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Principal directions and invariants in an arbitrary manifold
Note by Prof. GREGORIO RICCI, M.E.
(Presented on 10 July 1904)

Translated by D. H. Delphenich

1. — Let:
@=> a, dx dx

r,s=1
be a positive quadratic differential form, and following the notations that | constantly use, let a®®
denote the coefficients of the reciprocal form, and let apr, gs denote the Riemann symbols relative
to ¢. Then let V, be an arbitrary manifold whose metric can still be defined by ¢, and let [1], [2],
..., [n] represent n congruences of lines that constitute an orthogonal n-tuple on Vi , while Ay, A2,

o Anr (r=1, 2, ..., n) are their systems of covariant coordinates.
The curvature of the geodetic surface that passes through an arbitrary point P of V, tangent to
the lines of the congruence [h] and [K] has the expression:

n

(1) Ru= 2 awu A7 A AY.

r,s,t,u=1
Now recall (*) that if one sets:
n
Vhij = Z /1h|rs }“u(r) 11(5)’

I‘,S:l
ik i c
Vhik :—ashk —_ashl +Zl{7/hij (J/jkl _]/jlk)+7jhlyjik _7jhk7/ji|}
| k J=
then one will have the relations:

2 Vhik = Z A ﬂh(r) ﬂ’u(su'k(t)&(u),

r,s,t,u

and one will obtain:

Rhk = 7k, hk -
One now puts:

(Y Cf.RICCI, “Dei sistemi di congruenze ortogonali in una varieta qualunque,” Mem. R. Accad. dei Lincei (5a),
v. 110,
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n
3) a,=> a™a

p.g=1
and recalls the formula:

n

a (P :Z ﬂk(p) ;tk(q).

k=1

It follows from (1) that:

n

n
th = Z ars ﬂh(r) ﬂh(S) !

k=1 r,s=1

which means that one has Rnn = 0, which would result from (1). That says that if one takes an
arbitrary point P of Vy, along with a direction [h], and one considers any n — 1 other directions that
constitute an n-tuple with the latter one, which is, in turn, associated with [h], then the sum of the
curvatures that relate to the n — 1 adjacent planes that one just considered will be constant, i.e.,
independent of the choice of the n — 1 directions that one considered. That sum shall be called the
mean curvature of the manifold V, at the point P and the direction [h].

Suppose that the ars reduce to canonical form, i.e., to expressions of the type:

(4) Ors = th Anie As -
h-1

We shall call any n-tuple in V,, for which the ars reduce to that form a principal n-tuple. Principal
congruences are the ones that constitute a principle n-tuple, and the principal directions around a
point P of V, are the tangents at P to the lines of the principal congruences, which the principal
invariants are p1, o2, ..., pn . From some well-known considerations, one has that the principal
directions are the ones that correspond to the maximum or minimum curvatures and are such that
those curvatures can be represented by the principal invariants that correspond to those directions.

2. —Inthe case of n = 2, if one lets K denote the Gauss invariant that relates to V2 then one will

have:
ors = K ars,

as is easy to verify.

That says that in this case any direction can be regarded as principal and that the principal
invariants are all equal to the Gauss invariant.

If n = 3, and one regards indices to be equivalent when they are congruent modulo 3, and one
sets:

a: ﬂ(rs) = Ar+lr+2, s+1s+2 ,

3
3K = Z apq ﬂ(pq),

p.g=1
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then one will have the formula:
ors = 3K ars — frs .

If one has canonical expressions of the form:

Prs = hZ;,a’h ﬂ”h|r ﬂms

for the frsthen it will follow that:
K=o+ an+ ws,

3

Girs = Z(SK = @) Ay Ay -

h=1
When one compares that with (4), it will follow that for n = 3, the principal congruences that
are defined above for arbitrary n will coincide with the ones that | had referred to by the same
name on other occasions — and for only that case (*) — and (always in that case) whose principal

invariants on are coupled with the on (which were then called “principal Riemannian curvatures”)
by the relations:

() Ph = h+1 T n+2

and their equivalents:

) 20n= pre1+ phe2— pn .

3. — Now suppose that n is arbitrary and observe that (2) is equivalent to:

n

(2) Apr, gs = Z Vhik 2h|p ﬂ’||r ﬁ‘k|q Aﬂs '

h,ik,I=1

from which, one gets the expressions for the as :

Ors = Z Vhi i ;ii|r /7-1|s :

h,il=1

When that is compared to (4), that will give:

(Y Cf., RICCI, “Sui gruppi continui di movimenti in una varieta qualungue a tre dimensioni,” in the Memorie della
Societa Italiana delle Scienze according to (detta dei) XL, series Illa, Volume XII.
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(6) anyhi,hi =P
) > =0 (1%0).

Whereas (6) can serve to define the o, (7) characterizes the principal n-tuple of an arbitrary
Vh.

4. — We propose to determine the necessary and sufficient conditions for the Riemann
coefficients to be regarded as second-order minors of a symmetric determinant, i.e., for them to
admit expressions of the form:

(8) Apr, gs = Dpg brs — bps bar

in which:
brs = bsr.

For example, that will be true when the fundamental form ¢ defines the metric of a
hypersurface, in which case:

Y= Zn: b, dx, dx,

r,s=1

will be the expression for the second fundamental form for that hypersurface, which is considered
to be immersed in a Euclidian manifold of dimensionn + 1.
If one assumes that (8) is true then one next assumes that the bys have the canonical expressions:

brs = Zﬂh Hioye M -
h1

In that case, it will follow from (4) that:

9) Qpr, gs = Z B B by Hoie (B Hys — Eys Hoyg)

h,k=1

and it will then follow from this, along with (3), that:

Ors = Z (B-4,) Hir s »
h=1

in which:
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>

B=) 4.

That then says, above all, that when if is possible for the Riemann coefficients to be expressions
of the type (8), the orthogonal n-tuples of V, that give the canonical expressions for the brs will be
found among the ones that give canonical expressions for the as . In particular, if the fundamental
form ¢ defines a hypersurface then any n-tuple that results from its lines of curvature will be a
principle n-tuple for Vi .

A comparison of (9) with (2") will then give:

(10) i hi = fh B (i=h)
and:
(11) i hi =0,

when the simple combination (k j) of the indices 1, 2, ..., nis distinct from (h i). We then conclude
that:

In order for the Riemann symbols of a V, to admit expressions like (8), it is necessary and
sufficient that among the principal n-tuples of Vi, there is at least one of them that satisfies (11)
[in which the simple combination (k j) must be distinct from (h i)] and (10), in which f1, f, ..., /A
represent indeterminates.

Observe that it would result from (7) that the (11) are not all independent when one takes into
account the fact that [1], [2], ..., [n] is a principal n-tuple of V, .

5. — Elsewhere (%), I have called a manifold V, that can be considered to be immersed in Vn+m
and that enjoys the property that any geodetic line in Vj is also one in Vi+m a geodetic manifold.
Form=1, let:

¥=> c,dy,dy,

u,v=1

define the metric on Vasa and let £©, &Y, ..., £ denote contravariant coordinate systems of n
orthogonal congruences of V, , which are considered to belong to Va+1 . Let z (u) denote the
coordinate of a congruence of Vi+1 that is normal to Vi, and let cuu’, w- be the Riemann coefficients
relative to \V'. In the cited reference, | proved the equations:

() Cf., RICCI, “Sulle superficie geodetiche in una varieta qualunque, etc.,” Rend. R. Accad. dei Lincei, Session
on 6 June 1903.
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n
3 G 2V EW EM M =0,

uu’,w'=1
Set:
k=1,

n+1

— (uv’)
Yav = Z C CUUVVW, ,

u',v'=1

so the equation that was referred to will give:

Z 7/uv Z(U) fj(\l) = O

u,v=1
when summed over i .
The following general theorem, which was proved in the cited article, will then follow easily:

If a Vn+1 contains a simply-infinite family of geodetic hypersurfaces Vn then their orthogonal
trajectories will constitute a principal congruence in Vp+1 .

(Draft approved for printing on the day of 8 August 1904)



