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The focal point for this treatise will be the definition of integral invariants for continuous
transformation groups.

Namely, if a finite or infinite transformation group T in the variables x1, ..., xn ; Vi eees Vs
z1, ..., zn , Where the y; denote functions of the x;, and z; are differential quotients of those functions
up to certain order p, is arranged such that every transformation of that group leaves the form of
the element under the integral sign in the integral:

IQ(xi,...,xn;yl,...,yn;zl,...,zn)dxidxz...O|xn

invariant then that integral will be called an integral invariant of the first kind of that group.
Moreover, if one denotes the most general infinitesimal transformation of the group T® by:

n af m af N af
TMf = 1 - -
DI I I

in which & and 7 are functions of the x; and yx, but § are certain functions of x;, yx, z;, then the

function Q in the integral invariant of the first kind of that group T‘® will be a solution of the
system of differential equations that follows from the differential equation:

T“”Q+QZH:[%J =0

i\ OX,

by means of the arbitrary quantities that are present in T‘® f . The parentheses in that equation

refer to the fact that the differentiations must be performed with respect to the x; that occur
explicitly and implicitly. Conversely, every solution of the aforementioned system will produce an
integral invariant of the first kind. Now, on the basis of that fact, we will now derive the fact that
as long as integral invariants of the first kind exist, the most-general such integral invariant will
have the form:

[0, 1) Hdx dx, --dx,,
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in which @ is an arbitrary function, /i, b, ..., I, are all mutually-independent invariants of the
group T and H denotes any non-zero solution of the system in question, so it will not be an
invariant of the group TP, in general.

Those general considerations will be illustrated by some examples, and in particular, we should
mention the integral invariants that Poincaré derived for use in the theory of linear substitutions
(Acta math. Bd., pp. 6-8.)

In order to do that, we must consider integral invariants of the second kind for finite continuous
transformation groups. Namely, as soon as one performs any arbitrary transformation of the r-
parameter group 7 on the variables x; in the integral:

[0 X3 1) A i, -,

and the performs the corresponding transformation from a group L that isomorphic to 7 on the

variables /,, such that the form of the element under the integral sign remains invariant, the author

calls that integral an integral invariant of the second kind of the group T relative to the group L.
Now, if one also has that the infinitesimal transformations:

. of
X1f=Z§ki(>&,Xzy-~-'Xn)— k=1,2,...,7)
i=1 axi
of the group T correspond to the infinitesimal transformations:

Lif= iﬂkl#(ll,lz,...,lm)sz (k=1,2,...,7)

u=1 "

of the group L that isomorphic to 7' then one will find the most general integral invariant of the
second kind by integrating the system, namely:

[@@,T,,.... ) Hdx dx,---dx,,

in which @ is, in turn, an arbitrary function, I, I,, ..., |

o are all mutually-independent invariants

of the total group 7 and L, and H refers to any non-zero solution to the system in question, so it
will not be an invariant of the total group, in general. As long as the group T possesses integral
invariants of the first kind, H can be set equal to the corresponding function H, so to a function
that depends upon only the variables x; .

If L is the parameter group of the group 7, and the finite equations of that group 7 are given
then one can calculate the integral invariants of the second kind more simply insofar as the
invariants I_i, which are # in number in this case, are known to be much easier to exhibit.
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Finally, the integral invariants of the one-parameter groups will be considered more thoroughly.
Namely, all integral invariants of the first kind and all integral invariants of the second kind of the
one-parameter group:

5xl:§l(x1,x2,..,.Xn)§t (i:192)""n)

will be determined precisely in the context of the parameter group of the parameter ¢. Conversely,
all one-parameter groups that admit a given integral of the first kind (a given integral of the second
kind that depends upon ¢, respectively) will be exhibited. The author will conclude with the remark
that the latter problem coincides with the following problem: For a stationary moving fluid,
determine all possible distributions of the density of that fluid when the velocity components of its
particles are given, and conversely, exhibit all possible velocity components when the distribution
of the density is given.




