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|. Introduction. — As is known, LIE showed)(that one can write a general contact
transformation in ther2— 1 variablest?, ..., &", 2, ..., {" as a “homogeneous” contact
transformation in therRvariablesé?, ..., &", m , ..., , inwhich& == . | v, etc.
Here, the word “homogeneous” is intended to mean tlatrdnsformed and 7 are
homogeneous functions of order zero (one, resp.) inlthg. Now, the formulas of the
homogeneous contact transformation that arises in wet exhibit a remarkable
inclination towards a duality betweérand, which cannot, however, unfold completely
for the simple reason that, in fact, the transfoionst & and 7 are in no way
homogeneous functions of the afd That raises the question of whether the coordinates
cannot be chosen in a different way, and indeed, in aunhnner that duality manifests
itself completely in every relation. That questiom & answered in the affirmative. If
we choose homogeneous point coordinates’, ..., x" &' =x'/’, etc., instead of the
usual point coordinate' of VAN DANTZIG’s well-known geometry oH, (%), and
instead of the facet coordinatgs ..., 7, , we choose coordinat@s, ps1, ..., Pn, Which
satisfy the equations:

[ R/ A/ B
1
X0p0+...+)691:0, } (1)
and as a result of which, one will have the equations:
PoiPr:.ipn=—(Em+ . +E" )i ., (2)

then the transformexiwill be homogeneous functions of degrees one and zsp., rand
the transformeg be homogeneous functions of degrees zero and oipe, ireshe oldx

() S. LIE, Theorie der Transformationsgruppe®d. I, pp. 139¢t seq.

() D. v. DANTZIG, “Theorie des projektiven Zusammenhanggimensionaler Raume,” Math. Ann.
106 (1932), 400-454; J. A. SCHOUTEN and J. HAANTJES, “Zur allgeere projektiven
Differentialgeometrie,” Comp. Matl3 (1936), 1-51, and the literature that is cited therein.
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(p, resp.),and that will yield a completely dualistic treatmerit this first article, only
the structure of this new dualistic method shall be Sikeetout briefly ?).

2. The geometry of H, . — We consider aiX,.; with the Ur-variablex” (x, ..., r=
0, 1, ..., n) and restrict the coordinate transformations to the grouwp of the

homogeneoustransformations of degree 1 that are continuous and efitieble
sufficiently often in the domain considered. The foriih@ equations of the “rays” in
Xn+1, Which are defined by:

X=Ac" ¢ = constants, (3)

remains invariant under that group. We call th@imensional manifold of raysl,, so
each ray is @oint of H,,, and each point oX..1, with the exception ok“ = 0, is an
analytic pointof H,. The point ofH, that corresponds to the analytic paifitwill be

denoted by x* | (9.
Along with the group,:1 of coordinatetransformations, we consider the gragipf
transformations o&nalytic pointsof the form {):

X“=px;  p=homogeneous of degree zerxin (4)

which leave each individuglointinvariant. The transformations §f.1 andg commute
with each other. Hence:

X = 5 (X),
1 K — ( ) } (5)
X =pXx",
and it will then follow that:
yXK:fX' (yXK) :fX' (pyXK) :,Of X (yXK) :pyXK'. (6)

That is naturally related to the fact that we havericted ourselves expressly to
homogeneous functions of deg@®in Hn+1 .

All geometric objects are defined, in particular, omtio groups; e.qg.:
Contravariant (covariant, resp.) projective vectdrdegreer :

K': K’\/( ) K' K — t\,K
5:)n+1:{v A 'Ai(:ax; S{ v =e } (7)

—_— A ! K 1 — 4
Wy = AW, 0x W, = 0" W,

() The paper “Invariant theory of homogeneous contacsfoamations” by L. P. EISENHART and M.
S. KNEBELMAN [Ann. of Math.37 (1936), 747-765] afforded me especial inspiration, since thgtyac
whole new light upon the theory of homogeneous contaicsformations (in LIE’s sense).

() | A] means: “The ideal 6&”; i.e., A, up to an arbitrary numerical factor. [D. v. DANIZ “On the
general projective geometry Ill,” Proc. Royal Ac&8d.(1934), 150-155.]

() The type of index does not change under coordinate tremations, while the kernel symbol does
not change under object transformations.
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LWJ represents a point in local space, @wjj represents a hyperplane. vifw, = 0
then the point lies in the hyperplane. As a resulbpfifd (7)x” is itself a contravariant
projective vector of degree jE;x” J represents aontact pointin any local space. By
contrastdx‘ is not a projective vector, since the transfornmatsoappropriate t®n.1, but
inappropriate tg.

We now consider the set of all covariant vecrst each point x* | for which x’
p, = 0. The| p, | are all hyperplanes through the poﬁmKJ in local space. We call
each individual| p, | afacet and the combination of a contact pojmt* | with an

associated facqtpﬂj is anelement. The combination of* andp, is called aranalytic

elementhat belongs to the element. Heneéanalytic elements belong to an element.
Two neighboring elementsx” |, | p, | and | x“+dx" |, | p, +dp, | are said tdie

united(*) when one has:
PpdX°=0 (8)

or, what amounts to the same thing:
X’ dp, = 0. (9

A set of elements is calledumion of element&hen every two neighboring elements in it
lie united.

3. The geometry of Ky-1. — The totality of all elements defines a manifold of
dimension 2 — 1 when the two times(* 1) homogeneous coordinat€sp, are bound
by the relation:

X’ p,=0. (10)

A transformation of the elements that:
A. Takes every element to another element,
B. Does not disturb the united position of two neighboriegnehts,
C. Possesses a single-valued inverse
is called acontact transformation.
Therefore, a contact transformation will alwayséthe form:

X =g (X, p,), } (11)

Ip/i :wﬂ (Xp, pa)!

with a non-vanishing functional determinant (cf., CoiogiC), in which theg* and ¢,
must behomogeneousunctions of any degree if andp, , since one is indeed dealing

() LIE, loc. cit, pp. 65.
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with a transformation of elements (not of analytiengents), and changing the choice of
numerical factor inx’, p, should not lead to any change in the elemettxf‘sj, L'pAJ.

The choice of degree’ andp, is geometrically irrelevant, since one can multigfy as
well asyy, by an arbitrary factor that is homogeneous of any degneégandp, without

affecting L'XKJ, L'pAJ. Furthermore, ConditioA says that x° “p, = 0 must follow from

X’ pp = 0, and Condition says that' p, d’x° = 0 must likewise follow fronp, dx’ = 0
andx’p, = 0.

Instead of those object transformations, here wel sloalsider the corresponding
coordinate transformations (in which the elements tkéras do not change then, but
only their coordinates):

<o | W

Py =, (X, p),

with a non-vanishing functional determinant, in which t#& and ¢y are now
homogeneous functions &t andp,, 'x° “p, = 0 follows fromx’p, =0, and’p,d’x’=0
follows fromp,dx’ = 0.

We also call these transformations “contact tramsébions.” In addition, (as iRly)
we consider the group of transformations of anabgments:

5 X'=pxX5 ‘'m=om. (13)

We would now like to try to restrict the choice of fhactionsg® and ¢ without losing
the contact transformations in that way. Since tiwoe of the degree @ and; and
in x°, p, is geometrically irrelevant, we can initially restrithat choice with two
requirements:
a. Contact transformations shall commute with thesiormations of.
b. The proportionality factor in the transition fingp, dx° to p,r dx” for (p, x° = 0)
shall be equal to unity:
Py X = p, dX. (14)
Since one has:
Py ¥ =0, PpX°=0 (15)

for elements, in any case, when one differentiat®g, (while considering (14), it will
follow that:
X? dp, =X dpp (16)

for elements. If the degrees ¢ff are equal t@ andb, and those ofy, are equal t@ and
d —in particular, to those of° (p;, resp.) — then requirement (a) will say that:

X< =¢" (X ,op,) = po°X = pX,
] K C d (17)
Py =W, (pX,0p)=p°c"p, =0,

SO
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a=1, b=0,c=0,d=1. (18)

Obviously, these values are consistent with the group pyopkecbntact transformations.
We now giveg”, as well asyy , an arbitrarily-chosen factor that is homogeneous of
degree zero ix“ andp, . These factors can then always be chosen in many tatys
will satisfy the requirement (b). If we write ougtlifferentials on the left-hand sides of
(14) and (16) then it will follow that:

b, 9,470 + p,0'¢? dg= pd&, | o =-
)
3 (19)
, , A —
X0, X + X 0"y, dp= X dp, | O =5

However, we must not conclude from these equationgtha, #” =px, etc., since the
dx“ anddp, are not independent, as a result of the factxhdp, + p, dx’ = 0. If one
considers that:

P X' = appX’ (15a)
then one can infer only that:

P, 0,0” =(1+5)p,,

p, 0“¢” = BX",

X704, =(a-1-pB)p,,
XF oY, =(a-B)X,

(20)

in which Bis an arbitrary factor that is homogeneous of degero inx“ andp; .

It would now be convenient to restrict the chaides * and ¢ from now on in such
a way that the right-hand sides of all these equatwill become as simple as possible.
To that end, we remark that any transformatiorhefform (12) can be replaced with:

XC=g (¢, )+ X " (X, ), } (21)

Py =W, (X, p)+ X pd, (X, p)

in which 7 and ¢;- are functions of degree 8,1 (- 1, 0, resp.) inK*, p; that remain
finite for X’ p, = 0 and are otherwise chosen arbitramijthout the transformation of the
coordinates of the elemerdaffering a change in that way, and without theditions (a,
b) breaking down. One will then have:

Py 0,X =+ B+, n)p,,

P, 0% =(B+w, n)X,

Xp’aa Py = ((a_ﬁ_1)+¢AIZA') B
x70“p, =((@-B)+¢"{,) X

(22)
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for these new transformations (as long as they act al@mnents, so one must againxet
P, = 0 in the result).
If one now chooseg” andd;-such that:

Werf'==-B ¢ & =1-a+p (23)
then one will arrive at:
pp’ 6/1 Xp’ = pﬂ )
0% =0,
Do O (24)
x?0,p, =0,
X790 p, =X,

We introduce these equations (24) asthue restricting condition(c). In addition, one
also has the homogeneity conditions:

X9, X =X,
p,0“x* =0, (25)
xX“0, p; =0,
P, 0" Py = By
Moreover, as a result of (15a), (21), and (23), witehave:
X P, =W, +n W, (X )+, 87 (X p)+{,n" (X p), (26)
=x7p,+{,n° (X p)*
If one then chooses and{;- such that:
Genf“ =0, (27)
in addition, then one will have:
X Py =X Py (28)

We introduce this equation as tteeirth restricting conditior{(d). For giveng “ and -,
there will obviously always be infinitely many vats of 7 and ¢3- that satisfy the
equations (23) and (27).

One easily shows that two successive transformatibat satisfy (c, d) will once
more Yyield a transformation that satisfies (c, Wye have not therefore lost any contact
transformations by introducing the conditions (a¢,bd), and the group property has not
been forfeited, but the analytic properties of trensformation functions have been
simplified considerably.

It follows by differentiating (24) that:

(O Pw) O >,<p’: 0; 0" py) 09 x” =0, (29)
(0% pg) 04 X° = (04 pg) O“X° = Af; A=0,x"=0"py, (30)
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and it will follow from going over tax anddp in these equations and suitably combining
the terms that:

dX = @ py) X = (0“X°) dpy;  dpa== (91 ps) X + (@1 X°) dpy.  (31)
However, since, one has, on the other hand:

dxX‘ = (9, X) dX’ + (87X) dpy ; doy = @y pa) X + @ pa) dps,  (32)
it will follow that:

0" pr =04 X< ; 0'x" =-09x"; Oupr=—0rpu; 91X =0, (33)
which is a system of equations that is equivalent to 329, since conversely (29) and
(30) can be derived from (33). We shall prove that (33),thacefore also (29, 30),
represent the necessary and sufficient conditiona teainsformation of the form (12) to
be a contact transformation, in which théare homogeneous of degrees 1 and 0, and the

(' are homogeneous of degrees 0 andX {p,, resp.). If one goes from (33) x6 and
px then equations (24) will follow as a result of homogggrend:

0, %)= B, o
0" (p, X) = X
or
d (py X”) = ppod¥’ +xdp, = d (P, X)) (35)

will follow from those equations. Now, sinpgx”, as well ag, x°, are homogeneous of
degree 1 ik andp, , (28) will then be fulfilled; i.e., elements wio to elements.
Furthermore, as a result of (33), one will have:

p, d¥ =p,(@,X) dl+ p(@° X) dp,
=p, (0° p,) dx' - p, (07 X) dp, (36)
=p, dx’,

such that (14) is also fulfilled; i.e., the unitedsition of neighboring elements will not be
perturbed.
In light of (33), we write:

0, X =0"p, =Ty, 9, ¥ =0"p =

, , , , 4 (37)
0" X" =-0" X' =U" =-U", 9,p,=-0, p,= V==V,

to abbreviate, in which equations (29, 30) themmger to the handier form:
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AV

v, Tf =0, TYud? =o, }
ToT =V, U7 = A,

and the equations (24), with their inverses, will go to:

p=Tim B=T .
X =T, K =ToA,
UMpA:O’ UMIPA':O’
V, X' =0, V,. X =0,

(38)

(39)

which are equations that now express the homogeneititmors (25), at the same time

as their inverses.

We call the group of coordinate transformations that cdraracterized by (24, 25)
fon2 . The manifold of elements that is equipped with theigs®,.+» andg§ is called

Kon-1. A special case is defined by the subgroup of extended tpansformations. One

will then haveT,” = A*, U** =0,V =p,0, A", and (39) will go to:

X= AX, pr=Alp,.
4. Relationshipswith general contact transformations. — If:

&=¢&"... 8N,
f(&2,....&")=0,

F(C,...,X")=0; Elz%,etc.

are the equations of one and the same hypersurfacenbezasily shows that:

.06, 09 _of O
o e aE T o
and
oF OF oF , of , Of of of
i R =- — 4.+ C— . .
ox° axt ox" (5 o0& ¢ GE”J & o&"
It will then follow, first of all, that:
-1:0,:...:{, =n,:....,, }
Po: PP =—(EN .. +EN)n..n,,

(40)

(41)

(42)

(43)

(44)
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and secondly, that:

Pe dx’' = pp ¥’ (45)
is equivalent to: _ _
- d& = n; dé), in whichj =1, ...,n, (46)
and to: , ,
dét - & dé® = 7(& Q) (déT - & dé), c=2,...n, (47)
in which:
r(&9=" (48)
Ty

is, in fact, a function of only “ andd,, sincesn, is homogeneous of degree onegin

It emerges from this that a doubly-homogeneous contausformation ik, p, is a
homogeneous contact transformation in the LIE sensgim; , and a general contact
transformation in€", & . It can also be easily proved from (44) that any gdmemtact
transformation iné", & (which can, as is known, always be written as a hyEmeous
contact transformation in the LIE sense&fth 77;) can also be always written as a doubly-
homogeneous contact transformation »\ p;. All investigations into contact
transformations in the (2— 1)-dimensional element manifold can then be carried out
completely with the & + 2 homogeneous coordinatésp, .




