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On theray systemswhose focal surfacesare surfaces of degree
four with sixteen singular points.

By. E. E. Kummer

Translated by D. H. Delphenich

Hr. Kummer made the following communication on the ray systems whose focal
surfaces are of fourth degree and have sixteen singular points.

In a treatise that was read on 18 April of this yeathensurfaces of degree four with
sixteen singular points, | proved that the totality dftlair doubly-contacting tangents
always consists of several separate ray systems,lyaimer ray systems of order two
and class two and a ray system of order four and fdass | further remarked that this
latter ray system likewise decomposes into two sepaegtesystems of order two and
class two for the Fresnel wave surface and the oésth collinear to it. Since then, |
have thoroughly carried out the investigation of whethat ray system of order four and
class four is still decomposable for the general sasfadd degree four with 16 singular
points and found that they always consist of two sepa&t systems of order two and
class two, such that each such surface will then éddtal surface of six special ray
systems of order two and order class.

In order to prove this, | would like to give the coetel development of these six ray
systems for the surface of degree four with 16 singuletgthat is given in the form:

(ayz +bzx + ¢ (1 + XK) xy + dx + ey + 2> — &k (k+ 1) xyp'q =0,

p’ =cy+ E.{.g,
k+1 k
(A)
q=cx+ —+i
k k+1

(see equation (4), page 251, of the Monatsberichte of das).y Letx, y, z be the
coordinates of an arbitrary point in space, and,let { be proportional to the cosines of
the angles that the rays that go thromgi z make with the coordinate axes, so any ray
system of order two and class two will be given by tgoations in the quantities y, z,

& n, ¢, one of which will be homogeneous and of degree twf) i ¢, and the other of
which will be homogeneous and of degree one, and which antgstged in such a way
that they will remain unchanged when one sgetsoé, y + pon, z + p¢, in place ok, y, z
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When represented in this way, one will have the followirgay systems that will have
the surface above for their focal surfaces:

dé +azy-ayl =0,

(acy+abz+%+% cfk) &% + a’xnd — (abx +af )& — (a’z+ acx + ae)én = 0.

bzé +e7—-bx{ =0,
ad(k+1) be 2 12
1 abz—bcx + - —-cf(k+1 +b
[ Ty kD] +biyeE

—(aby +bf)nd + (bcy —b’z—bd) &n = 0.

cys —oxp+ f4 =0,

Il ad be
(acy - bcx+?—k—1 cfk) £? +c?zén + (bez+cd)éEC - (acz+ c*x +ce)nd =0.

bz d), (az e ) (bx _ay
V, (y+k_+1+kjg (k+cx+k+1jl7 (k+1 k+fj 0
kapd = (k+1)ydé+2zén =0,
Vi

This last ray system represents three differents,osecek can have three different
values that are given as roots of the cubic egoatio

2 2 2 2 2 2

k enters into the three ray systems I, Il, and Hlydn such a way that they remain the
same for all three values kf
These six ray rays will be represented symmetyidat the form of the focal surface:

(B) @ = 16Kxyz,
where

P=X +Y +Z + 1+ Alyz+X) + D(2X +Yy) + 2(xy +2)
K=a’+b*+c®—2abc—1
(cf., equation (10) in the cited paper), in suclagy that it will suffice to write down a

single one of them, namely:
AS+Bn+C7=0,
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A& +BIf +C& + 2Dnd+ 6L+ Fén =0,

2,

—2(a—«/ -1) z
—2[b c(a—q/ -] x-(a-a’-1)y+z

E =- 2by,

F=x+2X(@-ya’-1l)z+a-,a* -1,

A=—(a+ya’-1)y-z

where
A =

C=

PB=(@a+ya’-1)x+1,

¢ =x+a+ya -1.
One will get the remaining five ray systems fronsthne when one simultaneously
permutes the, y, z & 7, { a b, c A B, C; D, E F; 2, B, ¢ and gives the three square

roots./a®—1, y/b* =1, y/ c? -1 both their values.
The focal surface of this ray system can be reptesl by the following determinant:

AF EX2
FBD®D
EDCC¢
AB C 0

which will agree with the given surface completetyen it is properly developed.

Since the complete ray system of all doubly-camgclines of a fourth-degree
surface with 16 singular points consists of sixosekedegree ray systems, and any two
rays can coalesce into a single one when the fr@int which they emanate lies on the
focal surface itself, it will follow that one cassociate each point of the surface with six
other ones in such a way that their coordinateslerermined rationally from those of the
given point and that each of the six associatedtpavill have one and the same tangent
with the given one. If one take&sy, zto be the given point of the surface and jety,

Z denote the coordinates of the corresponding pdititeoreciprocal polar surface (which
is taken relative to the sphexe+y? + Z = 1), and one further denotes the coordinates of
the point that corresponds %oy, z relative to the first ray system by, y;, zz then one

will have:
(a+«/ a’-1)y-7
(a+«/ a’-1)z7 - y
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v = —(a+ a*-1)x -1
1 - ’
(a+ya*-1)Z -y

_ X+a+a’-1
(a+a-1)7Z-y

One will likewise get the remaining five from this by atashble choice of symbols and
signs for the square roots. One recognizes from thisthieateciprocal polar figure is
collinear to the original one, and that there aredsiferent collinear conversions of the
reciprocal polar surface, which are arranged such thapdim of the reciprocal polar
surface that belongs to a point of the given surfa@s ¢go one of the six corresponding
points of the given surface.

The equation of the reciprocal polar surface for thiasar

4

@ = 16Kxyz
can be represented in the following form:

®? = 16Kpars,
where

P=p+q+r>++2a(qr +ps) + 2b (rp +q9) + 2 (pg+ r9),

p=(@++a*-1)x +1,
qg=z -(a++a’-1)y,
r=y-(a++Ja*-1)z,
s=-x-a-(a++a*-1),

from which one will obtain five other analogous exprassiby permuting the symbols
and the signs of the square roots.



