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The theory of integral invariants is a corollary tothe theory of
differential invariants

By SOPHUS LIE

Translated by D. H. Delphenich

1. In this Note, | shall first show that my generaldheof differential invariants
implies the entire theory afitegral invariants with no further assumptions. That will
allow me to clarify their dependency relationship, in vhigot only the relevant
investigations oZorawsky, Cartan, andHurwitz (%), but also some papers®@éincaré
and especially a Note &fonigs, relate to my older work.

As far as | can se€artan is the only one whose has presented the matter dgrrect
At the same time, however, | would like to expressthanks taZzorawsky andHurwitz
for the fact that they have, in any event, referredthe relationship with my
investigations in their own work. As far as the workKdfigs is concerned, | must
assume that my paper that goes back to the beginnimg getr 1877 in the Norwegian
Archiv, Bd. Il: “Die Stoérungstheorie und die Beruhrungssformationen” [this
collection, v. 1ll, art. XX] has escaped his attention.

l.
General definition of the concept of integral invariant.

2. If we have been given fanite or infinite continuous transformation group in the
variables:

/ : : (@ (@
X o wees Ko X ey Xy ooy X7 oy XD
/ (@ (@
Zy s By Gy s Zygy e Y, 20

then we will say that an integral:

() Zorawsky, Akademie zu Krakau, April 1895. Konigs, Comptes rendus, Paris 9 Dec. 1895. —
Cartan, Bulletin de la Société math., Paris 189&\.-Hurwitz , Gesellsch. d. Wiss. zu Géttingen, March
1897. —Poincaré Acta math., t. 13, 1890. Sophus Lie Norweg. Archiv, Bd. Il, 1877, an@heorie der
Trans.,, Leipzig 1888-1893, Bd. | and Ill; Ges. d. Wiss. zu Chmstid883 [this collection, v. I, art. XX,
and art. XLlI]
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) I ) a 4 62 4
J.Q(xlxnxﬁ?q)) 2 20 é 6_x1221 j dw

(dw=dx,....d¥, ...,

represents amntegral invariant of the group in question when the variation of the
integral:

5j Q) dx, - - dx(®

n(9)

vanishes for all infinitesimal transformations éetgroup — in other words, when the
form of the integral is preserved for all finit@msformations of the group.

In this, we have assumed that eagth can be considered to be a function>gf,
x, ..., X, and furthermore thad includes not just the andz, but also higher-order

derivatives of thez with respect tax, and finally that the quantities”, Z” transform
amongst themselves.

The fact thaboth of the definitions of the concept of an integralariant that will be
formulated here arequivalent is a special case of my general theorem that efuaityg
transformation of an arbitrary (finite or infinitegontinuous group of transformations can
be replaced by the composition of a sequence ohitielfiy-many infinitesimal
transformations of the group.

3. | will now show thatmy general theory of differential invariants achieves the
determination of all integral invariants that are present in every individual case
immediately because it will convert the problem into the integration of a complete
system.

In order to make the validity of this noteworthgngral theorem clear to the reader, |
find it convenient to first consider an exampletthhave long since treated thoroughly.
Namely, | will first recall how | approached theesgtion at the time of whether a given
group of point transformations of spage..., x, leaves a differential expression:

H (X1, ..., Xn, OXq, ..., dXn)
invariant that ishomogeneous of first order in the differentialsdx,, ..., dx,, andthus

represents an element of arc length, in the Riemann sense of the word. If any such
expressiorH is given then:

dx dx,
H| x,....x,,1—2 ... — | d
'[ (Xl & dx, dxlj 5

will obviously be an integral invariant of the gpun question.
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Il.
Transformation groups that leave an arc length invariant.

4. Already in the year 1886Y( | concerned myself in detail with all groups of
transformations:

X =fic (X1, ooy Xn, &, ..., &) k=1, ...,n

for which a function:
H (X1, ..., Xn, OXq, ..., dXn)

that is homogeneous of first degree in the differentials..., dx, remains invariant. In
chap. 25 of the first volume of mkheorie der Transformationsgruppen and chaps. 22,
23 of the third volume (1888 and 1893, resp.), | gave the moseeiang presentation of
this special theory that is possible, which is containgalicitly as a special case in my
general theory of differential invariants. | will nopermit myself to summarize the
development that | gave in the aforementioned place.

5. If Xif, ..., X f, where:
of
ka = Iz Eki(xl,...,xn)a—)g,

arer independent infinitesimal transformations ofrgsarameter group, and if:

9y o OF

' of
kazzgki(xu---’xn)a_xi*" 6xv 6Xi'

are the infinitesimal transformations of the ongeeaded group then the + 1

infinitesimal transformation; f , ..., X, f , and:
&, of
Xof =) x—
0 — XI axly

will also generate a group in their own right, sither expressions:

Xo X!'f = X! X! f
will all vanish identically.
However, two cases can come about here:
It is, at first, conceivable thaX;f can be represented as a sum of ¥jé , when

they are multiplied by suitable quantities:

() Cf., Leipziger Berichte 1886, pps. 341, 342; 1890, pps. 292, @@md agen der Geometrie [this
collection, v. Il, art. V, at the end; art. VI, 8§ 2].
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(1) Xof =g Xif+--+9 X .
In that case, all of the invariant differential exgiess:

Q (X1, -.vy Xn, dXq, ..., AXn)

that remain invariant under tihngparameter grouf, ..., X, f will be of orderzero in the
differentialsdx, ..., dx,. There will then exist no invariant differentialpegssions of
first order in thedx;, and therefore no invariant arc length, either. din@es in space;,
..., Xn Will then have no arc length that is invariant undergitwaip.

By contrast, if no relation of the form (1) existen the transformationX;f , ...,
X, f,and X,f will generate anr(+ 1)-parameter group in the variables..., Xn, X,

..., X, and it possible, moreover, to find solutions of thaations:

X!f=0,...,X'f=0

@ 0=X;f+¢ 2= x 2 +p 2 =¥;
0¢ 0x 0¢
the X;f, ..., X, f, andYf will obviously generate arr ¢ 1)-parameter group i, ...,

Xay Xy -eey X, @nd@.
If (X1, ..., %, X, ..., X,, @) IS @n arbitrary solution of the complete system &2y
if the equation:
D(X1, .oy Xy Xy -0y X, @) = CONSL.
yields:
P=P(X1, ..y Xy Xy ooy X))

upon solving it thery will be a differential invariant of the grouy, f, ..., X f, that is
homogeneous of first degree in tRe Moreover:

ds=¢ (X1, ..., Xn, OXq, ..., dXn)

is then an arc length that is invariant under the gdup..., X f.
Therefore:
! ! d
j¢(x1,...,xn,x1,...,xn)%1

is an integral invariant of our group. Obviousdy, integral invariants of our group that
relate to a curve in spagg ..., X, will be found to havelegree one.

| presented the matter in an essentially morergémay in the cited place in volume
three of myTransformationsgruppen. On the one hand, | presented the theory in @ for
that was general enough that thBnite groups were dealt with, but on the other hand, it
wassuggested that | had carried out the determinatiorabdfintegral invariants.
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1.
A general theorem on integral invariants.

6. As we did in 8 I, we would like to assume that we aremia finite or infinite
continuous transformation group in the variables:

X0, X0

) 1

20, 2, (,i=1,2 .9,

and that we are seeking all of the associated inteyaliants:

J:jQ()(j,...,xﬁﬁﬁ),z;,...,z‘Q) 93 ,jdx’l...dxﬁﬁf);

(@ FVA

it is therefore our assumption in this tléatncludes not just the independent varial{es
and their functiong, but also the associated derivatives of order e, ..., up tov.
If we now set:

dx dx,...dx,...dx) =da

for brevity, and correspondingly:
J= [ Qdw,
then the variation:
5j Qdw = j (6 Q[ w+ Q [ddw)

must vanish for all infinitesimal transformation§ aur group. From the rules of the
calculus of variations, in order for this to bedyit is necessary and sufficient that the
equation:
0(Qdw =0Q MHw+ Q Hdw=0,
or the equivalent one:
X(Qdw =XQ Mw+Q [X(dw =0,

must always be true, no matter which infinitesitnahsformatiorXf of the group we also
choose to be the variation operator.
Now, if:

Xf=>" &(x, Z)%’LZ Z(x,z)%

is the general symbol of an infinitesimal transfation of our group then, from a known
theorem of hydrodynamics (which we shall deriveedabn in a group-theoretic way),
moreover, one will have:

X (de) = da)DZ(%j,
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in which one must observe that every derivato€:(0x) in the calculation, like theand
their derivatives with respect to tkeshould be regarded as functionxof
Now, if:

Q, dw and Q,dw
J J

are two such integral invariants, and correspondingé/iwo relations:

(XQHQE(%D dw=0, [xgzmzz(%n dw=0

are verified for each infinitesimal transformatidth of the group in question (or the
equivalent ones:

xcmczi(%j: 0, XQ, +sz(%j =0,

for that matter), then one will have:

That is, the ratio of the two quantiti€s andQ, is adifferential invariant of the group
that is subject to no other restriction on its form whatsoever beside that it should depend
upon only the x, the z, and the derivatives of the zwith respect to the x.

7. One then has the following theorem:

Theorem. If oneis given a finite or infinite continuous transformation group in the
variables:

IR N T AL (,j=1,2,..,0,

()

and if:
'[Qﬁlqudx;.mdx“”

n(9)

isa known integral invariant, while:

! ! I a 4 62 4
U ()&,...,xn.,...,xrgﬁq)) Z 2 i ,aX? j

denotes any differential invariant of the group in question that depends upon only the Xx,
the z, and the derivatives of the zwith respect to the x, then the general formula:

J'U [Q (8, -~ dx, - dx

n(9)
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will yield all of the associated integral invariants of the group.

8. Several sets of integral invariants belong to any naatis group, each of which
will encompass infinitely many members.
If:

[ Q-

(@)

is an integral invariant the@ itself will not be a differential invariant, in genércom
the discussion above, the expressfo@ will then have the value:

o)

and therefore, it is only when all of the expressions:

6
0X
vanish identically tha® will represent a differential invariant of our group.
By contrast, the expression:
Q dx...dx ...dx{) =Q dw
is, in turn, a differential invariant of the group; that differential invariant is specified by

the fact that it contains the quantity dewas a factor.
Later, we shall find a more precise expression for this state of affairs.

V.
Any continuous group has infinitely many integral invariants.
9. Before we go further, we now set:
n+n'+..+n@=n, m+m' + ... +mP=m
and correspondingly denote the independent varialjleby:
X1y X2, ++y Xny

and, on the other hand, denote the functigfisby:
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4,2 ... Im .
We denote the associated first-order derivatives ppy p2, ..., the second-order
derivatives by, ro, ..., and so on.
Now, if:

_ o of
U= 3 60 % e 2)g 4 D)

is the general symbol of the infinitesimal transfiations of a continuous (finite or
infinite) group, and on the other hand if:

JQ(xl, oo Xy Z2y eeer Zimy Py s T2, 222) OXg L. OXG = J Q dw

denotes any associated integral invariant themeasaw, the equation:

u(Q) + Qz(g—ij: 0

will be verified, and conversely, any solutiéhof this equation will give an integral
invariant.

In this, one must observe tHatmust first take the form of a function of thethez,
the first-order derivativep, the second-order derivativesand so on; however, for our
purposes, the will be functions of thex, and therefore we shall also regdddas a
function of thex. If we would therefore like to calculate the eeggionU(Q) then we
would first have to exhibit the-fold extended infinitesimal transformation:

=Y 0y Ly nay %,

uQ) =u¥ Q.

and then set:

o

0Xx

e

If Uf represents the general symbol of an infinitesitrexisformation of our group
then the desired functio of thex, z p, r, ... will be defined by the fact that every
equation of the form:

On the other hand, we must understand E{ j to mean the quantities that we

denote more specifically by:

0= U(V)Q+Qz{ag| +z |(J)}
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should be fulfiled. We have to examine whether thegeations possess a common
solution.
That is the question that shall be answered.

10. From principles that have been known for some tirnis, question coincides
with the question of whether the homogeneous, lineatiapdifferential equations:

o0& | of
U(V) 0-0 { _lpi(J)}_ =0
z Z,-“azj 0Q

0%

possess common solutions, and the latter question wilka# with in a general way by
my theory.

Namely, sinc&Jf implies the general symbol of the infinitesimal transfations of a
group, and UYf represents the associatedfold extended transformation, the
infinitesimal transformations:

uv Q- QZ{(%‘ zaz i }

will also generate an infinite group) {n the variables:
XzZpr .., Q.

One then has only to decide whether this infinite grouggss®es invariants by using my
usual rules. Any such invariant that includgsvill yield an integral invariant:

jQ dxq ... dxn

and one will find all integral invariants in that way.
In particular, if the given group is finite then it candveved thatv can be chosen to
be large enough that one has integral invariants of @rder

11.By contrast, if the group dff is infinite then a special analysis will be required.
For example, if we take the group of all point transfations:

of of
$(x, y)& +17(X, Y)a—y,

and if we apply these transformation to the patwites:

() Cf., Leipziger Berichte, 11 April 1895, pp. 307-308 [here, %X, pp. 579t seq.]
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Yi=¢1(x), Y2 = Pax)

then we will have to examine whether our group posseasgtegral invariants of the form:

[ Q00 Y1 Vi Vi Y 2Y oY) 0% e

We now have to set:

of of of of
Uf = f(Xl, yl)a'*'ﬂ(xp yl)a +§((X2!y2)67+/7(xz1y2)6_

1 2 2

Now, if UYf is thev-fold extended infinitesimal transformation there timfinitesimal
transformations:

UM 0¢(Xx Vi) af(xk Yi) of
- QZ[ dy, yjag

will also generate an infinite continuous groupttbannot be defined by differential
equations, in general. If one would like to decideether that group possesses invariants
for a certainv then one would have to observe that there is mmextion between the
various first, second, ..., up t8™order derivatives of{(x;, y1) and the corresponding
derivatives of(xz, y2). The desired invariants must therefore be, at same time,
invariants of an infinite group that one finds whare sets:

of of of of
V= 51()(1’ yl)a'i'”l(xl’ yl)g+§(2(xzy2)67+,7 z(X 2y 2)6_ ’

1 2 2

and then constructs thefold extended transformation” f, and finally, the equation:

@ wi-ag (26 ) )3 g

Here, the left-hand side represents the infimbesitransformation of an infinite
group that is defined by differential equations.

Since the quantitie&, m, &, 772, and the associated derivatives of order one wp to
are not linked by any (linear) relations, equat@nhwill decompose into:

A(L+2+3+.. +=1)=2¢+1) (+2)

different linear partial differential equationshd number of independent variablesy;,
Yy Y X, Yo, o, VY s, however, equal to:

2 (v+2),
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and sincev must be greater than zero, the number of independeiabies will be small
than the number of equations for anyOne can therefore expect that the group:

e Z(...)g_;

possesses no invariants, and the correspondingly, tingenjroupUf will possess no
integral invariants that relate to a pair of curves extly-plane in the desired way.

12.In order to give the simplest-possible form to thet fHwat the theory of
differential invariants originates in the theory of ont& invarianty as a special case, in
fact) it will be better to express that idea in thikofwing way:

If we keep the previous notations, should the integral:

9z, 0’z
Q| X Xpye ey 2y, Zg e o e ,er | OXgOXo ... dXn
I (Xl Xoyees 21y 2y PV Y: j X dX; ... OXn

which can be brought into the form:

IQ[ZJrar e j dndrn ... drn

by the introduction of the parametess ..., &, keep its form for all transformations of a
certain finite or infinite, continuous, discontinuous,mixed group in thex andz and
thus represent a so-called integral invariant, then itldvbe necessary and sufficient that

the product:
0z ax, Ox, 0x,
Q ] yJee ey ] ye ooy gees i——z..._
(Xﬂ. X2 Z]_ Z2 axl jEEZ az.l az.z arnj

should represent a differential invariant of the grouguestion.
In general, the previously-chosen form is often preferédyl practical calculations.

13.As one sees, the connection between the theorytedrad invariants and the
theory of differential invariants is immediately obviolas any mathematician that has
availed himself of the first elements of my theoryrahsformation groups.

At no point have | ever doubted that so distinguished thenaatician a$oincaré
has clearly recognized that state of affairs on tfe §jlance. If he did not necessarily
discover what was proved here then that would probbablydue to the fact that he
addressed only one-parameter groups. However, no mattersélbexplanatory my
conception of the expression:
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- of
Xf=%" 6k(xl,---,xn)axk

as the symbol of an infinitesimal transformatiord dhe generator of a one-parameter
group might seem, it still remains for one to cdasithat it is precisely that conception
of mine that defines the starting point for invgations that have already exerted a
powerful influence on the development of pure, at as applied, mathematics.

As far as the theory of bodies thaPoincaré has treated is concerned, allow me to
show that my older investigations into function gpe have led to that theory in the same
way thatLagrange's investigations into algebraic equations of degteee and four led
to the general theory of algebraic equations.

V.
On canonical systems and differential (integral, resp.) variants.
14.In. my older studies (cf, e.g., “Die Storungstheor und die
Beruhrungstransformationen,” Norweg. Archiv, Bd.January 1877 [this coll., v. IlI, art.

XX, pp. 309-313]), | showed (among other thingsjttthe reduction of a simultaneous
system:

(Z_);k = e (X0, .., Yon) k=1, ..., 2)

to the so-called canonical form can be accomplisheohd only if a certairPfaffian
expression:

Xl(X) dxp + ... +Xon dXon = Z Xdx

exists that fulfills an equation of the form:

%(Z xkdxk) =dQ (X, ..., Xen),

and furthermore, thatijuantities:

y]_, ...,yn, q]_, ...,qn

must be given that fulfill a relation of the form:

Y qdy, = Xdx,.

In particular, that would imply that the charactéo function of the canonical system in
guestion will behomogeneous of first degree in theq when the two differentialdQ and
dV are equal to zero.

In the latter case, it is obvious that the intégra
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'[ (deX1+'~-+ dexzn) )

when extended along an arbitrary curve in the space jfeserves its value under the
infinitesimal transformation:

d(k: Qk (X]_, ...,X2n) d,

and, at the same time, for all finite transformatidhe associated one-parameter group.
| did not find it necessary to make this last remarkiekxlyt if my work, especially

my older work, is not, in fact, known to the reader tih@vould not be clear immediately

that any transformation that leaves a differentiab invariant will simultaneously

reproduce the integra&ldca

In the treatise in question, | also gave (among ottirg$) the general determination
of all transformation inx, ..., X, p1, ..., Ppn that take agiven canonical system into a
canonical system. | thus found transformations thaermgdly did not represent any
contact transformation in the p.

15.Recently (Comptes rendus, Paris, Dec. 188%nigs has addressed precisely
some of these problems that | treated in general imdtis: “Application des invariants
intégraux a la reduction au type canonique...” His note migh¢ lIsome formal value.
As far as reality is concerned, he has not added anythimy town developments, in my
opinion.

Now, | realize thakKodnigs was probably still unaware of my aforementioned work in
the editing of his note. In my opinion, however, hastmin any event, establish the
relationships that exist between his note and still-olderk that likewise goes back to
myself and is hardly known to him.

In order to illustrate how much further that my studieshe time went beyond the
note ofKonigs, permit me to reproduce the following final theorem of paper [this
coll., v. 1, art. XX, pp. 317, lines 3-12].

“Conversely, let a complete system:

Aif=0, .. ,A;f=0
be given. | assume that | know an expression:
Xidxg + ... + Xy OXm

that fulfills g relations of the form:
A (X X, dx ) =da (or = 0).

| pose the problem of evaluating this situation to thatgst extent possible. df= 1, m
= 2n, and therefore the normal form f@ X dx contains 8 independent functions, then

the integration oAsf = O will require only:
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2n—-2, -4, ...,6,4,2
operations.”

VI.
Historical remarks.

16.The concept of ‘“integral invariant” had already ocoadrreo the older
mathematicians, who, in fact, completely understoodctiveepts of arc length, surface
area, volume, and so on, in seemingly greater gengatt obviously their relationships
with the family of all motions, as well.

By and by, the concept of integral invariant appearedsigeneral form. Thus, for
example Lobatscheffsky, Bolyai, Gauss andRiemann also introduced the concepts of
arc length, surface, area, and so on into non-Euclggametry.

From the nature of things, extending the concept @gnail invariant to arbitrary
transformation groups was first possible only after Hoidticed the general concept of a
continuous group.

17.1n all of my studies of contact transformations &fdffian expressions, which
began in the year 1871 (and especially in the aforementiookedin the year 1877), |
have exclusively addressed linelammogeneous first-order differential equations:

Zxk(xl, ooy Xn) OX¢

that remain invariant under one-parameter groups. Incp&tj | have developed
theories in the year 1877 th&tonigs recently reproduced, and which were, in fact,
derived fromPoincaré’s entirely specialized considerations on integral invasidhat
were published in the year 1890.

18. Moreover, in the year 1886, in these Berichten [this ©. I, art. V], | hinted at
investigations that relate to transformation groups for which the arc length integral
remains invariant. | gave a rigorous presentation of these investigationgaiious
places, and the most thorough of them was in volumeetlof my Theorie der
Transformationsgruppen (in particular, see pp. 498&; seq.)

| rigorously discussed the connection between that thewdymy general studies into
the invariants of several finitely-separated points und®r transformations of a
continuous group. In particular, | direct your attentiorthe following theoremTh. d.
Trans,, Bd. Ill, pp. 506, line 17-23], which clearly shows that | wagpossession of the
general theory of integral invariants at the time:

“The foregoing considerations regarding the relationsvéen the invariants of
finitely-separated points and those of infinitely-closeinf®o can be completed
substantially; one can also generalize them when dredirces three and more points,
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which bring with them the differentials of ti¢ of order two and higher, and so on. We
reserve the thorough treatment of these questions thearmtcasion.”

16.1 regularly touched upon the concept of integral invariiamhy older lectures; but
then, | also only touched upon it.

In the year 1895 (11 April), | present a treatise to tlallsociety (whose content |
had already submitted to the society in the year 1894,awergthat exhibited a formula
on pp. 307-308 that yielded the foundation for the actual lkedion of the integral
invariants [here, art. XX, pp. 578 seq.]. At precisely the same time (April 1895),
Zorawsky, who had studied my theories with me in the years 18891891, published
an undoubtedly worthwhile paper on integral invariantsafodunately, | was able to
read only the formulas, but not the text, of his Pghiaper.

Later, Cartan published a very interesting paper in that theofJartan, whose
excellent papers on the composition of groups assumepacially pre-eminent place
among the recent group-theoretic investigations, saidwathdcomplete justification, in
my opinion:

“The question thus-posed reduces to purely a problem in tbelus thanks to the
theories of Lie that permit one to form all of thegmntities (integral invariants).”

On another occasion, | would like to be permitted towskhat Cartan’s beautiful
remarks on the optics of non-Euclidian space can be cath&dth my conception of
Huygenss wave theory as a chapter in the theory of coritacisformations, and on the
other hand, with by studies of surfaces whose principajetat curves belong to line
complexes.

In a following note, | will (among other things) defiagly address the question of
the existence of integral invariant for infinite contus groups, as well.



