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On atmospheric ray refraction

By E. E. Kummer

Translated by D. H. Delphenich

Up to now, the atmospheric refraction of rays hasleeated almost exclusively
only upon the basis of ratios of magnitudes that arec@ntally appropriate to our
Earth for the practical use of astronomy and geodé&¥y.has, in turn, a series of very
interesting phenomena that his theory features whenareyonsidered from a more
general, more mathematical viewpoint, which seem te H@een completely unnoticed,
up to now. The brief exposition of the phenomena thaodld like to give here will
perhaps also be of interest because even though itndbgeertain to our Earth, it still
must actually pertain to the larger heavenly bodies — dupiter — even when the
strengths of the atmosphere of such a heavenly bodygamécantly less that those of
the Earth atmosphere.

1. The curvilinear path of a light ray in an inhomogenedtemsparent, simply-
refracting medium whose absolute refraction exponesta continuous function of the
rectangular coordinates y, z of position is determined by the following differential

equations:
d(n% = @dS,
ds 0x
d(nﬂ = @dS,
ds oy
d(nd_z = @dS,
ds 0z

in whichdsrefers to the differential arc length, and:

on on an
ox oy 0z

refer to the partial differential quotients nf As is easy to show, one of these three
equations will be a consequence of the other two, suchwiabf them will suffice for
the complete determination of the path of the lighsra

If one compares these equations with the known difitgal equations by which one
determines the equilibrium position of a flexible strihgttis acted upon by a given force
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then one will remark that they are completely identiéh them if the refraction
exponentn is the same function of y, z that the stres$ is at each point of the string.
One recognizes the basis for this identity almost imately when one applies the
principle of least action to one and the other equatidihe refraction exponent is
known to be inversely proportional to the velocity ghli at the point considered, so one
will then have:

ds_1

— =, dt=nd
dt n S

and since the motion of light from one point to anoth&es place in the shortest time:

fnds

must be a minimum. On the other hand, the equilibradrthe flexible string demands
that the sum of all the stresses of the individual edeenents between any two given
points must be a minimum. Thus

JTds

must be a minimum. One finds the above differer@lations from these conditions
from the rules of the calculus of variations, whiolist be the same for both problems
whenT is the same function of y, zasn is.

2. The general differential equations will now be appliedhe case in which the
refraction exponent is any function of the distance from a fixed centere refraction
exponent will have the same value for all points ofdteer surface of a ball of arbitrary
radius in the transparent medium, which is a case gmbaimates the atmosphere of a
heavenly bodies in a regular state. Every curve thiagha ray describes in such a
medium will obviously lie completely within a plane thgdes through the center; if it
were chosen to be they coordinate plane then one would hawe 0, andn would be a
function of:

r=4x+y.

The third differential equation will be fulfilled iden&ily in this case, but the other two,
which already sufficed for the complete solution @& pnoblem, will give

yd(n%j— xd( nd—j =0
ds ds

when one multiplies one of them lpyand the other one byand subtracts them. If one
develops this equation and sets:
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de y ds P
then one will obtain:
ndp+pdn=0,
SO
np=C

will be a first integral. If one introduces polar comates by setting:

X=rcos¢, y=rsing
then one will get:
nr’dg

- :C
Jdrf +ridg?

Cdr

dg = ———.
P o

If one now assumes that the transparent medium wsuasoan opaque ball with a
radius ofR in the manner of an atmosphere then one will hawetsider only the values
of r that are greater thd& Therefore, if one sets= R + v andR¢ = u thenu andv can
be regarded as coordinates of the curve, and indee#liz., the abscissawill be an arc
of the great circle on the sphere and viz., the ordinate — will be the altitude of the
point of the curve considered above the outer surfadbeoball that is erected at the
endpoint of the abscissa. One will then have:

SO

RC dv
®JR+WJ(Rr ¥ fi- C

u+B=

For the determination of the two integration conait shall be assumed that the light
ray starts from the point of the sphere whose doatds aral = 0 andv = 0, and that its
initial direction makes an angle of inclinatiorwith the horizontal plane at that point.
One will then have:

B=0, C=ngcosi,

whereng refers to the value of for v= 0. The equation of the curve of the light rayl wi
then become:

_ R?n, cosidv
u= [ 2 =
JR+WJ(RF 92 A- R fcos? |

3. Now, there are two essentially different casegligtinguish, namely, the first
case, in which the quantity under the square ngot svhich shall be briefly denoted by:
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V=R+Vv)’n’—Rcosi,

shall be equal to zero for no positive valuevpofind otherwise positive, and the second
case, in which that quantity shall be equal to zero forespaositive value of.. The
refraction exponenn, as a function of the altitude shall temporarily be left arbitrary
and subject to only the condition that is must be aleinglued function ofv that
approaches a finite limit for = o that cannot be smaller than one, and furthermorg, tha
n itself, as well as its first and second differentjabtients, must not become infinitely
large for any positive value of

If V is not equal to zero from= 0 tov =« thenu will also become constantly larger
with increasingv, but forv = o, u will take on a finite value, as is easy to show. néo
denotes it by then:

_ = R®nycosidv

“J Ry

It follows from this that the curve of the light rewil always have a rectilinear
asymptote, and that the angle that this asymptote makesheitfertical at the point =
0,v=0, when it is expressed as the arc for radius onebeviqual to:

c _ Joo Rn,cosidyv.
R Yo (R+YJV'
Thus, the angle of refraction — which might be deddoy® — for objects whose distance

is very large in comparison to the radisas the difference between the direction of the
asymptote and the direction of the tangent tonk&l point, will be:

e= E—E + |,
2 2
this can also be easily put into the form:
o= r Rcosi| n 1 v

° R+v \/\7_\/(R+v)2— Rcos i

4. | shall now consider the other case, in whicls equal to zero, for one, or also for
several, positive values of Letv =b be the smallest of these values, and let the \@flue
the abscissa that belongs to itle a, so:

_ (b R?n,cosidv

LR
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One now comes to the question of whether this welhdefintegral — oa — has a finite
or an infinitely-large value. Fromaylor'stheorem, one has:

V(v) =V(b) - -y V(b) +

L aee)

where¢ is a quantity that lies between the limits of @ &1 Now, since it was assumed
above that the function, along with its first two differential quotientaere not infinite
the same thing will obviously be true, as well, thie functionV and its first two
differential quotienty/ andV" for all positive finite values of. Now, whenV'(b) is not
equal to zero, bu¥ decreases from positive values to negative owe¥,(b) will have a
negative value, whené(b) is equal to zerdy will have the form:

V=b-9W

whereW will have a finite, non-zero value for= b. One concludes from this by known
rules that in this case — viz., whereis not equal to zero for = b — the integrah will
have a finite value. By contrastMf, as well a3/, are both equal to zero for= b thenV
will take the form:

V=(b—-9°W,

whereW; will not be infinite forv = b, from which, it would follow that the integral
would have an infinitely large value in that case.

First of all, letV' be non-zero fow = b, so a finite value of the abscissa a will
belong to the valug = b of the ordinate. Once has reached the valle starting from

zero, it cannot become larger, since othervs(j’s\Té would become imaginary; however,

the curve of the light ray cannot break suddenlghatpointu = a, v = b, since the light
ray must remain in the continuously-transparentiomadso it must once more become

smaller from there te — hencedv will be negative — and at the same time, the r\égt

must take on a negative sign that can come ababowtidisrupting continuity, since that
square root will go through the value zero¥or b. The curve of the light ray will thus

attain its maximum altitude at the point a, v = b, and then it will once more approach
the sphere from there, and indeed in such a wayhkancreasing part of the curve will
be completely symmetric to the decreasing part, iamwdll again return to the outer

surface of the ball, and the distance from thetistapoint to the point where it again
meets the sphere will be equal @ Zhen measured as the arc length of a great a@fcle
the sphere.

Here, one enters into the same situation as ikrtbe/n phenomenon of air reflection,
namely, when a light ray comes tangentially atrdmitely small angle to a layer of air
that is relatively too thin for it to break throyghwill suffer a kind of total reflection and
turn back from there into the thicker layer of air.

Secondly, iV, as well a3/, is equal to zero for = b, soa becomes infinitely large,
then the ordinate will approach the limiv = b when the abscissagoes to infinity. The
curve of the light ray will thus go around the sEhanfinitely many times and
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asymptotically approaches a circle whose radius is equitb, or whose height above
the sphere is equal t

5. The various values of the inclination angleshall now be brought under
consideration. If the quantityr(+ v)? n? attains its smallest absolute value, which is at
the same time smaller tha®f rf, for v = b, and one determines the acute angtd by

means of the equatioh= 0 forv = b, namely:

cosl

_ (R+p)n(p)
Rn

thenV can be equal to zero only when the inclinationl@ndjes between the limits of 0
andl, and for each of the limiting values pthere will also be actually one or more
positive values o¥ for whichV = 0; let the smallest of them le=b. It will then follow
from this that:

All light rays that depart from the sphere with amglei > | will go to an infinite
distance from it and have rectilinear asymptotesydver, the ones that leave the sphere
at an angle that is smaller thhwill attain only a certain maximum altitude= b that is
smaller thang, and then will generally return to the outer scefaf the ball, but in the
special case for which not orily= 0 forv = b, but alsoV' = 0, the light ray will approach
a circle whose altitude above the sphere is egual t

This latter case of the circular asymptote oflidiet ray always comes about whien
I, sincev = g for that value of the angle of inclination akdwill attain its minimum,
whose value is equal to zero, so one will have dothO andV = 0 forv = . One can
also enter in that case even for other valudastiodt between the limits 0 andnamely,
when the quantity becomes equal to zero for certain other smallieregaofv — e.g., for
v = B The light ray will then also have a circular mpgote at the altitudg’ for the
value of the inclination anglethat is determined by the equation:

(R+B)n(B)
Rn '

cosi =

6. In order to apply the results that were found tfee phenomena of atmospheric
ray refraction to other heavenly bodies, | will@®e that they are spherical and consider
the temperature of the atmosphere to be constatiteavarious altitudes, which are
assumptions that suffice entirely for the presemppse, in which one does not arrive at
the most precise numerical results that are pasdihit only to the qualitative character
of the phenomena. It is known that the densityhefatmosphere, as a function of the
altitude v above the outer surface of the heavenly body whadeis isR, when it is
determined from the law of gravity aiMhriotte’s law, has the expression:

Rv

e MRH)
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when the density at the outer surface is set to uaitgA equals the altitude of an air
column of constant density one which exerts the sanssye on the outer surface of the
heavenly body as its atmosphere actually does. Tlum,drknown physical law:

__ Rv
n2 =1 +k e A(R+V) ,

wherek is the absolute refracting power of the air at theeioaurface of the heavenly
body, or,/1+k is its absolute refraction exponent. If one now:sets

Rv
AR+V)

for the sake of brevity, then one will get the dgqua

J R?./1+ k cosidv
0

(R+ \/)\/T/

for the curve of the light ray, where:
V=R+Vv)? (1 +ke") —R (1 +k) cog i,

from which, one will obtain the following valuesrfohe first and second differential
guotients ol:
R*K

V=2 R+Y) (Lrke) - e

R Y
V' =2+ke"|1- +ke".
A(R+V)

Since the second differential quotiewit is always positive, as the expression itself
shows, the firs/’ will be a function that increases along withsoV’ can be zero only
for a single value o¥, when it goes from positive to negative, and i tvalue ofv that
givesV’ = 0 should be positive thes' will still be negative fov = 0, and conversely, if
V’is negative fow = 0 then the equatiovi’= 0 will have a positive root, which shall be
denoted by. The condition tha¥’should be negative far= 0 gives:

2

IR (1 +K) - RK

<0,
or
_ 2+k)

k

R
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For those heavenly bodies for which this conditioroisfalfilled, but:

L 2AW+k)
k

R

V’ will be positive for all positive values of soV will constantly increase, and as a
result, it will never be equal to zero for any valugha inclination angle. Therefore,
for these heavenly bodies, all rays that emanate frpoird of the outer surface will go
to infinity, and no other point of the outer surface cansben from any point of that
surface, strictly speaking. This is the case for outhEdor which, in fact, under the
assumption of a constant temperature of O degrees:

k=0.000589, A=7974m, R=6366198n,
SO

2@+ _ 57092000m

which is a value that is larger than the radiusf the Earth.

7. The refraction phenomena of the heavenly bodies oz

_ 2A(1+k)
k

R

shall now be examined more closely. For them, thelldow/a single positive value= 5
for whichV’= 0, which can be calculated easily from the equations:

w, K RK RAw
e+ —w-— +k=0, V= :
2 2 R-Aw

If one now determines the acute anglevhich is the value afthat satisfies the equation

V=0 forv=_p, so:
__RB
_ (R+p)V1+ ke ™7

cosl =
Ry1+k

then for all values of the inclination angléhat lie between 0 arlgdthe equation:
V=0

will have two real, positive roots, the smaller of elhiv = b, will be the maximum
altitude to which the light ray will rise above the Wesaly body, and one will have:
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~ Rb
(R+ D)\1+ ke R

Ry 1+ k

cosi =

The arc length & from the starting point at which the light ray again tae¢be heavenly
body is:

2R%/ 1+ k '
04 = Jb COSi dv.

° (R+yV

While i increases continuously from 0 kpb will increase from 0 tg3, and 2 will
increase from zero to infinity. If one latsiy, i3, ... denote the values dthat belong to
the values of @ that equaRm; 2R 3R7t ..., resp., then these inclination angles will
define an increasing sequence whose infinitelyadisterm will be equal ta If one now
thinks of an arbitrary point on the outer surfaéesuch a heavenly body as an observer
then he must be able to survey the entire outdaciof the heavenly body from that
point. It must appear to be a concave shell towhmnse boundary — viz., the apparent
horizon — is elevated above the true horizon byatiggdel. In this shell, the entire outer
surface of the heavenly body must be visible framaagle of zero up t@, and indeed
the closer objects on it must appear to have thaiural proportions right up to the
antipodes, but the more distant ones, which liserido the antipodes, must increasingly
flatten and, at the same time, grow narrower. fddiats that lie diametrically opposite to
the observer must appear to be a complete ciraleishextended under the inclination
anglei; by which this first image completes the entireeoudurface. In the annular
interval between the anglesandi,, a second complete image of the entire outer csirfa
must be visible, in which the observer must seesiimin the boundary that is
determined by the angig and indeed, from behind, and distorted into apleta circle.

A third image of the entire outer surface will between the anglas andis, a fourth
betweeniz andis, and so forth, to infinity, and this infinite seapce of images, which
soon become extraordinarily narrow, will concludéhwthe apparent horizon for the
anglel.

If one now considers the valueidhat is greater thanand for whichV can therefore
no longer equal zero then:

_ J°° R\/1+ kcosidv
° (R+VV

Tlo

will be the angle that the asymptote of the light that goes to infinity will define with
the vertical line at the point= 0,v=0. When decreases continually from the valaé

2 to the valuée here, the angle/ R will increase continually from zero to infinityif one
now denotes the values iothat givec / R= 7z 277 37z ... byi', 1", 1", ..., respectively,
then they will define a decreasing sequence of tifiesthat will have the valué for
their limiting value. An observer at an arbitrggint of the outer surface of the heavenly
body, which can be chosen to be the coordinatenouig- O,v = 0, can view the entire
starlit sky down to the nadir from the zenith te @ipparent zenith distanee 2 —i'. A
second complete, but very narrow, image of theestarlit sky must appear between the
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angles’ andi” (and thus, between the zenith distangé< —i' and 77/ 2 —i"), a third,
even narrower, image must appear between the aifigiesli”’, and so forth to infinity.
This infinite sequence of images, which become ever warrguite rapidly, concludes
with the angld and the apparent horizon.

If one does not merely consider those light rays #maanate from a point on the
outer surface of the heavenly body,-owhat amounts to the same thing — meet such a
point, but locates the observer at an arbitrarilyaghispoint from the heavenly body —
e.g., on any other heavenly body — then the same remark#bhtion will occur.
Namely, the entire outer surface — viz., the front aat halves — of the heavenly body
will also be visible from such a standpoint: first, imiac-shaped principal image, and
then an infinite sequence of these discs surrounding animeaes. Furthermore, the
entire starlit sky in the atmosphere of such a heaveody will also be visible in
infinitely-many images.

8. In order to now examine which heavenly bodies mightilfthie condition:

L 2A(+k)
k

R

upon which, these remarkable refraction phenomena willrdgpene must make only
onespecial assumption about the strength of the atmospltiexe one takes the absolute
refracting power of that surrounding air to be equal & ¢ Earth. One can measure the
strength of the Earth atmosphere as being the one thatl wxist over the Earth at an
altitude of 7974 meters when it has constant density equalityy The strength of the
atmosphere of another heavenly body should now be nesagula similar way by the
altitudeh at which the surrounding air would have when it has éineesdensity equal to
one everywhere; i.e., the density that air has aptier surface of the Earth.

If one letsRy, ki, A1 denote the values that these three quantities haweufoEarth,
under the assumption of a constant temperature of zgreets such that:

R =6366198n, A;=7974m, k;=0.000589,

and one takes the mass of the Earth to be eguahd the value of gravity at its outer
surface to be equah, while R, A, k, m, g mean the corresponding quantities for another
heavenly body, then one will have:

The pressure of thie meter-high air column of unit density relates to thesguee of the
A1 meter-high air column on the Earth likg to A; g1, so the density of the lowest layer
of air to the other heavenly body, which shall be dehbted, relates to the unit density
like hgto A1 g1, in any case, and one will have:
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o=19
Algl

Sincen? — 1 =k, for air of unit density, moreoven? — 1 =k;dfor air of densityd, sok =
kio, or:

« = gk
Algl

The air column that has heightfor unit density will have height / J for densityd, so
one will have:

A - D - ﬂ
o g
The condition:
R> 2A (i+ k)

will then give:

Rhgk _ 249, (1+ hglﬁj

Algl g Algl
or
2M09;
Rk -24, g hk’

so when the strength of the atmosphere that is tonbasured byh satisfies this
condition, the remarkable phenomena that were exgdaaiove will occur.

9. | take Jupiter as a special case, whose radius is roli§t8¢ times as big as the
Earth radius, and whose mass is about 338 times as lhigtad the Earth. One will thus
have:

R. 10.86,

M - 338 R=691356000
R m

for Jupiter, and as a result:

9 -5866, |=2782, k=NDO0L68E
% 7974

One will then find that the quantity condition above floe strength of the atmosphere
that Jupiter must have in order for this kind of phenarertake place on it is:

h > 389,
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and since 389 is somewhat smaller than the twentiettop@&74, it will then follow that
it would already be sufficient if the atmosphere wbiter were also only as strong as the
twentieth part of the Earth atmosphere.

However, one makes the assumption about the strehgjtie Jupiter atmosphere that
seems to be the most reasonable emamely, that the mass of the air on Jupiter relates
to that of the Earth as the total mass of Jupitehabaf Earth- so one will have:

ARP7h : 4R?A, = 338 : 1,
from which, one will get that = 22852; that would then make:
k=10.00484, A=2782.

One the finds the value @#f= 11394m from the equatiov’= 0, and from that, the value
of I = 3 48. With that assumption, the outer surface of Jupitidlr appear to be a
concave shell whose boundary, as the apparent horz@fevated by 348 above the
true horizon.

| further remark that the expression “visible” thatswesed in the foregoing is to be
taken only in its geometric sense, namely, that, ot, fthe light rays in the given
directions would arrive at the eye under the assumptioat were made. Namely, if one
brings under consideration the weakening or the completppkarance that the light
rays suffer in an atmosphere that is not absolutalysparent — e.g., as they do for our
Earth — then only a few of them will actually remainthe physiological and physical
sense of the given phenomena. Only a certain patteoprincipal, first image of the
Jupiter outer surface that is directed by the higheowel degree of transparency will
actually be indistinguishable from the second, third, alidWeng images. Likewise, of
the entire starlit sky, not once will the first igeabe clearly distinguished completely,
and even the Sun, which never rises or sets on Jugiterto the refraction of its rays,
since its image can never sink below the apparent honzitiralso be the first image if it
goes too far below the true horizon, which must then apfmebe flattened into a very
narrow ellipse that is hardly recognizable to the eye.the vicinity of the apparent
horizon, only a blue strip will appear in place of thénitely many images of the entire
sky and the entire outer surface of Jupiter.

Berlin, in July 1860.




