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1. By the equation:
(1) P dx+Q dy+R dz= 0,

any pointM (x, y, 2) will be associated with the plane that goes throtigh i

(2) K-XYP+(-yQ+(Z-23R=0.

One will then obtain a geometric conception of thea@felements that are determined
by the differential equation when one examines theachar of the generalull system
(2). If one goes fronM in the plane (2) to the neighboring poli along the direction
o thenM; will correspond to the plane:

(3 X-—x-Aax)(P+JdP)+..=0,
while:

Pax+Qay+Rdz=0.

The planes (2) and (3) intersect along a direcgrthat is determined from the
equations:

4) ax:ay:az=QaR-RaQ:RAP-PAaR:PAQ-QaP,

by means of which, one finds @ojective relationshipbetween the directiong, o,
whosedouble elementare determined by means of the equations:

HOX=QOR- RO Q
5) HOYy=ROP- POR
Hoz=PoQ- QR

or by means of the quadratic equationgor

(6) W —uG-H=0,
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in which:
G=PQ,-R)+Q(R«—=P)+R(Py— Q),

PR PP
L-leQQQ
R R R AR
P QRO

when one setdP / 0x = Py, etc., to abbreviate.

If one then advances froM along any line in the plane (1) then the associated
neighboring plane of the null system will rotate arounm@ectively-corresponding line
throughM ().

2. The simple infinitude of planes (3) defines a systdmse curvature in a certain
direction o can be set equal to the angle between the assopiategk — i.e., the square
root of:

KP+IyRN+&R.

One will then get thenutually-perpendiculadirections of the principal curvaturdsy
the formulation of a known maximum problem.

By contrast, one will be led to the determin&htvhen one seeks the neighboring
plane (3) whose normal meets the normal to (2). Rientondition that the differential
of:

X+ uP, y+uQ z+UR
should vanish with (1), one will, in fact, get:
Z+R B R P
Y7,
1
Q —*tQ Q Q
Y7,

R, R/%+F§R

P Q R 0

() IftheP, Q, Rvanish atM thenM will be the vertex of a second-degree cone of direstion
dx dP+dy dQ+dz dR=0,
which is distinguished by the fact that when one procedolsgaone of its edges, the associated

neighboring plane will rotate around the edge in questigkmong these edges, one will find six
distinguished ones, along which three consecutive planesutyikbic.
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and thus two normals that meet the original one, satiresponding directions will be
different from those of the principal curvatures, ingyah
Now, if H vanishes at the poi then equation (6) will have a rogt= 0; i.e., one
will have:
P:Q:R=P:Q:R

so the plane(1) will be stationary along the directio® in question, and all other
directions will belong to planes that have the line of direction thatgeaated with the
other root of(6) for their common line of intersectiorf H vanishes identically then the
> planes(1) will be grouped intao? of them that envelop a surface, while fepoints
will define a curve to which each of them belong (viz., a specialsgsiem). In fact,
sinceH is, up to a factor, thieinctional determinanof:

<|To

g,_R; V:Px+Qy+RZ
vV V

an identity relation will exist:

i.e., the planes (1) ofP + YQ + ZR —v = 0 will envelop a surface. The infinitely-close
planes:
X=x—=-dx(P+dP) + ...

all go through the poin¥, Y, Z, which corresponds to the common solution of the
equations:
X=AP+ Y-y X+ (Z-9R=P,
X=3Py+(¥-yQ+(Z-3R=Q,
X=RP,+(Y-yQ,+(Z-2R,=R
X=3P+(-yQ +Z-3R =0,

and finds the direction line that corresponds ® ribot i/ = G, and thus, the respective
contact point of the enveloping plane. Conversilpne setsP, Q, R proportional to
constants, b, ¢, resp., then one will get a curve that is plasmge:

W(E,E,Ej =0, u=ax+bhy+cz
uuu

and the direction lines that are associated wighpbints of that curve will go through a
common point of that plane.

3. The projective relationship (4) is notvolutory, in general. As one recognizes
immediately from (5), it can have that charactdy evhen equation (6) ipure quadratic;
i.e., when:
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G=0.

However, the neighboring planes (3) are then arranggdecisely the same way as
the tangential planes in the neighborhood of a point etirdace; i.e., they define a
surface element. We understand that to mean the yotdlall infinitely-close contact
planes that go through a point of a surface. Sucheanegit will be assigned a certain
normal curvature along any direction in it; the two nalljucorresponding directions
will be theprincipal tangents.

If the equatiorG = 0 is fulfilled identically then the surface elemewii group into
the o' surfaces of a system of surfaces that isritegral of the differential equatioft).
By contrast, ifG is not identically zero then the surfaGe= 0 will seem to be covered by
a family of curves along which the surface elementsogeath other. They will contact
each other only at isolated points wish= 0, in general. However, this can happen along
an entire curve, in particular, namelysiagular strip or in an entire subset &= 0. In
the latter case, that subset®ill be asingular integralof the differential equation. An
example of this is defined by the assumption that:

LWL

P:Q:R= X
Q ”ax oy oy

v, 1°Y+yg,
0z

in which they, ¢, ¢1, ¢., @5 are arbitrary functions of y, z

Dresden, 5 January, 1880.



