B, ..., A) are defined step-by-step by means of the recurrence relation:

(B ... )=, PDRo ...t .. LPp+t...+t(a)B ..., K,

combined with the relation:
(0(, ﬁ) = Aaﬁ .

If one is given two permutations (&, £, ..., A) and (', £',7',...,A") that differ by only the order
of the indices then one will have:

(o, B, ..., )=z, B,/ \... A),
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in which the sign + pertains to the case in which the two permutations have the same class, and the
— sign pertains to the contrary case.

Having said that, let n =2p + 1, and suppose that all of the first-order minors of the determinant
A are non-zero. One then infers an equivalent system from the relation (34):

dx, dx, dx,

(36) = =..= .
(2,3,4,....2p+1)  (3.4,....2p+11) (1,2,3,4,...,2p)

The system (36) is no different from the system (15). However, it admits the multiplier M = 1.
In order to show that, it would suffice to verify that one has indeed:

8(2,3,4,...,2p+1)+5(3,4,...,2p+1,1)+8(4,5,...,2p+1,1,2)+m
0%, 0X, 0%,

(37) -0.

An arbitrary term on the left-hand side of that relation has the form:
0
%(0{, Bt A,
X

in which (e, B, 7 ..., A) is a permutation of the (2p — 2) whole numbers that remain after

suppressing the three indices i, &, /. Now, it is easy to see that the three derivatives aai , % ,
Xi X
oA, -
" have the same multiplier. For example, one has the sum:
Xk
A, + a + A 4,5,....,2p+1),
0%, 0%  OX

and all of the other terms can be grouped in an analogous fashion. The relation (37) will then be a
consequence of the relations (32).

12. — Let /1 be an arbitrary absolute integral invariant of the system (15):
I = IAdelJrAzdx2 +--+ A dX

When the operation (F) is applied to that absolute invariant, it will lead to a first integral:

A X1 +A> Xo + ...+ An X, = const.,
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which is a theorem that is due to Poincaré. The result might be illusory when 41 X1+ 4> Xo + ... +
An X» reduces to a constant. We shall examine the most-general case in which one knows a relative
invariant of the system (15):

(38) Ji= [Adx -+t A dx,

One deduces an invariant I; from that invariant J; by means of the operation (D):

(39) = [ Z(ap’ apt jdx dx,

and one then deduces an invariant Il(d‘e) from the invariant Ig by means of the operation (E):

(40) 199 = [ g O+ py A -+ g1, 1

in which one has set:
u=a, X +a, X, +---+a, X,

(41) 4 _OA oA (i,k=1,2,...,n).
*oox, o,

If the 14 are not all zero then one will obtain a first-integral of the system (15) by quadratures:
Ux1,x2, ..., Xn) = I,uldxl + 4, OX, +---+ g1, dX = const.

The proposition also applies to an absolute integral invariant /i, provided that all of the
coefficients 44 are non-zero. However, the first integral to which one is led will be nothing but the
first integral that is given by Poincaré’s theorem.

It suffices to verify the equalities:

ai(Ale +A2X2+ +Aan)+Xl ain+...+X, Cl[n:() (l: 1, 2, ceey n),
X;

which will become:

oX,

oX,
—+
A OX;

upon replacing the a;x with their expressions.

One will recover the relations that express the idea that /1 is an absolute integral invariant
precisely. However, if one starts from a relative integral invariant then some quadratures will
generally be necessary if one is to obtain the first integral U.
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13. — The proposition does not apply when the invariant 1\** that is represented by formula
(40) 1s identically zero. The second-order invariant (39) is then an invariant Iéd’e) . If that invariant
Iz(d'e) is not itself identically zero then one saw before how knowing that invariant will permit one
to simplify the problem of integration. The invariant 1{*® can be identically zero only if it was
deduced from an absolute invariant 1. by the operation (D).

If that invariant is Ild then one has seen how it will give a first integral by quadratures (no. 11).

The only case in which the method will seem to give no simplification is the case of an absolute
invariant ;' that is not, at the same time, 1. Let:

1] = [Adx+A dx ++ A dx,

be that invariant. The expression 41 dx1 + ... + A, dx, is an exact differential dU. On the other
hand, the expression:

Al Xl + . +Aan
1]
expression will reduce to a non-zero constant K. One then deduces from equations (15) that:

cannot be zero unless is Il(d'e)

. Moreover, since the coefficients ; are all zero then that

Aldx1+-|;+A1dxn —ar.

and one will get a first integral that contains ¢ by quadratures:

[Adx+-+Adx, =Kt+C.

14. — The general result in no. 12 established a link between the search for integrable
combinations of the system (15) and the first-order relative invariants of that system. It is easy to
exhibit that link directly.

Finding an integrable combination of equations (15) amounts to finding a system of n functions
M, Lo, ..., Uy such that g dxi + o dxo + ... + 4, dx, 1s an exact differential and one will have, at
the same time:

(42) mXi+twXo+ .+ Xn=0.
One can satisfy the latter relation by setting:

(43) wi=AnXi+t Ao Xo+ ...+ Ain Xu,
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in which A are new functions of the variables x1, x2, ..., x, that satisfy the conditions:
Ai=0, Ait + Ai =0 .
The integrability condition % _ Ot will then be written as:
k Xi
: 3 oX oX
(44) X(/l.k)_zxkpihk"'Z(ﬂhk_h"'ﬂﬁh_h] =0,
h-1 h=1 OX; OX,
when one sets:
e O O Oy
oX, 0%  OX,

If we compare those conditions (44) to the conditions:

(45) X (aik)+2£ahk%Jraih %j =0,
h=1 oX;

which express the idea that:

L= J.J' > ay dx; dx,

is a second-order integral invariant, then we will see that they will become identical upon replacing
Aix with aix, provided that one has:
oa, N oa,, N oa,
oX, 0%  OX,

:0’

1.e., whenever the invariant /> 1s Ig , one will have deduced an invariant J; or /1 by the operation

(D).

15. — The combination of calculations that led to that theorem can be justified a priori by a
remark that was the starting point for this work and which I will develop in only the case of three
variables, for simplicity.

Consider a system of three first-order differential equations that I will write:

(46) — ===y,

with the usual notations, in which X, Y, Z does not depend upon ¢, and let:
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Ji =Iadx+bdy+cdz

be a relative integral invariant of that system, which we can replace with a second-order integral
invariant:

I5 = [[ Adxdy+Bdydz+Cdzdx,

in which:
oa ob ob oc oc oOa

A:___ = - = —_—— —

oy ox’ oz oy

and the expression under the J[ sign is an exact differential.

Let Co be an arbitrary closed curve that is not tangent to the characteristic of equations (46)
that issues from any point. Take a surface X that is bounded by I'¢ and is such that the characteristic
that issues from any of its points is not tangent to the surface.

Figure 2.

Let Mo be an arbitrary point of X9 whose coordinates are xo, yo, zo. If we take the initial value
of ¢ to be zero and the initial values of x, y, z to be xo, yo, zo in equations (46) then the point whose
coordinates (x, y, z) will describe a segment of the characteristic MoM when ¢ varies from zero to
0. If Ois sufficiently small then the locus of those characteristics will be a volume that is analogous
to a cylinder that is bounded by segments of the characteristics that issue from the various point of
Co when ¢ varies from zero to 6.

The integral I extends over the entire outer surface that bounds that volume is zero. On the
other hand, since Ig is an integral invariant, the integral that is taken along the outer edge of X
will be equal to the integral that is taken along the internal edge of Xy . Consequently, when the
integral IS is extended over all of the surface S, it will be zero. If we consider that integral to be a
function F (6) of @then we can F'(8) = 0. In order to evaluate that derivative, suppose that the

coordinates of a point of Cy are expressed as functions of a variable parameter u in such a fashion
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that we will obtain all of the points on that curve by varying u from zero to U. The coordinates of
a point on the surface S will then be functions of two variables u and ¢:

(47) x=fitbw, y=HEuw, z=f(u),

and one will get all of the points on that surface by varying u from zero to U and ¢ from 0 to €. The
function F (6) will then have the expression:

_ D(x,y) rD(y.2) ~D(zx)
F(6)= ”{A W +B ST +C D(t’u)}dtdu,

in which the double integral extends over the domain that was just defined, and x, y, z are replaced
with their expressions (47) in terms of 4, B, C. Upon taking the differential equations (46)
themselves into account, one can further write that formula as:

F(6) = jdtHA(x@—Y%}B(Y@—z@jw(z%—x@Hdu.
5 % ou  ou ou oau ou ou

For 6= 0, the derivative F'(8) will reduce to:

T{(CZ—AY)%HAX 82y L (BY -C X)@} du.
ou ou ou

0

1.e., to the curvilinear integral:

j(c)(cz—AY)dx+(Ax ~BZ)dy +(BY —C X) dz

that is taken along Co. Since that integral is zero for any closed curve Co, the expression:
(48) (CZ-AY)dx+(AX-BZ)dy+(BY -C X)dz

will then be an exact differential.
Moreover, one has:

X (CZ—-AY)+Y(AX-BZ)+Z(BY-CX) =0,

and as a result, the expression (48) will be an integrable combination of equations (46).
If one has, at the same time:

CZ-AY=0, AX-BZ=0, BY-CX=0,
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then one can deduce that:

(46) — ===

That new system will admit unity for a multiplier because one can infer the relation:

oB oC OA
—+—+—=0
oXx oy oz

from the expressions for 4, B, C.

16. — To conclude, we shall once more apply the general theorem to the invariants of order n
and n — 1. Let [, be an invariant of order n :

(49) L= [[-[ M dx dx, ---dx,

Any multiple integral of order n can be replaced with a multiple integral of order n — 1 that is
extended over a closed multiplicity, so one can consider I, to be an invariant 1¢. When the

operation (E) is applied to that invariant, it will lead to an invariant (%9

Suppose that n is odd. We take:
A.n=An.n=...=M,

and the invariant 1\ will be expressed by:
(50) |r(£i€) = Ijj M [Xn dxl dx2 .. 'dxn—l 4 Xl dx2 .. 'an—l +- ] .

The expression under the integration signs must be an exact differential. Since n — 1 is even,
by hypothesis, one will then have the relation:

oM Xl)+8(M X2)+“.+6(M X.) ~0
oX, OX, OX,

(51)

3
n

which shows that M is a multiplier, and one will recover a theorem of Poincaré. The system of
differential equations (27) that is associated with the invariant Irf‘_’ie) is identical to the system (15)

itself in the present case.
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The conclusion will be the same when 7 is even. We must take:
Av.n=—An. =43 . n2=...=M,

and the invariant 1% will be expressed by:
(50" |49 = J'J'J'M [X, dx, dx,---dx , —X, X, ---dx,_, +--].

However, since n — 1 is odd, the condition (51) will not change.
Finally, suppose that we know an invariant 7,-1. There are several cases to distinguish between
according to the hypotheses that one can make regarding that invariant. If one has an invariant

Ir(ﬂie) then it will have the form (50) or (50") according to the parity of u, and the relation (51) will
again be verified in such a way that M will be a multiplier.

An invariant 1,1 that is not |:_1 will give an invariant Irf under the operation (D), and as a
result a multiplier.

However, if one applies the operation (E) to an invariant 1°, then one will get an invariant
I ,,and it would seem that the operation (D) will be necessary if one is to finally arrive at an
| (d.e)

o1, 1.e., a multiplier. However, there is a simplification that can be made in this case

invariant

as a result of a theorem by Kcenigs (*). The system of differential equations (27) that is associated
with the invariant |} , is completely integrable, and one will then obtain an equation:

of
A(f):Z/uia_X =0,

which will define a completely-integrable system when it is combined with the equation X (f) = 0.
It is easy to see the reason for that simplification, and at the same time, to see that it is not
possible in the general case. Suppose that one has reduced the system (15) to the form:

(52)
by a change of variables, and let /,-1 be an integral invariant of order n — 1:

b= [ bt s

in which the coefficients w1, 1o, ..., i depend upon only the variables xi, x2, ..., Xs-1 .

() “Sur les invariants intégraux,” C. R. Acad. Sci. Paris 122 (1896), 25-27.
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When the operation (E) is applied to that invariant /-1, it will lead to an invariant |7 , in which

1°, = ”---‘[ZCMZWH dx,, dx, ---dx,

neither x, nor dx, appear:

The system of differential equations (27) that is associated with that invariant 1° , has the

form:
o % By
Ao A Z
in which A1, A2, ..., 4,-1 do not depend upon x,, and the two equations:
L= 6f _ of _
= 6x ’ ox

will indeed define a complete system.
On the contrary, take an integral invariant of the system (52) of order less than n — 1, for

example, an invariant /> :
L= ([ Adxdx,.

The coefficients A4 are independent of x,, and the invariant |; that one deduces by means of the

operation (E£) will have the form:
= jCl dx, +C,dx, +---+C_,dx. , ,

in which Ci, C,, ..., C,-1 are functions of x1, x2, ..., x,-1 that can be arbitrary. The system (27) that
is associated with that invariant I will reduce to a single equation here:

C,dx, +C,dx,+---+C, ,dx,, =0

and it is clear that this equation is not completely-integrable if # is greater than 3, in general.




