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On systems of functions of several variables
By
L. Kronecker

Translated by D. H. Delphenich

When one let§&, denote a real function ofreal variables, z, ..., z,, and letsFoy,
Fo2, ..., Fon denote its partial derivatives then one can applycthesiderations to the
system ofn functions Eo1, Foz, ..., Fon) that | discussed in my communication on 4
March of this year. That special system is worthparticular interest because one will
be led to it when one extends the theory of curvatfiurfaces to functions of several
variables. | shall preserve the terminology and rariat of the article in the
Monatsberichte on March of this year and set:

Fr = Fok (fork=1,2, ...,n)

for the special case that will define the topic of phesent article, and also for the sake of
uniformity, replace~, with Foo, when it seems appropriate. Furthermore, as inrtigiea
on bilinear forms (Monastberichte of October 1866), | leit

| Agh |

denote the determinant that is defined by the (¥ quantities:
Agp  (@andh=0,1,2, ...n)

and letgy, denote “zero” or “one” according to whetlge# h or g = h, respectively. The
characteristicof the systemHFo1, Foy, ..., Fon) is then expressed by:

1 dw
(K) - = [IF I

In the determinant under the integral sign, the indicasdh assume all values from O to
n, andFo, , as well asgo (which coincides withFp), means the derivative d¢f, with
respect ta, , whereas wheg andh are non-zerokg, refers to the derivative dfy with
respect ta, , or also the second derivativeFafwith respect t@y andz, . If one sorts all
systems of valueg)that satisfy the conditions:
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Fo <0, For=Fo2=... =Fon =0

into two categories according to whether the Hessetarminant ofy has a positive or
negative value then the integral (K), from the meaninthefword “characteristic,” will
give the amount by which the number of systems of gailnehe first category exceeds
the number in the second category. On the other Hamdntegral (K) has a well-known
geometric meaning for the cases 2 and 3, and in fact, far= 3, it means theurvatura
integra that is extended over the entire closed surface, divile4z Therefore, the
agreement between thrvatura integraand the characteristic of the systefgi( Foo,

..., Fon), divided by 47 has been proved, and in that way, a simple method ér th
determination of the total curvature of an arbitraryetbsurface has been obtained.

The investigation of the integral above of the charastic of a systemHp:, Fo2, ...,
Fon) has led me to carry over the theory of curvaturaitetions ofn variables. In that
investigation, | have found that the considerations #mat useful for surfaces can be
generalized in a very simple and elegant way and tleakribwn analytical results will
remain preserved entirely when one introducesriables in place of the three space
coordinates. | shall reserve communicating my detaileestigations for later, and here
| will only give some provisional suggestions about them.

| shall sayplanar v-fold manifold to mean one that is cut out from the ltotéold
manifold by @ — v) linear equations, which can then be definedhlsquations:

Z-27 =Y cu (k=1,2..n)
i=1
when one introduces new variablesu. A simple planar manifold can then be

represented by alanar linein the form:

Z— Z) =act k=1,2,..n),
whereZaf = 1 and the variableis, so to speak, the distance from the variable gaint
to the fixed point£) . For two such lines, the expression:

D aa k=1,2,..n)

corresponds to the cosine of the difference betweendttections of the two lines.
Furthermore, as in my paper on 4 March of this yearljribe

F
zk—2£:§k

is the normal td=, at the point ), andp is the distance from the poire) ¢o the point
(Z’). Obviously, the concept of the difference betweerditextion of a line and am
1)-fold manifold can also be established with the help atf determination.
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The f — 1)-fold planar manifold that contacts tlme—1)-fold manifoldF, = O at the
point @) is:
> (z-%) R =0 k=1,2,..n),

where the variableg are replaced with the corresponding vald®sn F, , A second
planar manifold that goes through the same contact jgoin

(@ b) Z— 7z =acu+bev k=1,2,..n),

in whichu andv mean two variables. By a linear conversionu@ndyv, the values o&
can chosen here in such a way that the line:

@ Z— 7z, =act k=1,2,..n)
lies in each contacting manifold, and that the line:

(b) Z— Z) = byt k=1,2,..n)
is normal to the lined). The following equation then come about:

2.aFR=0, >ah =0,
2a=1 k=1

moreover. If one imagines that a normal is determindtie line that is cut out &% by
the manifold &, b) in the manifold & b), and indeed at the poird’), and if:

while, as above, one has:

p(a,b)

is the distance along it from the poiaf)(to the point of intersection of the neighboring
normal then that will be the corresponding radius o¥ature, and the quantiiy, which
depends upon the coefficierandb, will be given by the equation:

plabaak=>20aF (k=12 .n)

Now, since the line:
F
Z—z, ==X
Z S (b

represents the normal & at the point £), the right-hand side of the equation above is
nothing butS times the cosine of the difference between thectices of the normal and
the line p). Hence, when the lind) coincides with the normal — i.e., so fonarmal
section(a, b) — one will have:
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p@b)aa k=S
and as a result, in analogy to Meusnier’s theorem:
P b)=p@@ 0> D0 f,,
in whichfy has been written for the quotidat/ S to abbreviate.
If one now looks for those values of the funct(a) for which its first derivatives
all vanish [assuming that those derivatives can be dakfinben one recalls the relations

that exist between the quantitieg)](then it would be preferable to replace the
guantitiesa with (n — 1) quantitiesr, which are defined by the following equations:

a=).c,a, k=1,2,...0n),

in which the summation overextends over the values 1, 2, n+ 1 (as it always will in
what follows). The coefficients are then to be determined in such a way that the
substitution:

X = D Cy Vi
fulfills the conditions:

ZFka:Q ZFik)ﬂ)&:ZArer’ ZXE:ZYE

One then gets the following defining equations for the coefftsc :
chzk:]" zcrh I:Oh:O1 zcm Fih:Ar Gi,
k h h

in whichh assumes the values 0, 1, n, buti andk assume only the values 1, 2, n,,
and in whichA, means any root of the equation:

|Fgh—ADn|=0 @,h=0,1,2,...n).

Those roots are all real, and one easily convinces dreddlat fact when one replaces
the lasin® of the @ + 1) quantitiesFg, — S0 the quantities:

Fik (i,k=1,2,..n),
with g, which appear in the orthogonal transformation:
2FRX%=2.4Y, XK=V
p@ D Aai=S Y at=1,

Since one has:
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from the determination that was given, all of theiggives ofp (a) will vanish when all
(n — 1) quantitiesr are equal to zero, except for just)( and one will then setr® = 1.

Any of those special systems of values of the quanétes then be given simply by the
equations:

a = Crk k=12, ..n),
and the corresponding value @vill be:
S
A

r

The radii of principal curvature will then be the<{ 1) values of th@ (a), namely:

'Or:)li r=1,2,..n-1),

will then be determined by the equation:

| o OFgh—SDyn | =0,

so the two-fold planar manifold that belongs to @ny as the radius of curvature of the
simple manifold that is cut out &% , will be:

Z— zo =Cx u+fey,
and the planar line in the contacting manifold that isfrcu it will be:
0 —
Z«— Z =Cyl.

All of those f — 1) lines that correspond to different values of tltexr are normal to
each other; i. e., for any two lines:

Z— Z, =Cut, Z— 7, = Cut,

Zcrk Csk = 0
exists, and one have Euler’s formula:

1 _ya
p(a)_zpr

the relation:

analogously, in whicla, is defined by the equation:

af:z Crka<’
k
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so it then represents the cosine of the differeetedren the directions of the two lines:
0 — 0 —

One sees from this how the quantit®s 0., ..., th-1correspond to the essential relations
between the radii of principal curvature of surfaces, &edefore one also once more
finds the following fundamental property of them:

There arg(n — 1) points(z) on the normal:
Z- z, =f P

that are each cut by a neighboring normal, and the associated values of p are the
quantitiesp, 02, ..., Pn-1-

The negative reciprocal value of the product of the () values o, which satisfy
the equation:

| pOFgh =Sy | =0,

is obviously identical to the expression that multpliee elemendw in the integral (K).
The characteristic of the system:

(Fo, Fox, Foz ..., Fon)
can then be represented by:

1 dw
+

w plpz"'pn—l,

and the reciprocal value of the prodyst o, ... o1 corresponds to the Gaussian
curvature, because when one exte@dsiss's determination of the curvature to £ 1)-
fold manifoldFo = 0 and compares the normals to ones for which:

>7=1

one will get just that expression that multipliée telemendw in the integral (K) for
guantity that corresponds to the curvature whentakes its negative; i.e., the reciprocal
value of the produch, o> ... o-1. It emerges from this that, in fact, for a funatiofn
variables Fo), the characteristic of the functidia and its system af partial derivatives
will correspond to the same number that gives #i® rof thecurvatura integraof a
closed surface to the area of a spherical surf&ece that characteristic is given by the
excess of the pointg)(that lie in the interior o, for which:

For=Fgpx= ... =Fon =0, |Fik|>0,

over the ones for which:
For=Fpx= ... =Fon =0, |Fik|<0,
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when one varies the constarfor the various manifolds:
Fo=c
that characteristic can change only when points forhwhic
For=Fo2=... =Fon =0

are included or excluded from the interior regibg € c) under that variation.

The geometric relationship between the characteastit system of functions is not
restricted to the special systems that were treated Héowever, for the general system
(Fo, F1, Fo, ..., Fy), the Kummer density will appear in place of the §&an curvature in
the geometric relationship. Namely, if one considerg(ithe 1)-fold infinite system of
planar lines:

F(z.%....%)
-z == i k=1,2,..n),
S(Z, %, 8)
in which F,(z, 2,...,7) =0 andF;, F2, ..., F, mean any single-valued functions of

the n variablesz (so the assumption above that they agree with theatliees ofFy has
been dropped), and every planar line of the system cormspora pointZ) in the f —
1)-fold manifoldF, = 0, as well as a poing)

RE2e.2), 1,
¢ 2. 2. 9) ( , 2, ....0)

of the f— 1)-fold manifold:

Z12+Z22+"'+Zn2 =1.
However, in the relation that arises between tlee (tw- 1)-fold manifolds:
R(Z.%....%) =0, 2.4=1,

the ratio of the absolute values of the elements df banifolds will be expressed by:

1

@WFQM (9,h=0,1,2, ..n),
in which one takes:
I:gO = Fg )
oF oF
Fok = —2, ik = —
0z, 0z,

fori,k=1, 2, ...,n, and:
&’ = |:021+|:022+,,,+|:02“
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2 _
S*=F*+F/+---+F?
and one substitutes the variaktgshat are coupled to each other by the equation:

F(Z.%,....%)=0
in the functionF. Now, since one has:

with the meaning that | gave B®in my aforementioned paper in March of this year, that
ratio of the elements will be represented by:

Sn
i.e., by just the expression that multiplies the elenasv of the manifoldF, = 0 in the
integral of the characteristic. Therefore, when assigns the meaning of rectangular
space coordinates to the variab#s z , zz3 in the case oh = 3, the element of the
integral of the characteristic of a general systeffuiétions:
(Fo, F1, F2, F3)

for the ray system that is defined by the equations:

IPSACIT T PO
*TETSE e ) w=n e
(2,3, 2)=0

will be the element of the surfad&o, = 0) projected onto the normal plane to the
associated ray, multiplied by the Kummer densityhe element of the surfa¢gy = 0)
itself, multiplied by the density of the ray system that sefert. That will show that the
theory of the characteristics of systems of fumiés connected just as closely to the
geometric theory as it is to potential theory, and omght probably recognize that this
relationship between the original concept of the charstic, which was developed from
purely-analytical principles, and other known theories d@n a probe for their
authenticity, and therefore a proof that the introductibhat concept into science is
entirely natural and necessary.



