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Contributions to the general theory of transformations

By SOPHUS LIE

Translated by D. H. Delphenich

In what follows, permit me to communicate severabties of transformations to the
Kgl. Gesellschaft der Wissenschaften that | have deeel thoroughly in my lectures at
the University of Leipzig.

l.

1. All rotations that leave the coordinate origire 0,y = 0, z = 0 fixed define a
three-parameter transformation group whose infinitesimakformations:

yp — Xg= X1 f, zq — yr= Xzf, Xr —zp= Xszf
fulfill my known relations:
(X1 X2) = Xsf, (X2 X3) =X, f, (X3 X1) =X f.
The three expressions;, X,, Xz simultaneously define a homogeneous function

group. Among the functions of that group, there are isfipimany of them that are
homogeneous of degree ang, g, r., namely, all of them that have the form:

X | 2, Xz,
x3’x3

All of these first-degree functions can be regarded l@aracteristic functions of
infinitesimal contact transformations, and indeeds | have often stressedall of the

transformations:
x=xa o Ko Xe
x3 x3

define aninfinite group of contact transformations that includes the grouptationsX;,
X2, X3 as a finite subgroup.
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2. Now, on the other hand, there are infinitely many acintransformations:
H :rw(x, Y, z,f,ﬂj,
rr
which commute with the rotation§, X,, X3, and thus fulfill the relations:

(X1H)=0, &:H)=0, sH)=0,

as well as the homogeneity condition:

Among these quantitidd, we point out the three quantities:

Xp+yq+ zr=Hy,

[p2+q2+r2:H2,

J (xa- yp? +(yr- 29 +( zp X =Ha,

in particular. The most general quantitypossesses the form:

Hemof o He|
H3 H3

Here, H is the most general symbol of all infinitesimalntact transformations that
commute with all rotationXy, Xo, X3, and as a result, likewise commute with all contac
transformations.

3. As a matter of fact, alH generate an infinite transformation group, whileXa
determine another such group. These two groupsoofact transformations relate to
each other in such a way that any transformatiothefone group commutes with any
transformation of the second group.

On the other hand, as was already pointed outfuthetionsXi, X, X3 determine
another function group, and likewise the functibhsH,, H; determine another function
group. With my usual terminology, these two fuaotgroups areeciprocal function
groups. Every function in the one group is in ilwon with every function of the
second group.

However, whentwo reciprocalthreeparameter function groups are present in the
variablesx, y, z, p, q, r, from my older studies, there is always a functioat belongs to
the two groups and appears in both groups distanguishedfunction. In the present
case, that quantity will have the form:
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J(xa-yp?+(yr- 29 +( zp X? =Ha,

and since it is homogeneous of degree one, it can theegbeded as the characteristic
function of an infinitesimal contact transformation.

4. The infinitesimal contact transformation that isghfound, as well as the finite
transformation of the associated one-parameter groapsepses some remarkable
properties. Indeed, one has the equations:

(X1H3) =0, &2H3)=0, KsH3)=0
as well as the analogous ones:
(HiHg) =0, MH2H3)=0, HsH3) =0
As a resultHs is in involution with every quantit® that has the form:
Q =W (Xq, Xz, X3, Hy, Ho).

The infinitesimal, like the finite, transformation$ the one-parameter group bi
then commute:

With all rotations around the coordinate origin.
With all spiral transformations that fix the cdmate origin.
With all dilatations.
With all finite and infinitesimal base-point tramghations.
With all finite and infinitesimal contact and poinhrisformations that commute
with aII rotations around the coordinate origin.
6. Absolutely all finite and infinitesimal transforn@ts of thatinfinite group of
contact transformations whose characteristic fungbiossesses the general form:

U"P.W!\’P

One must observe in this that only four of the five argunt® of the functionV are
independent.

A set of quantities remains invariant under the infinitesiamd finite transformations
of the one-parameter grotifz ; in particular, the quantities:
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Xp+ yq+ zr

\/x2+y2+zzg/ o+ f+ 2

as well as any quantity at all that can be expressaduagction 0fXy, Xz, X3, Hi, H2, Ha.

5. It seems superfluous to go further into the various acuesgces of these
theorems. Then again, | shall remark that it posdiblevrite down theaequationes
directricesthat will yield all finite transformations of our group.

Two aequationes directricebelong to each such transformation, one of which will

always have the form:
P e =Ry 7

The other equation will have the general form:
(X +yy+23)°—nf (¢ +y +2) (*+v° +39) =0,

in which one assumes thatdenotes a constant.
It is easy to interpret these equations geometricdtlghows that every poink,(y, 2)
goes aroundh circle whose point i, vy, 3) has the same distance from the coordinate

origin as the pointx y, 2) itself. On the other hand, tinedii vectoresto (x, y, 2) and ¢,
n, 3) define an angle that has a constant value for eveiyido@d!l transformation of our

one-parameter group, namely:
arc coam
The concentric spheres:
X% +y? + 7 = const.

remain invariant under the transformations of our group; lithee elementof each
individual sphere will be transformed byl#atation under it.

6. The one-parameter group of contact transformations wea speak of here
includes a transformation that has been known for 4ome but has generally not been
regarded as a contact transformation before. Namklgne setsm = 0 then the
corresponding@equationes directrices

Py’ +35 =X -y -7=0,=0, Xpr+yn+z;

will determine a a contact transformation that takesry surface into a so-callegsidal
surface.

| therefore refer to this contact transformation tas apsidal transformation;
correspondingly, | shall refer to the infinitesimal tamst transformation:
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Jxa-yp?+(yr- 29 +( zp P

as thenfinitesimal apsidal transformation.

| have no doubt that the developments that werenghere will permit one to
simplify and complete the investigations into apsidaigfarmations that were made up
to now in an essential way.

5. The foregoing developments have a close connectidnaviheory whose origin
goes back td/onge.
Any first-order partial differential equation of the riar

XZ —_ xl

is, in fact,in involutionwith any equation of the form:

H2 _ i
H—s‘w[HJ'

These two equations thus represent intermediate integeald indeed, general
intermediate integrals of a certain second-order padikerential equation whose
geometric interpretation can be found rather easily. |d$teintermediate integral can, in
fact, be brought into the form:

Xp+ yq+ zr

— 0 (2 2) -
T TN QC+y +72);

one can thus define the associated integral surface bgdhthat its lines of curvature of
the family lie on the concentric sphesés+ y* + Z=c. Therefore, according ftdonge,
the lines of curvature of the second family are sttaggid lie in planes that go through
the coordinate origin.

8. If one now endows the arbitrary functiopgnd ¢ with forms that are determined
by the intermediate integral equations above then, ass remarked already, the first-
order equations that emerge:

will be in involution. If one would wish to fine® common integral surfaces then one
would have to exhibit an integrability factor. This leade,on the simplest way, to the
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remark that, from the previous developments, itfimitesimal apsidal transformation
will transformthe desiredo® surfaces between each othefThat remark is noteworthy
due to the fact that it can also be regarded as a dwasequence of my general theory
of the integrablélonge-Ampére equation ).

It can be further added that the developments above shat many interesting
contact transformation will take any surface whoseslioké curvature lie on concentric
spheres to other such spher@s (

9. Any three-parameter transformation grotpXs,, Xs of spaceX, y, zZ) can serve as
the starting point for theories that are completeiglagous to the ones that were just
developed. That is the case, in particular, when tle tbharacteristic functiong, X,

X3 in question are independent and are not pair-wise inutigal

The three infinitesimal point transformations:

X f=q+xr,
Xof =yq+ zr,
Xsf =y (xp+yq+2zr)-zp

define a three-parameter transformation group; thessftramations commute with the
three transformations:

Hif =p+yr,

Hyf=xp+zr,

Hsf=x (Xxp+yq+zr) —zp

which generate a simply-transitive three-parameter gnoupeir own right. | refer to
two three-parameter transformation groups of space, z that have the given
relationship aseciprocal transformation groups.

However, on the other hand, thg X,, X3 andH, H», H3 define two three-parameter
and homogeneous function groups in the variables:

XY,z pqr.

| refer to these function groups, in turn, as reciprgoalips.
From my general theory, these function groups contagoramondistinguished
function, namely:

() Cf., Nor. Arch., Bd. II, (1877). [this coll., v. Ilgrt. XIX, pp. 287 et seq.

() On several occasions, | have already referred tdaittethat geometrical optics takes on simplicity
and clarity by the explicit introduction of the conceptsirdinitesimal contact transformation and one-
parameter group of contact transformations.

In this way of looking at things, reflections are contmahsformations that leave the infinitesimal
contact transformation in question invariant. One cwke an analogous statement for refractions when
the wave surfaces in both media are similar and lidaiynito each other. If the wave surfaces in the two
media are different then one must regard refraction @mtact transformation that takes a certain one-
parameter group into a certain other one.
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J @+ x0)(y(xp+ yar z)- zp—( y& 3f
= (p+yD(x(xp+ yaq+ zy— z2y—( xp F
= (xy-2(par (xpr y& 20 =Q.

10. Now, the first-order partial differential equation

X 4% Mo y(R)og
X3 x3 H3 H3

with the arbitrary functiongp and ¢, in turn, determines an important second-order
partial differential equation:

n-s*> Q(xY.2p.0)

rprqy <o eP
that | have considered on various occasions. Ttegial surfaces of this second-order
equations can be characterized by the fact thaff &tieir principal tangent curves belong
to linear complexes; hence, all of these linear mplemes define two bundles in
involution.
If we now endow the arbitrary functiogsand ¢ with specific forms — saypo and ¢

— then the corresponding first-order equations:

Xz Xl H H
2 —11=0, _2 _ —11=0
om e fmw(i

will always admit the infinitesimal contact trangfmtion Q, and we thus find the
associatedo’ common integral surfaces by a quadrature in aksa

11. The infinitesimal transformatioQ generate an important one-parameter group of
contact transformations whose finite equations hallfound in such a way that one can
consider the equation:

0=@-xy(@—XY)—-M(Z+27—XY—Xy)>

which is known from the theory of polars, to be #equatio directrix If | am not
mistaken, the theorem that th€ contact transformations that emerge in that way
among which, one finds the transformation by reciprocal polarslefine a one-
parameter groughas not come to the attention of mathematician® uqow.
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12. By geometric considerations, one easily recognizesfécfexample, my paper in
the Math. Ann., Bd. V [this coll., v. 1I, art. 1]) thany partial differential equation:

will determine all non-rectilinear surfaces whose ppatitangents belong to the one
family of a line complex that can be regarded as the epigjcomplex ofo* linear line
complexes.

We shall not go further into these considerationshet point, although they are
interesting in their own right.

13.However, the following remark might find its placediel he question of whether
every finite contact transformation belongs to a paemeter group of contact
transformations has not been taken up in earnest in micatirhs up to now. Under the
circumstances, it does not seem uninteresting to niéwbaone-parameter groups were
presented in the foregoing, among which, one of thenusuds the transformation by
reciprocal polars, while the other one subsumed the apsaaaformation.

By considering the projective group of a twisted third-degreee, one finds, in an
entirely similar way, a one-parameter group that subsuheeduality with respect to a
linear line complex.

14.1 consider independent functiong, uy, ..., U, of the variablexq, ..., X, p1, ...,
pn, and thus refer to the totality of all quantities of fitwem:

@ (ug, ..., Ur)

as arr-parametefamily of functions.

Amongst all possible-parameter families of functions, ..., u,, | concerned myself
exclusively with certain families that | referred tofanction groupsn my own studies
of partial differential equations and contact transfations.

If one is given arr-parameter function group:, ..., v then the linear partial
differential equation:

(V (v, V2, ..., ), ) =0

will always possess— 1 (or everr) independent solutions that themselves belong to the
function group.
Now, the function groups are the only families of fumesi that possess the
aforementioned property. Namely, if we take &mynogeneoutunction groupa, @,
.., i whose bracketsaf «i) do not all vanish identically then the group will canta—
1 independent functions of degree zero that, from my cldelies, will define ans(— 1)-
parameter family of functions that likewise possessestated property.
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It is easy to construct many more general familieRintions that likewise possess
that property. Namely, if one performs an entirelyiteary contact transformation on a
homogeneous function group that has the form:

XL =Xk (X1, oy X0y P1, ---y Ps),s
pl' =P (X1, -y X0 s P1s -5 P9)s
Z =constz+W (X, ..., P

then the transforms of the functions of degree zerour group will always yield a
family of functions that possess the desired property.

15. We will now pose the problem of finding all familiesfafctionsus, ..., ur in the
variablesxy, ..., Xn, pP1, ..., Pn that have the property that every linear partial cefficial
equation:

U (u, ...,u),H=0

possessy — 1 (or evenr) independent solutions that belong to the same family of
functions as the.

As one recognizes almost immediately, this general enobtoincides with the
following one:

Problem. Which families of functions;u..., u, possess the property that all bracket
expressionsgu; W) have the form:

(Ui Uk) —-p Wik (Ul, vy Ur),
in which p denotes a quantity that is independent of the u?

We make the assumption thathould be independent of the since otherwise the
guantitiesu would define a function group; however, all function groupsendetermined
by me in my older papers and were brought into simplersealoforms.

16. If we now address our problem then we will find it cement to first deal with
the special case of= 4.
There now exist six relations of the form:

(U w) =0 @i (U, ..., Ur) (1#1,23,4k=1,2,3,4]#K).

The identity:
((u1 Up) Ug) + ((Uz2 Us) Ug) + ((Us 1) Up) =0

will then give the relation:
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a¢12 a¢23 a¢3l
+ +
au. Pes au, [ o, Dol

0=¢r.0p W) + ga o) + g Ao W) + Z[

which is linear in thed uy), while the factor of* depends upon only the
If we then cyclically permute the indices 1, 2, 3, 4 thenwill obtain four equations
for the determination of the four quantitigsg), (o W), (0 W), (0 W) that have the form:

P23 (0 U1) + P31 (0 W) + P12 (0 Us) + = (hos (U) A,

B30 (D W) + a2 (D Us) + P (0 Us) = osa (U) &7,
P34 (0 ) + a1 (0 W) + Pa1 (O W) = Yaar () &,
P24 (0 Ur) + Paz (0 Up) +¢12 (D W) = iz (U) O

The [answer to the] question of whether these equatiansbe solved for theo(uw)
comes down to the determinant:

¢23 ¢3l ¢12 O O ¢12 ¢13 ¢14
0 b $s| __ [0 O 024 02
b O Gudis| | s O 0o
br b O bi| |8 G b O

If the skew four-rowed determinant| | is non-zero then one will find expressions
of the form:

(o u) = Fih (U, ..., Us)

by solving for the £ u), and correspondingly:
1
[—,uij == (W, ..., Us).
Yo,

The formulas show that the five quantitigs u,, us, Us, © generate a five-parameter
function group and that there is a contact transfoomain the x, p that takes that
function group into ahomogeneougroup whose functions of degree zero are the
transforms of the..

17.We now turn to the general case, but assume thapissible to choodeur of
ther quantitiesu — say,u,, Ug, Uy, Us— such that the determinant of tihewhich is the
analogue of the skew determinant above, but with theasdi, 5, y; J, instead of 1, 2, 3,
4, does not vanish identically.

We then recognize just as before that the four quesi@ uy), (0 ug), (o u,), (0 Uy
are expressed as productsgdfand some function of the Therefore, if sayq.,s# 0, as
we can assume, then we will recognize upon the forriagdentity:
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((Ug Ug) W) + ((Ugp W) Ua) + ((Ui Ua) Up) =0,

which assumes the form:

Pap (O U) + 5 (P U) + $ia (0 Up + 07 OU) =0,

that all (o u) can be expressed as follows:

(Pu) = ¢ (U, ... W) .

From this, we conclude, as before, that the quantiiies., u,, r define an( + 1)-term
group that goes to a homogeneous group whose functions ofedegre are the
transforms of thel under a contact transformation.

18. By contrast, ifall four-rowed determinants that can be defined analogousheto
above determinant in the quantitigsthen the considerations above will no longer be
valid. In this case, the quantities ..., u;, o do not need to define a group.

At this point, we confine ourselves to the remark thatdiscussion of the case that
was excluded here, but is very interesting in its owntrighbased upon the theory of
Pfaffian systems. | will take up the questions that viefteunresolved here on another
occasion.

V.

19.Since | have still not found the time to thoroughlyt étle discussion of my
general theory of the integration of a complete systeith known infinitesimal
transformations, | will show here how | have treatieel most interesting (because it is
simplest) of these general problems in my lectures. &hds know of my general
theories will see with no difficulty that all casean be dealt with by entirely analogous
considerations.

20.1 assume that an equatioAf = 0 admits certain known infinitesimal
transformations(f, Xof, ..., as well as assuming that certain solutignsp », ... of Af =
0 are given. | further assume that relations of theafo

(Xi X = ¢ (@) Xif) + tha (@) Xof) + ...,
Xi o= an (91, @2, ...)

exist such that no further transformations and solutansbe derived.
| can now assume, with ressentiakrestriction, thaAf = 0 is given in the form:

of of
Af=—+>a(z ¢, ..., 0, V1, Vo, ...)—=0,
o0, Z o1, - P Y1, Y2 )6y
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and that the,f are given in the form:

CDkf:%'i'z Ui (Z, ¢1, . ¢q, Y1, Y2, )g—;,

k

of
YVf: ZOW(Z, ¢ll ---,¢q,y1,y2, )_
oy,

21. We now restrict ourselves to the case in which thebeurofy, as well as the

number ofY, is equal to 3.
Here, there surely exist relations of the form:

(Ad)=0, AY)=0,
(@i DY) =2 ks (P) Ysf, (i Yi) — 2 Viks () Ys f,
(Yi Yo) =X Uis (@) Ys .

We can then set:
(Y1Y2) =Yy, (Y1 Y3) = 2Y5, (Y2 Y3) = Y3,
with no restriction, since the cases that can Iheeddoy quadratures are of no interest to

us here.
When we introduce suitable expressions:

Ouf+2 Vi (@) Yi f
in place of®y f as newdy f, we will find that all @; Yi) vanish:

(CDi Yk) =0.
If we then form the identity:

(PP Y) + (@ Y) D) + ((V; i) P =0
then we will recognize that all of thedf(®y) Y;), and at the same time, all of thg; (by),
are equal to zero.
22.There then now exist the relations:
(A P =0, A Y) =0,
(P Py =0, @Yy =0,
(Y1Y2) =Y,  (Y1Y3) = 2Y2, (Y2Y3) =Ya.

If we then denote the generally unknown solutiondhiefdomplete system:
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Af =0, ®.f=0,..., &qf=0
by:
Yir Y21 Ya
and then introduce the quantities:

Z P10 ®ar Yoo Yor Vs

as new independent variables then one will get:

of of
Af =—+>» al(y,V,, Y. — =0,
az z |(y1 y'2 y3) a}{

o
q)kf - a_¢kl

- of
Yt = 7Y Yoo )/3)a—y,,

13

and it will become immediately obvious here thatfuather reduction would be

impossible.

Therefore, my old theory of integration provesh® the best possible one in the

present case.



