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On the curvature of non-holonomic manifolds
Note byZ. HORAK

Translated by D. H. Delphenich

When one studies non-holonomic manifolds, one conftiras the usual method for
arriving at curvature is no longer applicable toXg', due to the impossibility of
constructing an infinitely-small, closed parallelogrén In the present Note, | propose
to generalize the usual method forXd" by replacing the closed parallelogram with an
infinitely-small closed cycle that is composed of arbitrary parallelogram that is
situated in X" and the vector that joins its final point to its initgdint, in such a way
that one returns to the starting point.

Consider aX" that is embedded in>, with a local 6 — m)-direction and le (A,

M, v =1 2, ..n) be the holonomic parameters Xf . If one introduces the non-
holonomic parameter§ (i,j, k=1, 2, ....n) (:

dX¥ =AFdx' dx' = AM dX,
and if one denotes:
A=dd-dd
12 21 12
then one will have:
k — k i i
(1) Ax* =T dX dx+ 4&3 X,
in which:
0
Ny = 2A19, A (ai :Aﬂwj,

in which the choice of the parametefsand the operationl% Is completely arbitrary.

Now, one can choose tl in such a mannef)(that the displacements in the™ are
coupled by then — mconditions:

() J.-A. SCHOUTEN, “On non holonomic connectionsyb® Kon. Akad. v. Wet. Amsterdar®il
(1928). See also GIRANCEANU, “Sur quelques tenseurs dans les variétés nlmmbmes,” C. R. Acad.
Sci. Parisl86(1928), 995-996.

() J.-A. SCHOUTEN]oc. cit.

() See my paper: “Ueber die Formeln fiir die allgemeine fenésebertragung...,” Nieuw Achif v.
Wisk. 15 (1927), 193-201.
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d{=0 t=m+1,..,n),

and that the othem differentialsd (a, b, ¢, d, e, f = 1, 2, ...,m) are situated inX".
Having said that, we shall suppose that the displacesmiiantg that intervene in the

operation are placed iX;" in such a way that:

(2) gxf:o, glxrzo, AX =0.

12

Hence, the two displacemenlils, g generate a parallelogram K" whose final

point can agree with its initial point by displacing aldhg vector:
- Ax'= AX'.
12 21

It is precisely the vector that completes the pal@diram considered to a closed cycle
to which we shall appeal for our definition of curvaturenaly, if we write:

- AFAX =" = A
12

12 21

then, by virtue of (2), the equations (1) will become:

A — c _AC r— r
(3) ex—l‘lbd(ili’gxd zAl ZAl nbdquxﬁ
Now suppose that one introduces an arbitrary linear caondatX, that is defined

by the coefficients™;,, I');,. If one denotes the coefficients of that connechigm\,

/\i'jk, when they expressed by means of the non-holonomic pgeesxt (*) — i.e., if one
sets:
(4) O ik =0 Wi + /\i? deXj, O Wk =0 W + /\i']-k W, de ,

then the non-holonomic connection that is induégih(the X™ by the given connection
will be defined the coefficientd,, A'S ().
Having said that, we propose to calculate the ch@g‘éthat a vector” (V' = 0) that

is situated inX," experiences during a circulation around our closed cyélge symbol

() HORAK, loc. cit.
() The covariant derivative of an affinor iX" is equal to theX "—component of the covariant

derivative inX; ; see Schouterdc. cit.).
() See my Czech paper: “On a generalization of theonaif manifold,” Publication of the Science
Faculty at the University of Masaryk, Brno, no. 86, 19%¥,2.
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Bvc denotes the change that the same vector experiencag digplacement along the
parallelogram that is generated t_:ljyé), glxb then one obtains the total chan@e/C by
adding to BVC the change that the vectdr experiences upon returning from the final

point of the parallelogram to its initial point along thector %2" . One will obviously

have:
Dv°= DV® +0, VA"
12 12

21

then, from which one can easily infer by calculatma taking (3) and (4) into account:
- gsz)'aa\fg)?ldf,
R = 26[ d/\|ce1t] + Z/\Cq c/\|f$l) +A°,N kbd

We have then arrived at a definition of the affin®y &s thequantity of curvaturén X™.
By the same reasoning, when applied to a covariant vegto we will arrive at the
equation:
Dw,=-Rg w dX dX,

in which the quantityR);;" results from (5) by replacing th&}, with A’;.

If X, becomes aA, then (5) will reduce to the affinor that Schout&ndefined to be
the curvature of they', and for a holonomic manifold, thg;,>, R; will take the form
that was given by the authdy.(

*) Loc. cit.
() Loc. cit.



