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On the curvature of families of curves

By
R. von LILIENTHAL in Bonn

Translated by D. H. Delphenich

If one regards a surface as a simply-continuous manifold of curves then the most general
curvature problem will relate to doubly-continuous manifolds of curves, which one can call
“families of curves.” Kummer’s theory of rectilinear systems of rays falls within the scope of the
problem envisioned, in which the curves are replaced with straight lines, and furthermore Lamé’s
theory of curvilinear coordinates, in which the three systems of surfaces that are implied by the
analytical representation of a family of curves are assumed to intersect at right angles everywhere.
In recent times, A. VVoss has treated various general questions in regard to families of curves in his
work on point-plane systems (Annalen, Bd. 16 and 23).

Above all, two viewpoints emerge in the curvature problem in question, which one can regard
as the analogues of the curvature of a curve and that of a surface. The cross-section of a bundle of
curves enters in place of a point on a curve, and the tangent bundle that belongs to the cross-section
enters in place of the tangent, and it is to that tangent bundle that most of the concepts of the theory
of rectilinear systems of rays finds immediate application.

The neighboring tangent to a curve tangent is replaced with the tangent bundle that belongs to
a neighboring cross-section of a bundle of curves, which is why it will not be considered in what
follows, since it initially comes down to the problem of discovering those curvature properties of
a system of curves that remain preserved by a system of rays.

The following second viewpoint is to be emphasized: The ordinary theory of surfaces
essentially consists of a theory of the curvature axes of the curves on a surface that go through a
point, or in other words, the orthogonal trajectories of a normal system. If one extends that concept
to the orthogonal trajectories of a family of curves then that will yield the proposed generalization
with no difficulty.

In regard to the main analytic-geometric definitions, | must refer to my Untersuchungen zur
allgemeinen Theorie der krummen Oberflachen und geradlinigen Strahlensysteme (Bonn, 1886),
which I will cite by 4, as before.
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8§ 1. — Notations. Tangent bundle.

A family of curves will be represented analytically when one expresses the rectangular
coordinates u, v, w of a point in space by real continuous functions of three real mutually-
independent variables p, g, r. p and g shall be considered to be constant along any curve of the
family, while r will be considered to be variable. We would like to call the totality of curves that
belong to a system of values (p, q) and the neighboring systems of values (p + dp, q + dq) a bundle
of curves. We fix our attention on a regular point (u, v, w) on a curve that belongs to a system of
values (p, q). The tangent to the curve at that point has the direction cosines &, 7, . The plane that
is perpendicular to the ray (&, 7, ¢) at the point (u, v, w), which is the normal plane to the curve
that belongs to (p, g), shall be called a normal plane to the bundle of curves. It cuts out a “cross-
section” from the bundle of curves. The latter is then to be regarded as an infinitely-small planar
region that is bounded by a closed line, which does not generally degenerate into a line segment.
At each point of that planar region, the curve of the bundle that goes through it will possess a well-
defined tangent, and the totality of those tangents is called the tangent bundle that belongs to the
point (u, v, w). A curve that does not belong to the family of curves shall be called a trajectory of
the family when a curve of the family goes through each of its points, in general. If both tangents
are always perpendicular to each other then the trajectory will be called an orthogonal trajectory
of the family of curves.

With the use of the notations:

Zé?uz_a 6u6u_a 6u6u_a Zé?uz_a
- | —di1, L _—diz2, L — a1z, - | — a2,
op op aq op or aq

ou ou u)

— = ’ — =a ’

oq or “ Z(ar] >
we will get:

u v w

é:: or or

, = , é/: 6r ,

in which w/ a,, Will be assumed to be non-zero and possess the sign of ow / or . (Cf., &, 8§ 1)

The point (u + du, v + dv, w + dw) will belong to the cross-section of the bundle of curves in
question that goes through the point (u, v, w) as long as:

D &du =0,

i.e., one has:

(1) aisdp+axdg+assdr=0.
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A trajectory of the family of curves will arise when two of the variables p, g, r can be regarded

as functions of the third one at u, v, w . If equation (1) is fulfilled by that then one will be dealing
with an orthogonal trajectory.

We shall understand the symbols du, ov, dw, 8& on, 6 to mean the differentials of u, ..., £
that are defined under the condition (1), such that:

A= a_u_a_u% dp+ a_u_a_u% dq
op Or a, oq oOr ag

55: 8_5_8_5% dp+ %_a_é:% dq
op  Or ag oq ora,)

in which we have set:
&J:Updp‘Fquq,
o5=¢&dp + &dq,

to abbreviate. Moreover, we introduce the notations:
2 =¢ Yuu =%, D (u)=6,

Z(fp)Z:H’ Zépgq:q)1 Z((fq)zz\y,

0 0
zgpup:zépa_; =€, Zépuq:z(fp% = €12,

ou ou
quup: qua_p:ezl, quuq: Z‘fqa:ezz-

The quantities &, &, H, ¥, ¢ & — ®2, H ¥ — ®2 will be assumed to be non-zero.

I shall now link the tangent bundle in question with the concepts that Kummer put forth in his
“allgemeine Theorie der geradlinigen Strahlensysteme” (J. reine und Angew. Math., Bd. 57). Let
the abscissa of the point on the ray (&, 7, ¢) that points away from the point (u, v, w) that meets the
neighboring ray (& + o, n+ on, ¢+ 8¢) at the shortest distance be v . That will then produce the
equation:

) o= tudp®+(e,+e,)dpdg+e, dg’
Hdp® + 20 dpdg + ¥ dg?

The maximum t1 and minimum v satisfy the equation:



Lilienthal — On the curvature of families of curves. 4

(e "'ezz)2 -0

(3) HY-0)v®+[Hexn—(e12+e21) P +enn W] v +emer— 2

whose roots (which are always real) are assumed to be distinct. The values t; and t, of the ratio
dg/dp that the values v1 (2, resp.) yield are implied by the equation:

@) fors @ — 22 H] dp? + [ ex1 — H eza] dp g + [ 2772~ 0 ezg] dlg? =0,

The abscissas t1 and t2 of the focal points, which are imaginary under some circumstances, are the
roots of the equation:

(5) HY-0)®+[enn¥P+exH—(er2+ex) P v+enen—enen=0,
and the values t3 and t4 of the ratio dq / dp that belong to t3 and 4 follow from the relation:

(6)  (e2n H—eu @) dp?+ [ez2 H + (€21 — e12) @ —e1s W] dp dq + (e22 P — e12 ¥) dg? = 0.

The tangent bundle considered is called a normal bundle when the rays of the bundle are normal
to one and the same surface. In that regard, it must be possible to determine ¢ as a function of p

and g in such a way that equation (1) always exists, i.e., the right-hand side of the equation:

dr=- %dp—%dq
a33 a33

must be a complete differential, which emerges from the relation:

ou ou ouou a,oda, _ ou o°u ouo°u  ay da,,
Ags op oqor 232 32 .

dport 2 &g : aépar_a1

That says nothing more than the equation:
€12 =€21.
Namely, one has:

82u 1aou % o’u 1éu %

_™opor 20r ap B o oor o

&= ,
: e -
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62U 1aou % o’u  1éu %

_opor 20r o a2 oo o

5_
q a2 NEW

ou o%u 1 day, ouo’u 1_ oa,
327 —85, 3Ly An A2 o 923
oq opor 2.0p oqore 2 or

ay; .

Therefore:

€12 = a3,
8/ s a5/ as
gy loa, g 1 aa
e = Sopopor P20q  C~opar® 2% or

a,; .
NN a2 ;

The direction cosines of the shortest distance that belongs to ¢ = ¢1 shall be denoted by «1, A1, 14,
while those of the one that belongs to © = v shall be denoted by x», A2, s . 1t will then follow that:

Kl:§p+‘§qtl1 K2:§p+‘§qtl’

V2 Vl
in which V1 means the square root of H + 2@ t; + Pt with the sign of ¢ + & t1, while V2 means
the square root of H + 2 t2 + P t5 with the sign of & + ¢y t2 .

The following equations exist between the quantities &, x1, x, ... :

E=00 (Mo — 1 A2) n=oo (u k2 — K1 1) , C= (k1 A2 — M1 ),

in which ¢ is taken to be equal to + 1 or — 1 according to whether x1 A2 — 41 k2 >0 0or <0, resp.
The plane that goes through the point (u, v, w), whose normal is (x1, A1, 1) [(k2, A2, 12), resp.],
shall be called the principal plane of the tangent bundle that belongs to t1 [z, resp.].

If one sets:

(e, +t, H)dp® + Z(elzzezhr tZ(DJ dpdq+ (e, +t, ¥)dg’
S =

LY

() 12 5% i |dpdq e, 5 )y
P =

LY
then one will have:
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= t1‘91+t2‘92.

7
0 g+,

If one now introduces the angles zand y with the help of the equations (cf., 41, 8§ 14 and 3):

255 — 255

CoS 7= \/ﬁ , cos (7— v) ﬁ )
2k N = 255
sin 7= \/ﬁ , sin(r—w) = \/? ,

in which \/ﬁ possesses the sign ¢p and ﬁ has that of {g, then $1 and % will be given as squares
in the following form:

S = [\/ﬁcos rdp+ﬁCOS (r—y)ddl’,
P = [\/ﬁsin rdp+ﬁsin (c—y)dql’,

such that a comparison of the two values of ¢ in (2) and (7) implies the relations:

e,, =—H(x, cos’ 7 +t,sin’ 1),

(8) e, +&, =2 H /¥ [t coszcos(z —y) +,sinzsin (z —y)],
e, = — ¥ [t €08 (r — ) +1,sin*(r —y)].

Finally, let us point out the equations:
&= \/ﬁ(/q sin 7+ x» COS 7) ,

&= \/ﬁ [x1sin (r— ) + kxcos (7— y)],

cos(z—y) COST

s G JHsiny gq\/?siny/’

sin(z—y) sint

" [Hsiny e J¥siny
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§ 2. — Representation of the differentials su, 6°u, dx1, ox> . Volume element.

When one applies the relations:

cos (7 — COST
o ( ('//) e

T N THsing 2 [ Wsing

cos(z—y) COST

\/ﬁsim// = ﬁsiny/’

o= €,

sin(z—y) sint

;- —F——"+6, ——,
H \/ﬁsinw 21«/\Fsim,y

ou = —o Sin(r—l//)+e sint
4__ - . —’
. \/ﬁsinw Zzﬂl‘Psiny/

Gi=odp+topdg, G2=o3dp+osdq,

one will get the linear system for du, v, ow :

dYEsu=0, Dkou=6i, Y Kdu=6,
such that:

(1) U=k1G1+ K62

oF, 6°F shall always be understood to mean the first (second, resp.) differentials of a function F
of the three variables p, g, r that are defined under the condition:

aizdp+axdg+assdr=0.
It then follows that:

Skt = %_%@jd (6_f<a_r<a_

dg = dp + dg,
op oOr ag oq or agsjq Kip 0P+ K19 €4

Sip= | 02 0% B3 |y [ OKp O By
op o a, o9 or a

33

jdq=f<2pdp+/<2qdq,
as well as:

Zf;{lp =- Zlclfp =— V/ﬁsin T,
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Déry == 26, = JHeos 7,
Sk, = DKk,

Diéry == 2 mé =—¥sin(r-y),
Dbk == Dk, == [ Weos(r-p),
Sk = kK

ZK‘ZKlp =-Us, ZK‘ZKlq:—Uz

We now take:

and get from the foregoing that:
Kip = K?Ul—gg\/ﬁSin T, Kiq = K‘zUz—cfﬁSin(r— v) ,

K2p:—K1U1—§\/ECOST, Qq:—K1U2—§ﬁCOS(T—W).

Now, if one sets:
U=Uidp+U2dq,

Hi= \[H cos zdp + \/\¥ cos (r- y) dq,

Hz = \/ﬁ sin zdp + ﬁsin (r— w dq

then that will give:
2 oki=koU—-E¢H2, oke=—rxtU-&H:.
It now follows that:
U=k (061-62U)+ 12 (662 + G1U) — £(S1 Ha + G2 Hy) .
Here, we would like to denote the coefficients of 1, x», £by V1, V2, Vo, such that we will have:
(3) SU=EVo+m Vit Vs,

The representation (1) of the differentials ou, dv, dw shall be applied to the expression for the
spatial element.
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As is known, it has the form:

u

op oq or

ov ov

— — — |dpdqdr.
op oq or P
ow ow ow

op oq or

We would like to denote the reciprocal value of the determinant that appears here by 4. The
determinant itself can be written:

uP Uq 5
Vp Vq 77 ) \f a33 ’
Wp Wq é,

and with the use of the equations that (1) implies:

Uh=rxiortk o3, U=K102%tK 04,
it will assume the form:

o (01 08— 02 03)\[ By, ,
or from the defining equations for the quantities o:
e, —€,€
50 €u zzQ 12 ©21 \/g’
¢

in which we have set:

Qe= JHVY siny.

Therefore, from (5), 8§ 1, one gets the following expression for the determinant in question:

& Qsrata [y,

2

) %QQg\/g.

If one is dealing with a ray system, so all of the curves of the family are straight lines, then u, v, w
can be represented in the form:

and the following equation for 9:

9

u=x+ré, v=y+rnp, w=z+r/d,
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in which x, y, z (viz., the coordinates of the points on the surface) and &, 7, ¢ (viz., the direction
cosines of the rays of the system) depend upon only p and g . Hence, \/g will be equal to 1. The
factor & / Q& does not change along a ray, and after one drops that factor, one will get Kummer’s
density measure ¢ =1/t3 4, which will coincide with the Gaussian curvature of a normal system
for a surface r = const. when x, y, z is chosen such that ngx =0.

The area of a cross-section of a bundle of curves will be given by the absolute value of the
expression:
(01 04— o2 03) dp dg =3 t4 Qs dp dg .

2
As is known, the surface element of r = const. has the value JZ(—————} dp dq at the

point (u, v, w), which can be expressed by h 9 dp dq with the help of the first Lamé differential

parameter:
B (arjz [8er (arjz
h=|— |+ =—| +|—| -
ou ov oW

If one denotes the angle between the positive part of the tangent to the curve (p, g = const.) and
the normal to the surface (r = const.) by y then one will have:

% :dr./agg - COS y;

i.e., dr / h is the projection of the element of that curve onto the normal that surface. y = 0 will
imply the meaning of the quotient dr / h that Lamé gave.

8 3. — Curvature of the orthogonal trajectories of a family of curves.

We would like to understand cos «, cos f, cos y(cos |, cos m, cos n, resp., €os a, cos b, cos c,
resp.) to mean the direction cosines of the tangent (binormal, resp., principal normal, resp.) of a
space curve at a regular point (u, v, w).

One then gets:

du

\/duz Favi+dw?

CoS a =

in which the square root, which shall be denoted briefly by ds, is determined such that cos y proves
to be positive. (Cf., 4, § 1)

Moreover, one will have:
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dvd’w—dwd?v

2 (dvdiw—dwd?v)?

cosl=

in which the square root, which will be called D, is determined in such a way that cos n will be
positive. Finally, it emerges that:

cos a = g(cos m cos y— cos n cos f) ,
where ¢equals + 1 or — 1 according to whether:
cos | cos f—cosm cos
is greater than zero or less than zero, respectively.
The center of curvature (i.e., the point of intersection of the principal normal with the projection

of the neighboring principal normal onto the osculating plane) has the abscissa p relative to (u, v,
w). What then arises is:

The expressions considered shall now be formed for an orthogonal trajectory to a family of

curves, such that du d®u, ... are replaced with &u J°u, ..., resp.
In that way, one gets:

cos g = 6, +x,6, sl =S E(G,V,-6,V)-(x,6,-x,6,)V,
J 0
&2 +62 J(6,V, —6,V,)* +(&7 + G2V
ds= (&2 +&7, D = (6,V, ~&,V,)* + (&2 + SAV2

where the roots are determined from the condition cos > 0 (cos n > 0, resp.).
Furthermore:

(r, 6, —5,6,)(8,V, —6,V,) + £ (6] + 63)V,
V&Y, -6, V) +(&] + &)V,

(1/6f L& )3

\/(61\/2 _62\/1)2 + (612 +6§)2V02 |

cosa =

=&

The curvature axis is perpendicular to the osculating plane at the center of curvature and is parallel
to the binormal. We would like to denote the coordinates of the point at which that curvature axis
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cuts the normal plane of the bundle of curves by u’, v/, w’ and likewise denote the direction cosines
of the line that goes through (u, v, w) and (u’, v, w') by cos & , cos 3, cos 7 . It then follows that:

. ds?
U-u=———— (61— x162),
61V2 _V162
CoS o = g’m’
ds

in which ds has the previous meaning, and &”is taken to be equal + 1 or — 1 in order to make cos 7

positive. If we now take R to be the abscissa of the point (u’, v, w’) relative to the point (u, v, w)
then we will have:
, ds®
E—/.
61\/2 _Vl 62

One can call R the geodetic radius of curvature of an orthogonal trajectory, and likewise, one can
call an orthogonal trajectory whose coordinates satisfy the equation &1 V2 — G2 Vi = 0 a geodetic

line. For such a thing, one can show that it yields the shortest connection between two sufficiently
close points among all orthogonal trajectories, as well as that it will be described by a point upon
which no forces act that is constrained to move on an orthogonal trajectory of a family of curves.

The abscissa of the point at which the curvature axis in question cuts the ray (&, 7, <) shall be
called h . That will then imply that:

Since only the first differentials dp and dq enter into h, h will remain unchanged for all orthogonal
trajectories with the same tangents, just as h possesses the meaning of the radius of curvature for
the geodetic line with that tangent, since for G1 V> — G2 V1 =0, one will have:

cosa=¢&, D=¢&ds Vo,

such that p will then go to h . One then finds the relationship between h and p that is expressed by
Meusnier’s theorem for the radii of curvature of all planar sections of a surface that have the same
tangent.

In order to discover the analogue of Euler’s theorem, we represent Vo as a quadratic form in
&1 and &2 . If one introduces the values of dp and dq that are expressed by &1, G2 and the

guantities o into the expressions for Hy and H> then that will give:
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o, = 61[04\/ﬁcos r—ag\/ﬁcos(r—z//)]—Gz [azﬁcos r—al\/ﬁcos(r—z//)]
1-= '

0,0,—0,0,

H, = 61[04\/ﬁsin T—O‘S\/ﬁSin (r-y)]-6, [0'2\/ﬁsin T—O‘l\/ESin(T—l//)]
2= :

0,0,—0,0,

When one applies the defining equations for the quantities o-and equations (8), § 1, one will now
get:

€, —¢€
o4 H Cc0s 7— o3 Hcos(r—w):%:eo,

o»|H cos 7— o1, Hcos (7— y) =t Q¢,

o4 H sin 7— o3 Hcos (7— y) = — 11 Q¢,

: : -e
oxJH sin 7— o1 Hsm(r—yx)zM:eo.

2
Therefore:
Hy = 6061—1‘2Q§62 H, = _QQ§61_e062
51 Q; 5t Q;
and
2 2
Vo= — (61 Hz + &2 Hy) = M
A
such that:

2 2
h= tg%%-
v6+1, 6,

Therefore, the maximum hy of h belongs to the tangent (x2, A2, x#) and has the value h; =
t, ¢, / v,, while the minimum hz of h belongs to the tangent (x1, A1, z1) and has the value v, /¢,

. If Zis the angle between the positive parts of the tangents that are determined by ou, dv, dw, and
&2 = 0 then one will have (%):

sin>A cos®* A
+

h, h,

1
h

which is an equation that has the form of Euler’s theorem.

() The existence of that relation, which A. Voss mentioned in Math. Ann., Bd. 23, pp. 70, was probably first
pointed out by Hamilton. The endpoint of h that differs from the point (u, v, w) is precisely what Hamilton called
“focus by projection.” (Trans. Roy. Irish Acad. v. XVI, Part I, Science, pp. 47)
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If v1 and t2 have opposite signs, so the point (u, v, w) lies between the limit points of the shortest

distance, then there will exist two orthogonal trajectories that yield infinite values of h, which will
then play the role of asymptotic lines.
If the tangent bundle in question is a normal bundle then one will have:

6

Y 5

One must still consider the generalization of the concept of “conjugate tangents to a surface” (*).
Let the direction cosines of the line perpendicular to the curve tangents (&, 7, ¢) and (¢ + O&, n +
on, &+ 6¢) be cos o, cos S, cos y/, such that:

Kk H —x, H,

in which the root is determined in such a way that cos y’will be positive.
A line that is laid through the point (u, v, w) and whose direction cosines are cos «, cos £,
cos " might be called the tangent adjoint to the tangent (cos «, cos /3, cos ).

If one expresses cos « in terms of Hi and Hz then one will have:

cos a’=

oS g = K (& Hy— 1, Qg H,)—x, (IiQ; H,+eH,)
V@ H =5 Q. H,)” + (5 Q. Hy +e, H,)

If the values of Hi and H: that belong to cos &, cos 5’ cos y” are denoted by H, and H,, resp.,
then that will imply the further expression for cos a”:

cos q’ = K (& H -, Qg H})-x, (tng H;+eHj)
J € H —5, Q. H))? +(5 Q. H/ +e, H})?

Let the tangent (cos «”, cos % cos y”) be adjoint to the tangent (cos «’, cos S’ cos y’) . It then
follows that:

KHi-H, _ K (& H; +, Q. H,)—x, (-t Q. H, +e, H,)

cos a” = = > - 2
H"+H, \/(eo H1+t2Q§ H,) +(11Q§ H,—e, H,)

It then follows from this that when a tangent (2) is adjoint to a tangent (1), it is only when eo =0
that one will also have that (1) is always adjoint to (2). (1) and (2) will then have the same
relationship to each other that the conjugate tangents to a surface have.

(Y Cf., A. Voss, Math. Ann., Bd. 23, pp. 46.
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If we exclude the case of eo = 0 then (1) will be adjoint to (2) when (1) coincide with one of
the two tangents, which will imply the equation:

yHZ+t, H, =0.

They will be real only when 1 vz is negative, and they thus prove to be the tangent to the two

asymptotic lines of the family of curves that go through the point (u, v, w). The latter intersect
those neighboring rays (&, &+ 6&) whose shortest distance falls in the normal plane to the bundle
of curves. However, since one now has:

COS a = C0s o, cos f=cos f, COS y=COS }/,

the tangents in question will be adjoint to each other.
The tangent (2) is perpendicular to (1) when the relation exists that (*):

g, (H7+H2) + (t1—12) Qe H1H2=0,
and since:
e = (tsra—r1t2) QZ,

it will decompose into the following one:

2e0H2 + Qefri—t2+ (t3—ta)] H1=0.

The corresponding tangents (1) are therefore real only when the focal points of the bundle (&, 7,
¢) are real, and they will intersect the neighboring rays to the ray (&, 7, ) that yield those two focal
points.

Finally, (2) will coincide with (x1, A1, ) [(x2, A2, w2), resp.] when Hz (Hy, resp.) vanishes.
(1) will then meet those neighboring rays to (&, 7, ¢) that belong to the values t1 (2, resp.) of ¢,

i.e., to the boundary points of the shortest distance.
If the tangent (cos «, cos A cos y’) defines the angles ¢1 and ¢» with the tangents (x1, A1,
) [(x2, A2, 1r2), resp.] then:

H —H
COS @ = —————, COS @ = ———2—,
JH+H] JHZ+H?
and one will have:
H,5H,-H,5H
O5COS 1 = COS ¢ 10H, =H, 0 L,

HZ+H?

() That is the equation for Voss’s “lines of curvature.” I have not retained that terminology because the curves in
question do not need to always be real.
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H,5H,—H, SH,

— &C0S @ = COS
2 SR R?

so when one sets:
H,0H,-H,oH,

-U=8s,
HZ+H?

the following equation will arise:
0C0S a’=S (k1 COS @ — k2 COS 1) .

One sees from this that neighboring adjoint tangents intersect. Let the abscissa of the point of
intersection relative to the point (u, v, w) by R. One then gets the relation:

6 H,+&,H, _ &/ +5,6; &l +6;

R =

S\/H12+H§ t3t48«/Hf+H22 h-S- /H12+H22 '

Let it be pointed out that:
Hi oH2—H2 H1 =0

is the differential equation for those orthogonal trajectories of the family of curves whose adjoint
tangents define constant angles with the tangent (x1, A1, g1) . Along such a trajectory, one will
have:

&l +6;

h-U-JHZ+H2'

which is a value that will be denoted by 2 in what follows.

R =

8 4. — Lines of curvature.

Those orthogonal trajectories to a family of curves that lie completely in principal planes ()
demand special attention. Such a curve, whose tangents possess the direction cosines xi, A1,
(2, A2, w2, resp.), shall be called the lines of curvature that belong to t2 (x1, resp.). The one that

belongs to v1 will then imply the equation &1 = 0, while the one that belongs to v> will imply the
equation G2=0.

We would like to understand an isogonal trajectory to the lines of curvature to mean an
orthogonal trajectory of the family of curves whose tangents define constant angles with the
tangents to the lines of curvature. The differential equation for those isogonal trajectories is then:

() They overlap with the curves that A. VVoss first mentioned in Math. Ann., Bd. 23, pp. 70 in § 5.
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G1552,-62851=0.

In order to simplify what follows, it is useful to express the quantity U, which took the form of a
linear form in dp and dq, in terms of &1, &2, as well as Hi, Hz . One gets:

U= (U10-4 _U203)61_(U10-2 _U201)62

0,0,—0,0,

U= Qi[(—ul\/?sin(r—wﬂuz\/ﬁsinrHﬁ(Ulﬁcos(r—y/)—Uz\/ﬁcow H,1,
:

and one might set:
Q’ﬁ Hl B Ql(z H2

U=zu1G1+u62=
Q:

We first take G1 =0 . We will then have:

cosa=k2, ds=G62,

éguz"'ﬂ é’l_’(luz
cosl= o hlz, cosa= g i! =
u22+[1j u§+(1J
h, h,
1 —
p:p':gl ’ g,:_ ’ R:Rz__l’

where;

are determined in such a way that cos n and cos ¢ will prove to be positive.
If we next take G2 = 0 then it will follow that:

cosa=x1, ds=G61,
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K. 1
gul_rTZ §'h7+’(2u1
cos | = &, 22, cosa= g, - =,
ul+| = u + 1
hZ h2
p:p’: 82 s 8/_1, R:Rl:ui’
1

where:

are determined in such a way that cos n and cos ¢ will take positive values.
Those formulas now imply that:

u=S_ S U= % Up=%2_%s
Rl RZ Rl RZ Rl RZ
V4 1 ” 1
= & , p =&

1 2 2 2 2 2
I:QZ hl Rl h2
Moreover, since the geodetic radius of curvature of an isogonal trajectory of the lines of curvature
possesses the value:

if c1 and c2 mean the cosines of the angles that the tangents to the isogonal trajectories make with
the tangents (x1, A1, 1) [(k2, A2, w2,), resp.] then this equation will follow:

!

&
G _ 6%
R R

The quantities Ry and R> find further employment as a result of the following argument:

The family of curves in question is intersected by all of the trajectories that go through the
point (u, v, w) in a doubly-infinite manifold of points. Each point of that manifold corresponds to
a system of values &, n, & 1, A1, 1, k2, A2, 2. 1f one now draws the radii to the unit sphere that
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are parallel to the directions & 7, {[x1, A1, tu, 1esp., k2, A2, w2, resp.] then one will get the
following values for the surface element of the sphere (&, 7, &) [(x1, A1, 1), resp., (k2 , A2, w2),

resp.]:
JHY -2 dpdq,
\/Z‘,(’qp)zz(qu)2 ~(Xmprg )2 -dp dq, resp.,

\/Z‘,(/fzp)zz(lfzq)2 -(X sz/czq)z -dp dq, resp.,

in which the roots are taken to be positive.
The first of these roots is equal to the absolute value of Qs . As for the remaining ones, it
follows that:

> (k5,2 X () (T ki) = [UnFsin(e—y) U, [Hsinz | = Q2,

Z:(sz)ZZ:(KZq)2 —(Zszqu )2 = [Ulﬁcos(r—w)—uz\/ﬁcos TT = Q,i,

and when one applies the expressions that were found for U; and U2, the quantities Q. Q, will
now take the values:

Q = e_o+t1Q¢,
" R R
0 =2% &
" R R
In the case of eo = 0, one then gets:
Qu - v Qu_1v
Q R~ Q R

In addition to the two points on the tangents (x1, A1, ) [(k2, A2, 12), resp.] whose abscissas are
R> [R1, resp.], we get two more distinguished points from the values of ‘R that were given at the

end of 8§ 3. Namely, H> = 0 [H1 = 0, resp.] are the equations of the orthogonal trajectories of the
family of curves whose adjoint tangents coincide with the tangents (x1, 41, 14) [(x2, A2, 1), resp.].
Thus, from § 3, the equations in question will yield a point on the tangent (x1, A1, 1) whose
abscissa is:

Q.
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and a point on the tangent (2, A2, 1) whose abscissa is:

/= tZ_Qé
Q,

R=R

Those relations then define the generalization of equations (2) and (4) that were presented in
volume 31 of these Annalen on page pp. 87.

By a line of reasoning like the one that was pursued in loc. cit. for surfaces, we will see that R’
and R” are the abscissas of the focal points of certain ray bundles. One of those bundles will arise
when one imagines drawing the lines:

(k1, A, 1) and  (xa+ oK1, A+ SAa, o + + Op)
that correspond to each of the points:

(u, v, w) and  (u+du,v+ov,w+ w),

resp. In order to find their main properties, we set:

ZKlzp =L1, ZKlp Kpq =M1, ZKlzq =Nu,
ZK‘lpUp =ep, Zlclp Kk, =h ,ZK‘lq K, = f, ZK‘lq U, =01,

moreover. In that way, one gets:

and

e1=o3U1, fi=osUy, ff =o3U2, g1=0osU>.
Since:

0,0,—0,0,

fl—fl’:—Rl ,

one can be dealing with a normal bundle only when Ry is infinitely large, which will be excluded
along with the vanishing of the quantity:

L1 N1 =M/ = Q,fl

The abscissa of one focal point will be zero, while that of the other will prove to be 8", which is
a quantity that coincides with Rz for o = 0. The equation that implies the abscissas v and ¢, for
the limit points of the shortest distance from the ray to its neighboring ray assumes the form:
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2 n2
tHZ _ 9%!! tH _ E h2 9;{ - ’
Rl
such that:
14 [/ — 14 1
t.l._tZ =R h2 ¥+—2 ,
i.e., one has:
p// - m" h2
tl”_ tzﬂ
up to sign.

One gets the quantity R’ as the abscissa of the focal point that does not coincide with the point

(u, v, w) for the ray bundle (u, v, w, k2, A2, ) in an analogous way, and when one denotes the
abscissas of the limit points of the shortest distance by t/ and «,, it will once more follow that:

R'h,

' r !
v—0

p=

up to sign. The equations that were presented for o’ and p”define the generalization of the theorem
that was published in vol. 31 of these Annalen on pp. 92 as (4).

8 5. — The curves of the family are straight lines.

When the curves of the family considered are straight lines, the u, v, w can always be put into
the form:

u=sx+ré&, v=y+rn, w=z+r/¢,

inwhich x,y, z, & n, ¢are functions of only p and g, and &, 7, {'have the same meanings as before.
If one calculates the abscissa r of the point on a ray of the surface (x, y, z) and employs the Kummer
relations:

N~ Ox0& f= oX 0&

X0 X OE

pop’ oqop’ opoq’ a9 &q

4

then one will have:
ern=e+rH, en=f+r®, en=f'+r®d, ex=g+r¥.

If o denotes one of the numbers 1, 2, 3, 4 then one will further have:

ta=la—1T,
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when one denotes the abscissas of the limit points of the shortest distance by r1, r. and the abscissas
of the focal points by rz, rs. At the same:

e =—H (r1cos? 7+ rzsin’ 7),
f+f = 2/H¥[ricos zcos (r— y) + r2sin zsin (r— y)] ,
g =—Y[ricos?® (r— ) + rz2sin? (r— y)] .

If one then sets:
cos(r W) _ g1 C0ST

S]_: ]
\/_sm:,y J ¥siny
s = cos(r v) COST
2 — 1
J_Slnw a/‘Psint//
o = sm(r y/) £ sint
3 — )
\/_Slnl// «/‘Psinz//
o = sm(r W) sint
4= —
fsmy; J‘Psim//
then one will have:
0'1281+r\/ﬁsinr, =%+ ¥ sin(r-vy),
o3=s3+ r H cos z, os=S4+ r ¥ cos(r—vy),

Gi=sidp+s2dg+rHx, G2=s3dp+ssdg+rH:.
One then gets the following expressions for the quantities R’ and R":

(.00, . (-NQ
Q. Q.

1 2

R =

such that the endpoints of the abscissas 2R" and 2R"” define two straight lines that lie in the principal

plane and go through the limit points of the shortest distance. Things are different with the
quantities R1 and R . Namely, one then has:

_ f—f' (rl_r)Q§
o R R
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_ (rz_r)Qg_f—f’
R 2R,

Q.

such that when one considers the relations:

(f-—f7’

N = Qi (rsra—rir), T+rR=r3+rn
one will get:
S el (U |
Q5 +Q Q:(r—-r)
R, = (rs_r)(r4_r)Qf§2_f“
Q, Q:(,—1)-Q, >

It follows from this that, except for the case of f = f, the endpoints of the abscissas R1 and R define
two hyperbolas that lie in the principal plane, each of which intersects an asymptote at the point:

_Qu(f-1)+20,Q:%
2Q,, Q;

or
.20,0.5-Q,(f- 1)
2Q, Q;

resp., on the ray (x, h, z).

The expressions that were presented for the quantities 6&, on, 6¢, ok, 41, S, ok2, A2,
o must now be complete differentials. That implies nine relations that nonetheless reduce to
three, as one easily sees:

0 Hc051+aﬁcos(r—yx) |

Qs aq op
_ awasinr 0y ¥ sin(r—w)
QKZ - - 1
aq op
oU, ou
1 = -1 7z
1) Q; a0 op

When one considers the equations:

Q. =- U,/ ¥sin(z—y)+U,/Hsinz,
Q,=—U; ‘PCOS(T—!//)+U2\/ECOST,
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the first two of the former relations will imply the formulas:

a\/ﬁ_aﬁcow
Up = a(7'-_1//)_ aq ap

op ﬁsin W ’
Lﬁ _L/ﬁ cosy
ot N op aq

oq JHsiny

which are derived directly in i, pp. 73.

U, =

Finally, we consider the case of f = f/, in which a normal system is present. It then follows that:

si=-r,{/Hsinz, S2=— I\ ¥sin(r—y),

S3=— rl\/ﬁcosa Sa=— 1 ¥Ycos(r—y),
such that:

or= JHsinz-(r-r), o= ¥sin(c-y)(r-r,),

o3 = \/ﬁCOST-(I’—I’Z), o4 = ﬁcos(r—y/)(r—rl).

The surfaces r = const. now define a family of parallel surfaces.
The expressions:

du=(rior+roam)dp+ (ki + k0 os)dq, ...

that appear for an arbitrary surface of the family must be complete differentials here. In that way,
three integrability conditions will come about, which nonetheless reduce to the following two:

o,U,—o,U, =% 9%

op dq

) 0o, Oo
o,U,-oU,=—"73—-—4,

oq op

If one denotes the determinant that appears here by — D then it will follow that:

_DU1:_0_160'2+0160'1+O_380'3 0360-4,
0 aq op

-DU;=- o, 0'2+62801+04603 0'460-4
aq op
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If one now takes:
du? + dv? + dw? = E dp? + 2F d pdqg + G dg?

then one will have:

D2=EG-F?
and:
10E 1F oG oarctan
pu= tEIFG o
209 2G op op
10G 1F oG oF oarctan 2
DU,=- 1B LFE F 5 o
20p 2Goq oq aq

from which it is clear that equation (1) agrees with Liouville’s expression for the curvature.
Let it be further remarked that equations (2) are identical to the relations (9) that were presented

in &, pp. 18, whenr=0.

Bonn in February 1888.



