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On thetheory of general point-plane systems

By
A. VOSS in Dresden

Translated by D. H. Delphenich

The most general arrangement by which any point of aespatongs to a well-
defined plane that goes through it is mediated by thmegtinsp; of the variables;, x»,
x3 that assign the plane:

2 (%-%)pi=0

to the point. In the absence of a suitable nam#) ausystem of planes shall be called a

point-plane systemor briefly a P-E-systemT)c | would have preferred the term “null

system,” but that term is already generally employpedfspecial case of this association.
This association is the one by which the differergglation:

ZpidXZO

will assign an associated surface element. It sébatup to now one has always been
restricted to a closer examination of the case in whhehp; satisfy the integrability
condition. The planes of the system are then émgdnt planes to a simply-infinite
family of surfaces, so they definespecial P-E-system of the first kimdhose geometric
character | emphasized some time ago in a ndtel( a more recent treatment of the
general P-E-system, | realized that an entire seffiggaperties whose understanding
tends to form the domain of surface theory can be l@strio such P-E-systems in a
natural way. Since it seems not uninteresting to nggvi@a more precise explanation of
that point, which (to my knowledge) has attracted riengibn up to now (), | might
likewise be permitted to elaborate upon some of the viewgpan my previous note,
which were suggested only quite briefly and incidentallyghéut define an essential
moment for the present purpose.

At the same time, | have pursued the objective of gigirgdassification of the P-E-
systems. Although it is based upon projective viewpoiritaye nonetheless preferred to
avoid the use of projective coordinates. Thus, | sh&# this opportunity to refer to the

(") Translator: From the Germ&unkt-Ebenensystem

() These Annalen XVI, pp. 556t seq.

(") One finds considerations of that kind in the papeK bynmer in Crelle’s Journal, Bd. 57, in regard
to the theory of rectilinear ray systems.
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next paper, in which the theory of algebraic surfacekray systems will be coupled
with P-E-systems from the purely projective standpoint.
81
The projective association in P-E-systems.

If one can make the poirt, x;, X3 correspond to the plane:

(1) Ka—X1) pr+ (Xe—%2) P2+ Xa —Xa) ps = 2. (% —%) pi = O, i=1,2,3,
which goes through it, then the point:
X1 + dxq, X2 + dxp, X3 + dxg,
for which thep; will go to p; + dp, will be assigned to the plane:
(2) K =Xa —dxa) (pr +dpr) + (X2 =X —dx) (P2 + dp2) + (Xs —Xs —dxg) (Ps +dps) = 0.

The two planes intersect in the lines:

> Xi—-x)p =0,
(3)
2 (% —x) dp =2 pi dx.

If one now advances the system itself in the plan¢hgr) one will have:
(4) 2 pdx=0,

and the two planes (3) intersect along a direction:

&ll &21 %l
which satisfies the equations:

2. pid =0,

2. dp & = 0.

Any direction for which the increment of theig denoted by d thus corresponds
projectively to a directiod. One can next distinguish the case according to whéhiat
projectivity is hyperbolic, parabolicor elliptic. In order to examine the characteristic
association of neighboring planes of the systemftilaws from this more closely, one
must determine the curves that are enveloped by the lnegesection of plane that is
assigned to a point of the plane (1) with the planet$a])f.

In the vicinity of the poink;, they will be characterized by differential equations:
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dé =an {+awx 1,
dn =ax {t+axpn,

for which the form of the integral curves in the neigtiiomd of the singular poirf= 7
= 0 is known according to the behavior of the roots offikeriminant:

| will therefore not go into questions of this nature; otilg case of thgarabolic
association- i.e.,parabolic P-E-systems will be examined more closely from now on.
The projective relationship can also bsp&cialone, in which case, one will call the
P-E-systenspecial of the second kind.
In order to arrive at the condition for the spepialjectivity, one sets:

dx, dx, dxs;
XK, Ko, OK3
equal to the values:

G+ A, &+ AL, &+ AE;
S+ ué, &+ ué,, &+ uéy,

resp., which are proportional to them, and for whichroost have:

Zpifi:Zpifi' =0.
The bilinear relationship:
5) AAlu+BA+Cu+D=0
for the A,  will then arise, in which:
' o 0P,
A = & —,
2 &4 ox
¢ 0P,
B = & —,
RS ox
, Op,
C= & —,
2 &k ox
op,
D= & —,
RS ox

whose determinamD — BCmust vanish.

The advance in the arbitrary directignwill then continually correspond to the
directiony = - D / C, while the particular direction =-B /A =-D /C is assigned to
that arbitrary direction.
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However, the determinarAD — BC will come about, up to a factor, when one
multiplies the determinant:

pll p12 p13 pl
p21 p22 p23 p2
Ps P Pss s
PP RO

(6) A=

in which one setpik = 0dpi / dx, by the product of the two determinants:

515253 515253
G &l |4 G

a, a, a, a, a, as

in which thea;, a/ mean arbitrary quantitiesTherefore, A = Ois the condition for of
special projectivity. However) will be, in turn, and up to a factor, the functional
determinant of:

U R

\% \'% \'%

V:Zplx.

The identical vanishing d then expresses the idea that the planes of the P-E-system
whose coordinates are:

when one sets:

u=b
Vv

envelops a surfacerhose equation can be defined in inhomogeneHessian, plane
coordinates by perhaps:
F (Ul, Uy, U3) =0.

Here, all of the surface elements envadoly onesurface — viz., therder surface of the
special P-E-system of the second kindhile they will envelop a family ob* surfaces
for special P-E-systems of the first kind. One mushtbmphasize the sub-case in which
the order surface is a curve (developable, resp.), but Inatligo further into these
particular classes of P-E-systems.

The directions that go to themselves under the pregessociation are of particular
importance. They are characterized by the fact tiatassociated plane of the system
will rotate aroundthe direction line in question for them, while in anyestcase they
will wander around the plane that corresponds to phiegyg. Therefore, those
directions might be called thgincipal tangents of the systenThey are determined by
the equations:

ZpidXZO,
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(7)
2. dp dx = 2. pi dx dx = 0,
or by:
Hdx =p2dps—psdp:,
(8) M dx =psdp—p:dps,
Hdxs =pdp —p2 dpy,

in conjunction with pi dx = 0. The elimination of thelx will lead to the quadratic
equation:
(9) 1F—G=A=0,

which | gave already, in whicls represents the left-hand side of the integrability
condition:

P1 (P23 —Ps2) + P2 (P31 —P31) + Ps (P12 —pP21) = 0.

Equations (7) can be solved in different ways, moreowdnch | will discuss
especially here, since the direct derivation of (Quldcseem less elegant otherwise. If
one replacedx with &, to abbreviate, then:

Pik + Pxi = 20k = 20k,
moreover, and one will have:
> pi & =0,
(10)
$=2.& &g =0,

instead of (7). One will then find the ratios of figrom the equations:

Aé=&ps—Ezpo,
Aé=&p1— ¢ 3,
AE=ép2—E201,

in which one has se%% = ¢, andA? is equal to the determinant of the that are
edged by they, which one will get immediately when one multiglithei™ horizontal
and vertical rows of that determinant By and then reduces it directly in a known way
by an application of (10).

By contrast, if one would like to establish fhethen one could writg in two ways:

¢ = '?(12 p]j(/(i+§(zz p2§(i+§(32 P §
=6) P& +ED PG HED P

If one now sets:
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Y (¥) =22 pa X, X (9) = 22 pic %

then by the same process that led to (8) will give gqwadratic equations with the roots
A1, A2 o1, 22, Which correspond to the same sysi&mm;, in such a way that:

SA=p Y3 é—ps Y2, MmA2=p2 Ysn—pPs Y21,
SA=ps W1 é—pLyYsé, MA2=ps Y1 n—pLYs1n,
SAh=pr2é-p2y1é, NA2=p1@2n—pP2¢Y11,
Ep=P2X3é— P x24, MpP2=P2X30— Pz X217,
$Pm=P3sX1é—PL)sé MP2=Ps X117 —P1 X317,
So=pLY2é—P2 X1 MP2=PLX217—P2X17].

The rootsp, A have a very simple connection to each other. Inraaénd it, one
forms, e.g.& + & + &2, and multiplies the result:

& & 4,
AE+E+E) =P Py
Y, Y,
by the determinant:
& & &
URIPRIEAE
PR

whose value isp? + p> + p;, when one assumes that the ratios of&hgare determined

in such a way that:
pr=& -2 &3,
Po=&Mm—-mé,
=S/ —é.
One will then get:

A== mipk &,
A= 20 &P Ik,
pL=— 2 17 &,
2= 2 &P ik,

and therefore:
A1+p2:0:A2+QLa

M+ A2 =2 (P —pu) (& - & 1) =G.

Finally, by means of the aforementioned conversiaoh, @ine will get:



Voss — On the general theory of point-plane systems. 7

hpr==he=-pp=A
directly, in which thel, p are determined from the quadratic equation:
X F xG-A=0,

in which the upper sign belongs #o The integrability condition G= 0is now, at the
same time, the condition for the involution of the projective &ssoe. B = C is then the
requisite notation for the latter, or:

(626568 (P2s= Pt (§ S¢S UPr PTG 76N Pz PL=0,
so, by means of the relations:
PLipeips=4&6—¢¢ 16666 66,65,

one will convert it intaG = 0.

Curves whose tangents are all defined by the directibaslvance in the associated
planes shall be callecurves in P-E-systemsThe curves that have direction lines that
correspond to themselves must then be referred ¢arass with principle tangentsAs
one recognizes immediately, they have the propertythieat osculating planes coincide
with the planes of the system. One then has tlenvng theorem:

The planes of a P-E-system can be described as the osculating planesteina af
curves in two different ways, in which two associated planes wilhirgagh any point of
space.

The principle tangents will coincide when the disanamt of (10), viz.:

qll q12 q13 pl
q21 q22 q23 p2
by Oy Chs P
PR RO

A=

vanishes.It is, at the same time, the discriminan{®}, such that the relation:

(11) AN =G*+ 4
will be true.

The surfacé\’ = Ois called the focal surface of the ray system of the princapigent
curves, andA = O is the inflection surface of the P-E-system.will then follow from
(12) that:
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The focal surface and the inflection surface of the system contdcotessr at any of
their common points.

The focal surface always has a certain numbearootes. A first group of them is

characterized by the fact that all of the first sl@berminants of\’ will vanish for them,
or that the equations:

Pk +Pxi=a Pt ak P
are true, in which they are arbitrary quantities. At such a locatiany direction of

advance will be a principal tangent direction in the assed plane. If the stated
conditions are fulfilled at that place then one Wwdle the identity:

(12) LEhm=2Epléa.
In order to recognize the circumstances under whicantbe fulfilled, | set:

p=Xg,

in which X might be a function of the . One will then have:

D &&= [a{—algng=25iq25ih.

Since one can dispose X¥farbitrarily, one can also convert the arbitrary canistb;,
b,, bs into zero. However, that means that ¢ipeq,, gs must be independent &f, X2, X3
if an equation of the form (12) is to exist at all. Mwrer, it emerges from this that one
must set th@ equal to zero in equation (12). However, one will thevelthe equations:
Pik + Pk = 0,
whose integrals are:
pr=ar + Xs—b3 %2,
P2 =az + b3 X1 —b1 X,
Pz=azg+brxo—b2 X .

One then finds the single “planar” P-E-system in whihcarves of the system are
principal tangent curves, namely, thimear complex. Moreover, it can also be
recognized from the fact that when equation (12) is valiglaae pencil of rectilinear
principal tangents must emanate from every point ofespac

A secondgroup of double pointss found at the places where tipe vanish
simultaneously; a point of that kind will also be a naddhe inflection surface. The
association will be completely undetermined here, ahtinak that belong to a certain
second-degree cone will be principal tangents.

For rectilinear ray systems, the focal surfaces alle their rays for double tangents.
In the curve system of the principal tangent curves, #i@ionship to focal surfaces is
no longer found to exist. The direction of the princifalgent at a point of it is then
determined by the system of linear equations:
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Sut &t &0zt Ap=0,
$10o1+ & G2+ & Qs+ APR=0,
1031 +& 02+ &Gz + A p3=0,
Spr &P +EPs =0,

from which, it will follow that:

D & &G=2 & &px = 0.

By means of this, the equation of the tangent planésetdocal surface will assume
the following form:

Gy G s DY P—(E YautEY yaté Y vy
Uy O Gos 2 Y P = (€ VO +ED YUt €D VG
Gy G Gos 2 Y B~ (€ YOt E D YGtEY VG
PR (£ ya+&) ya+éy yva)

when one replaces the running coordinates Xithx; y; , as one recognizes immediately
by means of simple determinant reductions, or, when therrdmant ofgx does not
vanish, as one might assumg (

sz (gtlzyiokli +§(22 Y4, +5gz ng) =0.

The plane can therefore include the direc§oonly when:

2 & & & =0.

However, in the next paragraph, it will be shown thahis way one can express the idea
that two immediately-following tangents to the principatdent curve must coincide at
such a location, or that tipgincipal tangent must be stationaryt will now emerge from
this that:

The principal tangent curves have vertices at tbangs of the focal surface, since
they can advance to real points on only one sidthef. It is only at the points of the
focal surface at which inflections of these curees actually present that the focal
surface will contact them. In particular, if theincipal tangent curves are rectilinear
then they must contact the focal surface as oftaihey meet it at associated points.

() If that determinant vanishes everywhere ténwill be a square; i.e., the focal surface will be
counted twice, and one cannot naturally speak of contatt th
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The curve along which the focal surface is contactedéytincipal tangent will not
itself contact the latter, in general. If that happense true then it will, at the same time,
be asingular principal tangent curveln particular, if this can occur at all points of the
focal surface then there will exist® singular curves of that kind e.g., when the one
family of principal tangent curves is rectilinear. Fipain the special case of rectilinear
ray systems, the tangent to the singular principal f@ngeves will generate the tangents
to theKummer developables.

82
The special P-E-system of the second kind and the inflection surfaces.

At every point, one finds a certain directignfor which the associated plane of the
system remainparallel to its initial position. It will be determined by the etjoas:

Y &pi=Ap,
(1) 2 Epi=Ap,
Zfipsi:/l Pz .

The vanishing of the determinahtor the existence of equations (1), along vﬁhﬁ =

0, will then express the idea that a direction existhé associated plaadong which the
plane of the systems stays stationaAs one sees, such a plane is, at the same ttime,
inflection contact planeof the corresponding principal tangent curv&he inflection
points of the latter will then lie on the inflection surfacelere, as well, the principal
tangents will not contact the inflection surface; meszpthat will happen only along a
curve that is cut by the surface:

Pu Po Pu D.&& o°p,
11 12 3 i kaxl a)s(

9°p,
0% 0% | =0
62
Ps Py Py D && o g;
P B B 0

21 22 23 gzlgzk
2 Py P P ),

along the inflection surface in the event that mpaces the; in (2) with their values in
(2). In particular, that curve can, at the sameetibe a principal tangent cungs there
will then exist a non-singular principal tangentrea in the system, and if equati(®) is
fulfilled at all points ofA = Othen a family ofo' planar principal tangent curves will be
present. However, it is assumed in this that the princiaigent curves have well-
defined osculating planes, If they are rectilintlaen they will generate a family of
(singular) enveloping curves on the inflection aad under the stated assumptions; this



Voss — On the general theory of point-plane systems. 11

happens, in particular, when theare linear functions of the, so equation (2) will exist
to begin with.

| shall now consider the case in whithvanishes identically — i.e., all planes of the
system envelop the order surfaEée There will then exist a doubly-infinite family of
planar principal tangent curves; in every tangent plane of F there wllaliplanar
principal tangent curve that is composed of the points for which thesrafiche p
remain constan().

Namely, let the equation of the plane associatedthélpointx be:

zxipi:V! V:zxipi
and let:
F(&’&’&J =0 =F (ug, Uy, U3)
vV V V

be the equation of the order surface.
One now chooses the poikt in the plane such that:

2 XR=V,

P_p
P, P

and at the same time, one has:

in which one will have:

If one then sets:

then one will have:

VXA
ps+ 4
VXA

Thus:

F pl p2 p3 :0
VXA v AT w A

() There areo? principal tangent curves, which split into two faesl In the case in the text above,
one of the families will be planar.
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If one now imagines thax® is sufficiently close tog then this equation will have
only the rootd = 0. However, that shows that it will also folldsm:

P

PR
that:

»_Pp

PR

and therefore the equation of planar principal tangeecwill arise:
PLip2ips= ptop; i B

Let such a curve be denoted ®ysoall points of it will correspond to the plane ofas
the associated oneln order for any poink; of it to determine the other principal tangent
direction, one considers the equations:

pp: a_F_p + p a_F_pX + a_F_p
1 Py aul X 21 6U2 2 P a% X3
000 = pu| X5 = px |+ p| L= ox |+ p FE— p
2 P, aul X 22 6U2 2 P au3 X
F Voo F ) o F L,

0 = a_F_p + a_F_p + a_F_p
plaul X p26u2 % '%a% X

in which one has set:

P3P = Pis

E
Vp:zpi%'

One will get the same thing by differentiating the iderfifys, u,, uz) = 0 with respect to
thex; .
One then has, e.g.,:

oF L OF  OF _ov[poF poF poF

au, Mt ou, au x| vou vau vayl|

and thus, the first of the stated equations, when dse se



Voss — On the general theory of point-plane systems. 13

ov
— =P+ Xy P11t X2 P21+ X3 P31 -
0%

. F . . .
If one also writesé for g— — p % , to abbreviate, then one will recognize that the
U

equations:
2pé& =0,
2Pk & &=0

will be fulfilled; i.e., that the direction of therincipal tangent will be determined Iidy.

As one sees, however, it is the connecting line efgbintx with the pomtg—, in

which the associated plane>piwvill contact the order surfade It will then follow that:

The second family of the principal tangent curves of the special Bt&nsy of the
second kind will be defined by complex curves of the tangent complae ofder
surface, and all points of C will be principal tangents that go through d fiwant S that
lies in the plane of C that is the contact point of that plane with tderosurface.
Furthermore, the contact points of the tangents to the curve C thatanendrom S will
then belong to the (doubly-counted) focal surféfte= G* = 0.

The curveC will not include the poin§, in general, since that will be the case wBen
also belongs to the focal surface, which would emergeeidiately from the theorems
that were stated above. The curve of intersectioth@forder surface with the focal
surface in this case will then besimgular stripof the differential equation that is linked
with the association of the P-E-system.

If, e.g.,F(us, Uy, U3) = 0 comes about as a result of the linear equation:

awmwtauwtaguz=1
Ypa-2px=0
will exist between thgy . The principal tangent curves of the second kind have the

differential equations:
dx idxdxs=ar—X:ax—X :az—Xs3;

then the identity:

i.e., they define the ray bundle through the represeetabint a;, a,, az of the order
surface.
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§3.
Rectlinear principal tangent curves.

At the pointx;, one considers the associated plane:

2 (%-%)pi=0

and chooses the directidnin it in such a way that:

(1) 2 &p=0

The plane that belongs to the point A has the equation:
AZ
(2) Z(Xi—)(—/]fi)(pi+/lz pkfk+7z pklfkgl+...j:0,

in which the higher differential quotients are denoted byindicesk, |. In order for the
plane (2) that is associated with an infinitely-clgsent to go through the poin, the
factor of A* must vanish foiX; = x . That will give the condition for the principal tamg
direction. If the factor ofi® also vanishes then that principal tangent will be ctatiy.
For the latter case, it is necessary that equationa{$) be true and that:

2 & &pik =0,
(3
2 & &&pk=0.

There is then a surface whose points are associated with principalntange general,
and on it, a curve (isolated points, resp.) at which gmagularity is raised by one or two
orders. A closer examination of these cases woulcgpond completely to the known
questions that concern tangents that contact surfaneliple points ().

The identical vanishing of the resultants(dj, (3)is the condition for the principal
tangents of the one family to define a rectilinear system of riaythat case, which one
can refer to as a skew P-E-system, the planes associated ttiest wlane pencilsthat
requires no further investigation.

It might now be assumed that the principal tangergctlons coincide at every
location. The P-E-system will then have no focafexe, so it iparabolic and likewise
an analogue of the developable surface, in the eventh&antegrability condition is
fulfilled. 1 will show thatin this case, the entire system of principal tangents curves is
rectilinear, so the parabolic P-E-system consistsdplane pencils whose planes define
an extraordinary self-conjugate system.

() | refer to my following paper for these questions.
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As a result of the identical vanishing Af, there are, in fact, functiong, A that
satisfy the system:

2 &Equ+Ap =0,

D &EqG+Ap =0,
(4)
ZfiCIsi"')lps =0,

Y &p =0

identically, and the direction of the principal tangetdetermined by the associated
ratios of theé, and thus, for every point. If one now differentsatguations (4) then
what will come about is:

D &dg +2 i d&+ Adp +prdd =0,

D &dg +2 i d& + Adp + p2dd = 0,
(5)
2. &dogs +2, g5 d& + A dps + psdA = 0,

2 &dp+ 2 pd&=0,

and indeed these relations will be true for arbitrary \wbfehedx . If one now sets the
latter proportional to thé — sodx = dh & — then, from (4), one will have:

2 &dp =0,
and from (5):

Y pidé=0.

If one further multiplies the first three equationg) by theé, and the last one byand
adds them then one will get:

(7) 2 & &dg=0

However, that equation is, as a direct developmemntsiwdw immediately, identical with
the second one in (3). That then says that therésexisystem of rectilinear principal
tangent curves. In fact, one can now also set tiferelitials of thef proportional to the

& themselves. Falé = & dk equations (5) then reduce to the following ones:

dh (ZE LT d%j + @1 -Adp=0 k=1, 2,3,
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which one can satisfy with suitable values of tie dk, since the relation (7) exists
between them, from which, it can be shown that ftifferdntials of theé will remain
continually proportional to these quantities themseb®dong as one proceeds in the
direction{ itself.

Before | go into a more precise analytical chars&dtgon of the parabolic P-E-
systems, | would like to add some further remarks, wrathhe same time, give a new
proof of the theorem that was stated just now.

The theorem that was proved in 8§ 1 that any P-E-systemdowed with a system of
principal tangent curves whose osculating planes argldres of the system can be
expressed in yet another way. The directions of thcipal tangents are, in general,
coupled by an irreducible quadratic equation. If it were rddeicthen both curve
systems would decompose into two more. This will abvbeg the case then when one
system of curves is given arbitrarily, such that anyptpim space is uniquely assigned a
curve in a certain domain. The osculating planes dafdbeve will then define a P-E-
system whose one family of principal tangent curvaegvien immediately. One then has
the general theorem:

Any curve system of stated kind corresponds to a conjugate systdiketheste has
the osculating planes of the original one for its osculating planes.

This relation is, in general, reciprocal one;i.e., the one system is the conjugate to
the other one.An exception then appears only when the conjugate systesutilinear.
That is the case, e.g. — in order to not mention atkemples — for the osculating planes
of a system of common helices with the same axisvfach the osculating planes always
go through the points of the curves on the perpendictbatee axis, so the conjugate
curve system consists of just those normals.

The guestion now arises: Under what circumstances camve system be conjugate
to itself? However, from the previous study, the theoneust be true:

The only self-conjugate curve systems are represented by thefragstain rays
systems.

Here, | shall give a direct proof of this theorem tba¢ms to be worthy of interest,
due to its generality.
A curve system of the stated kind will be representetthdylifferential equations:

E_pl1

in which thep; are functions of the coordinatesof the pointM. The osculating plane of
the curve that goes through the pdéhhas the equation:

2 Xi—-%)A=0,
in which:
A =p2P3—p3 P2,
A> =p3Py—p1Ps,
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As =p1 Po—p2 P1,

in which equations, the; mean the second differential quotients:

d?x ap,
dez Zpk

17

In order to find the direction of the curve of the confegsystem that goes through the

point M, one must solve the equations:

2EA =0,
(8)
> & &A =0,
in which one again sets:
_0A
A = o,
For that, one sets:
S=ap+yP
One will then obtain:
oA P B B P B
D (ap + ﬁP)a— -alR B RBR|-B|R R
m%% o, 9P, P
6xj ax,. 6)3 6x 6)(l 6)3

If one multiplies these relations ly p, + § P, and sums ovej then the second of the

conditions in (8) will come about:

Zp, ST Tags

wU P
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pl p2 pg,
+B%| PR P, P3

ZP Z, ZP

As one would expect, one will get the rg8t= 0 here, in one case, so the desired
direction will be given by:

(9) -

SHAN

=N
Sl

in which N means the sum of the two coefficientsagf, andS means the sum of the
coefficients of3% Now, should the direction thus-found again coincidé wie original
one,N must vanish. Since the examination of the differémtipiations does not seem
simple, | prefer to resolve this question in the foilagwvay:

The condition for the directiop to be the only one that satisfies equations (8) when
one replaces th& with it comes from the fact that a straight linentats a conic section,
I.e., it comes from the system:

oA . [0A,9A 0A 0A | _
2 —+—2 1 =) A, etc.

Mo, p{axz ox ) Plax o o
or

0A  0A _
S p—t+ ——)IA,
ID.a)g R ox 1

LU
zp‘aer o%, Ao,

oA . 0A _
E | — —=1A;.
B 0% erax3

However, by forming the differential quotients of thesee will get the equations:

PoMs —psM2=A(P2Ps—p3P2) +S,
(10) Ps M1 —p1 M3 =A (s PL—p1P3) + S,

PprM2 —poM1 =A (P P2—p2Py) + S,
in which one has set:

pl p2 Q 6P
S=|R B R, Mi=2pka—
op, 9p, 9p,

ox 0% 0X
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One obtains the identity:
2pS=0

from these equations by multiplying them gyand adding them, while multiplying B
will give:

~U

R
0
P, p| =P2Ms3—P3My, z <3 p,
1 M2 M3

S =0

(11)

<

and thus, the conditio8 = 0. | now differentiate the equations (10) in such a thay

the operation:
0
o= E —
Py o,

is performed.p; then goes t®;, P, to M;, and one then gets from the first of them:

P, M3z —P3 M2+p2 d\/|3—p3 d\/lzzﬂ (Pz M3 —P3 Mz) + (pz P3—p3 Pz)

pl p2 pg,
R t ?
LE: 6x16>s 2.1 6>sa>s ) pawx
If one multiplies these equations by fhend again adds them then that will give:
R R R P, P, Ps
(12) P B = Pl ) R
Ml MZ M3
2PR 6)g6>§ 2P paxaq( P paxa,x
However, one now has:
d?x oP
= —Lp =M
dt? Zaxk A
or, more thoroughly:
on 9.
dt2 Z'Ok'qaxka>q 2 PG oy

and further:
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ox 0%
S0:
d?x op op
D ____EZP_': - YR
pk”axkax dt? < ox, < ox,

If one substitutes this in (12) then that will give:

pl p2 p?r
R R R
N, N, N

w

and from (11):

p
)
M, M

0o
S0 P

M

[
w

This last determinant is, however, that of the fis#gcond, and third differential
guotients of theq; the curves of the system must then all be plane surie this case,
however, all of their osculating planes will definesgecial P-E-system of the second
kind. Now, since a curve that is enveloped by principajgats lies in any plane, and
the direction of the second principal tangent alwayssrfrom the curve point to the
contact point of its plane with the order surface thaassociated with the system, the
directions of the two principal tangents can coincideg eriien the curves of the system
are themselves straight lines. However, the questiah wlas posed before is then
answered by that.

§4.
The determination of all parabolic P-E-systems.

In what follows, we shall deal with the problemspecifying all P-E-systems with
coincident principal tangent directionsSince it emerges from the investigation in the
previous paragraph that the principal tangent curves defreetiéinear ray systenthe
partial differential equatiom\’ = 0, upon whose integration the solution to the question
rests, can lead to a linear partial differential equatiowith one unknown whose
integration can be performedAlthough it would presumably not be difficult to integrat
the equatiom' = 0 in a purely analytical way, it still seems to that the geometric
analysis that we shall make should have some interest.

One now considers:

f(a,bx—azy—-bz =0,
(1)
(@b x—azy—-bz=0
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to be the equations of a ray system, or, when one sets

(2) X —az=p, y —bz=q,

f(a, b, p,q =0,¢(a b, p, g =0. Forgiven values @ b, and the ones that belongpp
g, according to (1), the respective ray of the systethti@n be the intersection of the
two planes (2). Conversely, if one thinksapb as functions oX, y, zthat are determined

from (1) and then differentiates the identity redat (1) with respect to these variables
then that will give:

of _of \oa (of _of \ob of
——z2— |—*+|——2z—|—+—=0
oa p)ox (db dqg/dax dp

@) of _of Yoa (of  of )b of _
oa p b dq

ﬂzaf aa of afab of _ of _
oa apaz ab 6 az ap 0 (

along with analogous equations for If one multiplies them by the b, 1 then that will

give:
ot ot da, da da) (of of)( ab \ab ob)_,
da 0p oX 0y 0z ob dq 6x dy 0z

9 _,0¢)( 0a, da da) (3¢ _ 04\ 3b, 3b ab)_,
oa ap 6x dy 0z ob aq 6x dy 0z

However, since the determinant:

(& e S 5
b “ap)lab “aq) \ab ‘o b dp

does not vanish identically, it will then follow that:

(4)

da ,0a Oa

a—+b—+— =0,

ox 0y 0z
(5)

a2, 52,00 o

ox 0y 0z

Moreover, the equation of the plane that goes througlipointx, y, zis:
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(X—YA+(Y-yB+(@Z-2C=0.

In order for this to contain the ray:
X—-aZ=x-az
Y-bZ=y-bz
completely, one must have:
Aa+Bb+C=0.

Therefore, one will have the following expressions fa three functiong; of the P-E-
system:

p1 = A,
p2 =B,
ps = - (Aa+ Bb),

in which thea, b satisfy the partial differen*tial equations (5), white A andB can still
be arbitrary functions of the b, p, g, X, y, z(). One must now ascertain the determinant
A', which might be assumed to take the form:

2p11 p12+ p21 p13+ p31 pl
p12 + p21 2 p22 p23+ p32 p2
Pt P Post Py 2Pss Py
Py P, B, O

(6) A=

The following equations are necessary for this to be whe&h are obtained easily upon
considering the identities (5):

aputbpe+ps= a(a—AjﬂLb(a—Ajﬂ{aAj =4,

0x oy 9z
(6)[sic]
apitbptps= a(a—Bj+b @ +(6_Bj =05.
0x ay 0z

The differential quotients in brackets on the rightéhgide are understood to mean
that one only partially differentiates with respexkty, zwhenever these quantities enter
explicitly into them or into th@, g. One likewise finds that:

(7) —(@mit+tbpt+pss) =a {a(a—Aj + b(a—AJ + (G_AH
0x ay 0z

RREREIEIN

() The representation of all skew P-E-systems wiljiven in that way.
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In addition, let:

aputbpitps=- A%*‘Bﬂ) =m,
| OX 0X |

(8) ap2tbpot+ps=- A%+Bﬂ) -,
| oy 9y,

apiztbps+ps=- A%*‘Bﬂ) =3,
| 0z 0z

in which the following relations exist betweeng.

ap+bm+p =0,
9)

am+ba+a;=0.

One now multiplies the first two vertical rowstbke determinanf’ by a, b and then
adds them to the third one; that row will then havefoliewing elements:

m + [,

 + S,

as + [,
0.

If one now proceeds similarly with the horizontalveothen, with the help of the
relations (7), (8), (9), one will obtain the followinglue forA':

2p11 p12+ p21 al+ ﬁl A
p12+ p21 2 p22 02+ﬁ2 B -
a+B a,*B, O 0

A B 0 0

A= (a1 + ) B— (@2 + ) AI°.

From the fact that the expressifhis a square, it will follow that the rays of the
system do not contact the focal surface in general, whictt usually be the case from 8
1. Understandably, this cannot happen either, since allarayalready double tangents
of their realK ummer focal surface. The equation 4t now reduces to the linear partial
differential equation:

et 45] 4

ox ay 0X oy

If one then seté / B = tanyu then the following equation will arise:
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ou ou (a,uj ob _oda db
10) a| = |+b| = |[+| = |+]| — Sin i cosy ——cos Loa sirt 0.
(10) (axj (ayj 0z) oy ax) o HCOSHT R COS KTy SITH =

Finally, one can also set:

a(a_u}b w (6_@ _ a0, O O
0x ay 0z ox dy 0z

in which the differentiations in the differentiauafients on the right-hand side are
performed only when the y, z appear inu explicitly, since as long as tige q enter into

u explicitly, no contribution will be made to therdle differential quotients, in the
aggregate. Moreover, since it follows from (3)ttha

ab of 0p _of 9¢ _
ax 6p da aaap
r@ _ of 0p _of ap _
oy b aq 6q ob
r (6b aaj of 0p _of 0p _0¢ of 6f 09 _

oy dy) 0qda dpob 0qda dpdb

the a, b, p, g can be regarded as constants in the differentjaation (10), and of the
variables, y, z, only z will enter into the quadratic forim explicitly. If one then sets:

du =d)
2h, cosy sinu+h sihu+h, cosu

then one will be dealing with the integration of:

(11) LA

ox o0y 0z T
However, one then has to integrate the system:

dx:dy:dz:d)l:a:b:l:—%,

whose integrals are:
X—az=¢C,
y—-bz=c,

J'(%+d)lj

If one denotes the coefficients of the quadratient
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r=010p 090t .(0f0p 0pof | _|0f 0p 0pof 0d¢of 0d¢of
dadb odadb opdq 0 po dadb daodb 0pob dadq

by ko, k1, 2ks and sets tapy = A/ B = {then one will have:

loes ) s -
k,+2kz+ kZ ° h+2 |+ @*

Cs.

A direct calculation now shows that both formsthe integrals have the same
discriminants; i.e., that:
Ié—%qk2:f§—h1h2:a1

Now, since wheml = b? —ac, one will have:

i dz 1, {b+cz—ﬁ}

= 0
a+2bz+ ¢z 2/A g b+cz+,/A

to begin with, one will get:

okrkzJo bt o
k+kztfw B+ W +(w

const.,

in place of the third integral.
The general integral of (11) will then become:

(12) r=F(p a ab),

in whichF means an arbitrary function of the arguments. Ngodetermines the location
of the pointz along the plane that is associated with theatdy. From the fact that the
relationship betweenand( is a bilinear one, which would emerge from therfaf (12),
the following theorem will come about:

The planes of the parabolic P-E-systems are assmtiprojectively with the points
along the rectilinear principal tangent curvés.

The projective relationship takes on an especagiltyple form for the rays for which
w= 0, and the sum of two reciprocal linear enturctions inz (¢, resp.) will appear in
place of the logarithm. Now, = 0O is the equation of theummer focal surface of the
ray system, as long as one substitutesithep, g as functions of thg, y, z By contrast,
the equatiom = 0 will determine the two focal points at whidietassociated ray will

() 1 hereby recall the analogous property that is truskew surfaces.
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contact that focal surfaces when one figeb along that ray§. One likewise sees from
this that the ray will be a principal tangent to thaface whenw= 0.

Finally, I would like to point a special solution of thguatiorA’ = 0. The equatioh
= 0 is, as is known, the expression for a ray compl&xery point of space through
which a ray of the system goes will be associated witplane by it, namely, the
tangential plane to the complex cone that belongs @b gbint along that ray. The
equation of that tangential plane is:

of of of of of of of of :
X=% (E_G_pzj +(Y -y (%_G_pzj -(Z-2 K%—a—qzj b-{%_a_pzj a} =0.

If one now sets:

A:ﬂ—ﬂ ,
da adp
B - i—ﬂ
ob dp
then one will have:
of oda db
-(n+ =—+A—+B—=0,
(a+ /) op 0Ox 0X
of oJa db
-(a2 + =—+A—+B—=0.
(a2 + ) g oyt Pay

With that, the conditio&A" = O will be satisfied everywhere.

One will thus obtain a parabolic P-E-system whep associates the points P of the
line | in a ray system that defines the intersectod two arbitrary complexes with the
respective tangential planes at the point P ofdlsociated complex cone of f along the
line I.

() If one would like to prove that all rays of the systeamtact that focal surface then it would be
simplest to regarg, y, zas functions o&, b and assume thtg have the forms:

g-f(@b)=0, p-¢(ab)=0.

0
Z.{.i¢ Z+ﬂ _ﬂ%: O’
oa ob/) dadb

dx=z da+a dz+ dg,
dy=2z db+b dz+ df.
If one now choosessuch that:

[ = 0 then takes on the form:

and one has:

z da+dg =0,
z db+df =0,

which is possible, sinde = 0, then one will havex : dy = a : b, with which, we have proved that the ray
contacts the focal surface at both focal points.
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Finally, if one examines the determin@nfor an arbitrary skew P-E-system then one
will easily find that it decomposes into two factors:

b=of A% %) 4 p22, 0| {OA,0R, 0. (OB 0B, 0
0x 0x ady dy 0xX 0y 0z ox 0y 0

The basis for this is easy to see. When the sefambok is set to zero, the ratho/ B
will yield a value that depends upon omlyb, p, g, but is constant along that ray. Its
vanishing will then relate to the point at which theoassted plane stays stationary along
the ray. By contrast, the first factor refers tgsrdor which the planes that belong to
neighboring rays will coincide; that can happen only wtiext plane is itself the focal
plane of the&K ummer focal surface of the ray system.

8§ 5.
Curvature and lines of curvature of P-E-systems.

If one advances the plane that is associated walptintx; infinitely little then the
direction of advancdx / dswill define an angle with the normal to the plane:

2 (x—& (pi+dp) =0

> dxdp

ds/ g+ g+ d

That value measures the magnitude of the normal curvafute plane of the system
along the respective direction. One will obtain theually-perpendicular directions of
the principal curvatures from this, and they will simoéausly bisect the angle that is
defined by the principal tangents. Any P-E-system is tlsso@ated with a system of
curves that intersect perpendicularly everywhere, whtagents are therincipal
curvature directions. The values of the normal curvatures are coupled dsettof the
principal curvatures by a relation that is entirely agalss to one ofEuler’'s. In
particular, the curvature can also be constant inir@ttdons at any location, which is the
case for, e.g., the system:

pL=art+tbsxe—bhx+kx,

P=at+tbhixs—x+kx,

P=agt+tbhxi—bhx+kx.

whose cosine is:

(1)

On the other hand, one can ask about the curves albiody Whese normals to the
planes of the system define a developable, or along whe&lassociated planes rotate
around a direction that is perpendicular to the tangetitet curve. They shall be referred
to aslines of curvature.If one sets:
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N=ypi+p+p

x+Ap
N |

then the differential of:

must vanish. Since obviously one mustdset 0, one will get the conditions:
A 1
dx + —dp+Apd—=0.
X N p Y N

Accordingly, thedifferential equations of the lines of curvatuvél be:

dx dx, dx
) PP RB|=0 2pdx=0,
dp dp dp

while the two associated radii of curvatutg A, will be determined from the quadratic
equation:

Ht Py P P P
Por HTPu Pz P
Ps; Pz Mt Py Ps
P P, ST

3) =0,

whose rootgs, (b are related td;, A, by:

A
N

NI

Moreover, one can also assume tat 1, as | did in my previous notd.( | have
preserved the terminology “lines of curvature” fbe aforementioned curves, since the
following theorem will justify its validity, as onwill recognize immediately from the
differential equation (2) (the definition of thereas, resp.):

If two P-E-systems intersect in a line of curvattat is common to both of them then
they will intersect along it at a constant angle
and in particular:

If a line of curvature is planar, but not rectiliaethen the normals to the system
along it will define a constant angle with theiapk

() Loc. cit, pp. 557.
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and finally:

If two P-E-system intersect at constant angle along a curve tladine of curvature
for one of them then it will also be a line of curvature for tieiobne.

The directionsé of the lines of curvature are, as one sees, determined the
equations:

U+tp) + &Pt &Pz =pp

. P to(Utpa)t P =Pz,

X S + P2 +&(Utpss) =pps,
$1p + &p: + &ps =0.

If one denotes the values of théhat are associated with the ropis o by £”andé”,
resp., then that will give:

(ﬂl - ﬂz) Z gi, gi" = hGl
PN2=1-2, (&&2.
If one then calls the angle between the lines ofature wthen one will have:

G

cotw= ——.
(:ul_IUZ)N

The lines of curvature can then be mutually perpidr only if the integrability
condition G= Ois fulfilled.

Along with the lines of curvature, one can consithe system of curves that intersect
them at right angles. Their direction$, /7 are given by the relations:

mPEuty) + Mpa + 2P =0,
Mmpi2  +ePE2+MH)+ 03P =0,
M P13 + P23 tm(Psst i) =ops,
mpr  t+ P2+ M2ps =0.

Finally, one will also get the principal tangemtsh the help of the directions of the
lines of curvature. Namely, should:

G=&+ag

be the direction of a principal tangent then since:
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2Epi =pp—thé +alep—p &),
2 E &P =Y &P a?Y &+ 1,) > EE

one will get the following quadratic equation for the deieation ofa:
o+ & —a (i + ) k=0,
Zg(iyfin — k, Zg(irz :Zanz =1.

It emerges from the latter equation tothat:

when one sets)

The lines of curvature will bisect the angle that is defined bydthextions of
principal tangents only when either=k0 - i.e., the P-E-system is integrable —ar+ (&
= 0 — i.e.,when the sum of the two radii of curvature that are associatéu tive
direction of the lines of curvature is equal to zero. that latter case, which represents
the analogue of the minimal surfac#é the principal tangents are also perpendicular to
each other then one will hase= = 1. In particular, the lines of curvature can also
coincide at any location. | shall thus content mybglproving their existence for a very
simple P-E-system, since the integration of the padifferential equation that arises
when one sets the discriminant of (3) equal to zers doe seem to take a simple form.
If one sets:

P1 =Xy, P2 = X, p3 =X,

in which X might be an arbitrary functions af, x, xs (), then one will obtain the
equations:
1 (u+1)=Ax,
& U+ 1) =A%,
oX oX 0X
Y+ E L+ & =+ =A X
‘zlaxl < o ‘(3[ax3 ,Uj
xitbXt&X=0

for the determination of the directions of the linéswurvature.
One then has either=- 1,4 = 0. If one then replaceswith dx then one will have:

dX=dxs,
X1 dxg + X dx + Xdxg = 0,
SO:
X—%=c,
X X+ 20%=C;.

() This assumption is admissible as long as not onleedflirections of the lines of curvature meets the
imaginary circle. In that case, however, they williheg same time, be principal tangents.

(") This P-E-system define the analogue of a family ofema of rotation with a common axis. As one
sees, all normals to the planes of the systenmebt the-axis.
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The lines of curvature of the one kind are then spalerso they will be cut out from
a system of spheres from the family of surfaXesx; = c.
By contrast, one has the expression for the othenroot

_X[&ax+& j(ﬁ i)

0
. %

X+ + X?

Now, in order for the double rogt = — 1 to appearX must satisfy the partial
differential equation:
2 2
Xia_x-{- Xza_x— a_X—l —X1 +X2 = 0,

0X, 0x, | 0% X
whose general integral is:

F(X—Xa 2, 2 +32+ X2 =0

X

2

in which f means an arbitrary function of the argument. With, talitsystems of the
designated kind with coincident lines of curvature wilfdnend.

If one demands that the other rgomust have the constant valaéo begin with then
one will get the differential equation:

x(ﬁg—z j(g g){_+% -X*(1+a)=0

which is to be integrated for an arbitrary function:

f(p,ar)=0
in the event that one sets:
_ X _ XX+ % _ _ 1 dt o,
=1, 9= ——S5or r=xz+s, == |, t=X+X.
X, (x5 +x)™" ij/qta*l—t
However, when one sets:
- X
Mg X
- %
P T X
I S
ST X]

this equation will be converted into:
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2
f[ﬁ, 2u3 21”3} :0
uZ ul+u2

F (Ul, Up, U3) = 0,

or

which depends upon meraly, u,, us.

The P-E-system is then special of the second kindhaswould expect, moreover.
By contrast, fola = + 1, one will get a system that possesses equal@usite principal
curvature radii at every location.

Finally, should the radius of curvature for the seceyglem of lines of curvature be a
constant that is equal sothen one will have to integrate the equation:

3
X X _X+XIX | ..o (Vx2+x12+’(22) 1

0=x—+ X+ =,
Xiax1 X26><2 X 0% a X

which can be accomplished in any case, in general.
One obtains the following particular system from tifeecential equations (2) of the
lines of curvature immediately. Namely, if one sets:

T=p +p+p=0,
2 pidx =0

then equations (2) will be fulfilled.The curves of the system that are described on the
surface T= Owill then define a system e&f lines of curvature.If one then sets:

dd¥ =0,
2pdx =0
Y dpdx =0

then equations (2) will again be fulfiled. However, tlagios of thedx determine the
principal tangents, which meet the imaginary circlene @hen sees thexistence ofo’
principal tangent curves, which are, at the same time, lines of cuwevatn particular,
there is a system for which all principal tangent curgéshe one kind are lines of
curvature; one obtains the partial differential equmatisat thep; must then satisfy by
eliminating thedx from the foregoing three equations, et. (

Finally, | shall emphasize a case in which the eqoataf the lines of curvature can
be ascertained immediately. Namely, if:

() Both systems of principal tangents can, at the same tie lines of curvature; that will be the case,
e.g., for the system with constant curvature thaitiroeed on page 27.
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pi=af+x,

wheref means an arbitrary function of tkg X;, X3, then the differential equations of the
lines of curvature will be:

f 2a dx +2x dx =0,
(4)
X% X
df |a, a, a,| =0.

dx dx dx
The one family of it is theh= c, from which, it follows that:
2ca+ (C+y+D) =c.

These are then spherical curves, which will be catodwa family of spheres by a
family of surfaced = c. On the other hand, if one sets:

2a A =0,
DA% =0

then the determinant in (4) will vanish, and one will haweintegrate the first of

equations (4) in conjunction witE)lixi = 0. These curves of curvature will then be
planar; their planes will all go through the coordinateinridNow, iff has the form:

K(C+Hx+%) +a+b=0
then the two system of lines of curvature will be ptasa the ones of the first kind will
be cut out of the spherés= const. by the planesd@ —c1) k + ¢ — (ax + b) = 0. Since
any line in the plane is a line of curvature, one wilhtlhave an example of three P-E-

systems (two of which are, admittedly, of a spec#&lre) that intersect reciprocally in
lines of curvature, and therefore everywhere at conatagles along them.

§ 6.
On alinear P-E-system.

If one sets the; equal to entire linear functions of thke so:

(1) pi=2 akX+tas i,k=1,2 3
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then since the second differential quotients of pheranish in general, all principal
tangent curves will be rectilinear, and they will defansecond-order ray system whose
lines are cut out by the planes:

2 (i-a)p=0

from the lines of intersection of the conic sectibménity:

(2) D ak % % =0

that go through the point This system defines the analogue of the generatdtseof
pencil of second-order surfaces into which it will, inntugo when thep, satisfy the
integrability condition; i.e., when thex = a; . It is obvious that the projective
association of the tangent planes of a second-degreeeswith their contact points
along a generator will then remain the same for thatpmf a ray and its associated
plane.

If no linear relation with constant coefficients i between th@ then one can
choose the coordinate origin in such a way thagtheanish — i.e., the system is referred
to its center. That might be assumed in what folloass,long as it will lead to no
contradiction. One will easily deduce the properties efdystem for which the center
lies at infinity.

The focal surface of the system is a second-degree sorface whose vertex is the
exceptional point that is situated at the coordinate mrigpr which thep; vanish.
However, the inflection surface is also such a conese/lgguation is given by (2). Both
cones contact along two lines, along which the plaaé ihassociated with the point
simultaneously coincides with the common tangent plameékat cone; all generators of
the inflection are, at the same time, principal tabhgerves. The ray system of the latter
is also of class two, since only two lines of that exystcan be found in any plane in
general. Now, one can find infinitely many rays in aaggent plane of the inflection
surface that all go through the contact point at infiniyit. The focal surface can vanish
identically only when all sub-determinants of thg + a; are zero; i.e., when the
equations are valid:

ai = a?, ap=a; a3 = az,
12 = ay t+ ag, 3= a3 t+ay, 3= MmMaz—ay,
1 = 001 — ag, =302 — ay, pL=amtay,

from which, one will get:
pr=a1 ax+taz X —az X3,
p2=ax 0x a1 X3 —as X1,
Pps=asax+azx X1 —a1 X2,

i.e., it will give a ray system of class and order dhat is defined by the lines of
intersection of the line at infinity:

ax=0
and the linesy : X2 :Xs =&y :ay: as .
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In order to bring the general case of phanto a simple form, one sets:

ap—ap; = 2a3,
agr—aiz3 = 23z,
ap—ag = 241,
ak + ax = 200 = 20k,
W= D0 % X .
One will then have:

Pr==— tazXo—ax X3,

Ppo=—=—— ta1Xg—az Xy,

p :Ea—w+ax—ax
3 26X3 2 A1 1 A2,
and
dx dx dx
3) Ypdi=1dg+|x % % |.

a & &

If one now transform the formg to its principal axes then that will give:
Y= ZAi ¥

and upon multiplying by the determinant of the sfanmation, which might have the
value + 1, one will get:

dy, dy, dy
Ypdi=idy+|y, Y, Vil
b b b

One can then always bring thento the form:

P1 = A1 X1 + @3 X2 —82 X3 + Cy,
(4) P2 = A2 Xo + @1 Xz —a3 X + Cy,
P3 =A3Xg +ax X1 —ay X2 + Cg,

in which the constants can be dropped as longeasdhter is at a finite point. Moreover,
the equation of the focal surface will be:

©) S = 0=(SA%) Uhede A+ 42541 203 4 )’
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which is the inflection surface:

D AxE=0.

Since the focal surface will be contacted by all @pal tangents, there will exist a
family of singular principal tangent curves; it will be ngeated by theKummer
developable of the ray system. The equations of th@ses can be derived easily. A
point x of the focal surface will then correspond to thedioa: of the principal tangent
dxq, dxe, dxs :

Ardxg =dupr,

Ardx =dup:,
(6) Asdx =dups,

Zpid)q =0.

Upon multiplying the first three equations &y ay, as (X1, X, X3, resp.), since:

Yap =rakx+Xrac,
2P =XAX +XxG,
(7
A4S hax =2 rax+laa,
du

1d
SZDYAR =X AR +LXG.
L4y ax =Za% +Exa

One will obtain the equation for the focal surfdaam this by a suitable choice of
integration constants; in particular, one will gguation (5) when the are equal to zero.
The last of equations (6) will then seem superfiuolf one then multiplies the first three
of (6) by the factorg, ko, ks and sets:

Mki+taks—azgko = wAr1 kg,
Ahk+aki—aks=wAr ks,
Aktak—ak =wiAsks,

from which, it will follow that:

l1-w -a, a,
a, 1-w —-a | =0,
-8, a l-w

then one will get two other roots, «, in addition to the rootv= 1, which will yield
two relations of the form:

d
—1 E/l. 'YX =,
q 0og KX =a
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d
—Io AK'X =,
from which, one will immediately infer the missingegral:

(X Ak %)™ =const. (> A k%)
By contrast, when an identity of the form:

ap=1

exists between thg , one will have, with no further analysis:
iZ Aiaix =1,
du

which is an equation that will provide the systensurves in conjunction with the first of
(7) and that of the focal surface.

The method of integration that was developed f@ $econd-degree surfaces no
longer seems justified for the integration of tig@&tions of the lines of curvature. Lines
of curvature are curves of the system that areritbestcon the cone:

> p? =0.

A second system will be defined by the four plapancils of rays of principal tangents
whose centers lie at the points of intersectiothefinflection surface with the imaginary
circle. In addition, that easily implies the egiste of three systems of lines of curvature
that lie in three planes that go through the cent&mely, if one sets:

mMhtas—azm=p o,
Ml tasmm—a1 a3 =p a2,
Az +a o —ay m=pas

then, by means of the cubic equation:

/]1_/] —a a,
3 /]2_/] —-a =0,
-8 3 /]3_/]

that will provide three systems of quantitigs which might be denoted hy, 43, i, that
correspond to the roofs, o, o3, resp. If one now multiplies the equation:
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PP B
dp dp dp| =0
dx dx, dx
by the determinant:
al a2 a3
dx dx dx
P B

and the corresponding one in which one replaces;théh £ and y then the relations:

d% = o dT |
P
dT
(8) dX =0 :
P, =S
dT
dXs = o3
Ps=S

will come about, in which one sets:

X1 = log 2 %, X2 = log 24 X, X3 = log 2 ) X,
A- 2
Teog(RrrvE, =&

That will yield the equations:

2a%=0, 2B%=0 2yx=0

as particular integrals, from which, in conjunction V\thi dx = 0, one can easily find
the curves of curvature that lie in these planes.
A general integral is given only in the special casewhich one of the rootp is

equal to zero. From (5), the equation of the focal sarfaill then reduce t.a X A =

0, and a family of lines of curvature will be planar. hdve not yet arrived at the
integration of equations (8) in a symmetric form. Maexothe second-order differential
equation with constant coefficients will follow frofnem:

P P P
pdX; p, dX, p, dX; =0,
dX, dx, dX
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while the linear equatioE pi dx = O will be transformed into:

> P dX =0.

The desired curves of curvature will then be mapped ostecuhves of the latter P-E-
system, whose tangents meet a fixed conic sectionimitynf

Dresden, 8 June 1883.
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